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Abstract

The standard Lamb da Cold Dark Matter ( � CDM) cosmological mo del assumes that the

General Relativity is a correct theory of gravity on the cosmological spatial and temp oral

scales, and the acceleration of the universe is due to dark energy or the cosmological con-

stant � . Dark energy exerts the negative pressure on space, i.e. , it has the prop erty of

"antigravity" and, thus, causes the accelerated expansion of the universe. The energy den-

sity of the cosmological constant do es not dep end on time and has recently b ecome dominant

(in particular, the energy density asso ciated with the cosmological constant is ab out 69%

of the total energy density of the universe to day). In addition, around 26% of the total

energy density in the universe is presented in the form of cold dark matter. Thereby, within

the framework of the standard � CDM mo del, ab out 95% of the universe energy density

content to day is presented in the dark (invisible) form (dark energy and dark matter) with

unknown nature, and only 5% is presented in the form of the radiation and the ordinary

matter (baryons, leptons). The theoretical predictions of the � CDM mo del are in a go o d

agreement with the current observations, but there are several unresolved problems asso-

ciated with this mo del. The so-called cosmological constant problem (an extremely small

value of the cosmological constant when compared to the theoretical estimate of the vacuum

energy density), and the so-called problem of the coincidence (order of ) of the dark energy

density and the dark matter energy density. To overcome these di�culties, the dynamical

dark energy mo dels have b een prop osed. In these mo dels, dark energy is presented in the

form of the dynamical scalar �eld, in which the density of dark energy varies over time. In

this thesis, we studied the various scalar �eld mo dels. In particular, we investigated the

evolution of the background expansion and the growth rate of the matter density �uctua-

tions in the scalar �eld � CDM Ratra-Peebles mo del. We constrained the mo del parameter

� and the matter density parameter 
 m using the recent measurements of the growth rate

of the matter density �uctuations and the baryon acoustic oscillation p eak p ositions. In

addition, we studied a numb er of the � CDM scalar �eld mo dels in order to distinguish these

mo dels from each other and from the baseline � CDM mo del, using the predicted data for

the future Dark Energy Sp ectroscopic Instrument (DESI) observations. For this purp ose, we

carried out the statistical Bayesian analysis, such as Bayes co e�cients, as well as Akaike and

Bayesian information criteria. We found that the results of the Bayesian analysis provide

the comp elling evidence in favor of the � CDM mo del. We also conducted the MCMC anal-
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ysis and obtained the constraints on the parameters of the scalar �eld mo dels, comparing

the observational data for: the universe expansion rate, the angular diameter distance and

the growth rate function, with the corresp onding data generated for the � CDM mo del. We

investigated how well the Chevallier-Polarsky-Linder (CPL) parametrization approximates

the various scalar �eld mo dels. We determined the lo cation of scalar �eld mo del in the

phase space of the CPL parameters. In the Mass Varying Neutrino mo del, we investigated

the interaction of the fermion �eld and the scalar �eld with the Ratra-Peebles p otential. We

obtained the equations describing the dynamics of the universe: up to the moment of the

neutrinos interaction with the scalar �eld (up to the so-called critical point ) and from the

critical p oint up to the present ep o ch. We calculated the value of the scale factor and the

value of the sum of neutrino masses at the critical p oint, as well as the value of the sum of

neutrino masses at the present ep o ch dep ending on the value of the mo del parameter � of

the Ratra-Peebles p otential.

Key words: dark energy, cosmological constant, scalar �eld, large-scale structure, growth

rate of the matter density �uctuations, neutrinos, Bayesian statistics, Monte Carlo Markov

Chains (MCMC) analysis.
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Chapter 1

Intro duction

In 1998, the accelerated expansion of our universe was discovered on the basis of the mea-

surements of the Sup ernovae typ e Ia magnitudes, Refs. (Riess et al. (1998), Perlmutter

et al. (1999), Riess et al. (2007)). In 2011, Saul Perlmutter, Brian Schmidt and Adam

Riess were awarded the Nob el Prize in Physics for this discovery. The accelerated expansion

of the universe is con�rmed by the other cosmological observations, in particular: by the

measurements of the temp erature anisotropy and the p olarization in the cosmic microwave

background radiation, Refs. (Hinshaw et al. (2009), Nolta et al. (2009), Komatsu et al.

(2011), Ade et al. (2014 c ), Ade et al. (2016)); by the studies of the large-scale structure of

the universe, Refs. (2dFGRS (2002), Eisenstein et al. (2005), Percival et al. (2007), SDSS

(2017)).

There are numerous mo dels explaining the current accelerated expansion of the universe,

Refs. (Frieman et al. (2008), Caldwell & Kamionkowski (2009), Yo o & Watanab e (2012)).

The most p opular mo del suggests that a signi�cant part of the universe is in the form of dark

energy or dark �uid , for a review Refs. (Peebles & Ratra (2003), Cop eland et al. (2006 a ),

Tsujikawa (2010), Tsujikawa (2011)). The unusual prop erty of dark energy is that it exerts

a negative pressure on space, i.e. , dark energy has the prop erty of "antigravity". For the

time b eing, the nature and the origin of dark energy is one of the most imp ortant and still

unresolved issues of mo dern cosmology.

The simplest description of dark energy is the concept of the vacuum energy or the

cosmological constant � , �rst intro duced by Alb ert Einstein, Refs. (Einstein (1915 a ), Ein-

stein (1915 b )). The cosmological mo del based on such a description of dark energy is called

the Lamb da Cold Dark Matter ( � CDM) mo del, which has b een the standard mo del of the

universe since 2003, Refs. (Zeldovich (1968), Blumenthal et al. (1984)); the monographs:

7



Refs. (Peebles (1994), Do delson (2003), Weinb erg (2008)); for the reviews: Refs. (Carroll

et al. (1992), Carroll (2001), Peebles & Ratra (2003), Cop eland et al. (2006 b ), Martin (2012),

Padilla (2015)). This mo del is based on the General Theory of Relativity (GTR), which was

develop ed by Alb ert Einstein in order to describ e the gravity in the universe on the cosmo-

logical length scales.

In addition, there is still an unresolved problem of dark matter in the universe, which, in

particular, manifests itself in the anomalously high velo city of rotation of the outer regions

of the galaxies, Ref. (Rubin et al. (1980)). The dark matter particles do not interact with

the electromagnetic radiation and weakly gravitationally interact with the ordinary baryonic

matter.

Based on GTR, ab out 95% of the energy in the universe is in the "dark" form, i.e. , in

the form of dark energy and dark matter. Recent observations of the Planck space telescop e

show that the universe consists of 4; 8% of ordinary matter, 26% of dark matter and 69; 2%

of dark energy, Ref. (Ade et al. (2016)).

The � CDM mo del is a concordance mo del of the universe, since this mo del is in a go o d

agreement with the currently available cosmological observations. However, the � CDM

mo del still has unsolved problems: the cosmological constant problem or, in other words,

the �ne turning problem and the coincidence problem , Refs. (Weinb erg (1989), Weinb erg

(2000), Padmanabhan (2003), Padilla (2015)). The cosmological constant problem is that

the observed value of the cosmological constant is 120 values less than its theoretically

predicted value, Ref. (Weinb erg (2000)). The coincidence problem is that, based on the

precise cosmological observations, the density of dark energy is comparable to the energy of

dark matter at the present ep o ch: � DM =� DE ' 1=3, � DE and � DM are the dark energy density

and the dark matter energy density, resp ectively. This fact is a mystery, b ecause according

to the standard � CDM mo del, the energy of the cosmological constant do es not dep end on

time, � DE = � � =const, while the energy of dark matter varies over time as � DM � a� 3(t) , see

Fig. (6.2). Therefore, the ratio of these quantities should b e time-dep endent: � DM =� DE /

1=a3(t) , a(t) and t are the scale factor and physical time, resp ectively.

In order to solve the problems of the � CDM mo del, many alternative mo dels have b een

elab orated. These mo dels are divided into two typ es: the mo dels based on the gravity of

the GTR and the mo dels with the di�erent gravity from the GTR on the cosmological scales

in the universe ( i.e. , on the scales comparable to the current size of the universe). The

�rst typ e of the mo dels includes the dynamical scalar �elds mo dels of dark energy: the

quintessence mo dels, Refs. (Ratra & Peebles (1988 b ), Ratra & Peebles (1988 a ), Wetterich
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(1988 a )), the k-essence mo dels, Refs. (Armendariz-Picon et al. (1999), Armendariz-Picon

et al. (2000), Armendariz-Picon et al. (2001)), the phantom scalar �eld mo dels, (Caldwell

(2002)); the coupled dark energy and matter mo dels, Refs. (Amendola (2000), Zimdahl &

Pavon (2001)), in particular, the mass varying neutrino mo del, Refs. (Farrar & Peebles

(2004), Fardon et al. (2004)); the uni�ed mo del of dark energy and matter, the so-called

Chaplygin gas mo del, Refs. (Kamenshchik et al. (2001), Bento et al. (2002)) and the k-

essence mo del, as an uni�ed mo del of dark energy and matter, Ref. (Scherrer (2004)); the

heterogeneous mo del of Lema��tre-Tolman-Bondi, Refs. (Lemaitre (1933), Tolman (1934),

Bondi (1947), Tomita (2001)), and etc. The second typ e of the mo dels are: the mo dels

with Lagrangian densities that are more complex functions of spacetime curvature, the so-

called f(R) mo dels, Refs. (Cap ozziello et al. (2003), Carroll et al. (2004), Mukhanov (2005),

No jiri & Odintsov (2006)); the warp ed brane world scenarios, the so-called the mo del of

Dvali-Gabadadze-Poratti, Refs. (Dvali et al. (2001)), Gabadadze (2007)); the massive gravity

mo dels, Refs. (Fierz & Pauli (1939), de Rham & Gabadadze (2010), de Rham et al. (2011),

Hassan & Rosen (2012)); quantum gravity and string-motivated mo di�cations of gravity,

Refs. (Polchinski (2007 a ), Polchinski (2007 b ), Mercuri (2009)); the Galilean gravity mo dels,

Ref. (Nicolis et al. (2009)); the scalar-tensor gravity mo dels, Refs. (Brans & Dicke (1961),

Mo�at (2006), Mishra & Singh (2013)); degravitation and cascading gravity, Refs. (Arkani-

Hamed et al. (1998), Khoury & Wyman (2009), Dvali et al. (2003), de Rham et al. (2008),

No jiri & Odintsov (2003)), the mo dels with large extra spatial dimensions, Refs. (Shifman

(2010)) and etc.

The main alternative to the � CDM mo del is the dynamical dark energy scalar �eld � CDM

mo dels, Refs. (Ratra & Peebles (1988 a ), Ratra & Peebles (1988 b ), Wetterich (1988 a ), Brax

& Martin (2002), Linder (2008), Cai et al. (2010), Bahamonde et al. (2017), Ryan et al.

(2019)). The scalar �eld mo dels avoid the cosmological constant problem of the � CDM

mo del. In the scalar �eld mo dels, the equation of state (EoS) parameter, w , dep ends on time:

w � pDE =� DE , pDE - a dark energy pressure, whereas in the � CDM mo del the EoS parameter

is a constant, w = � 1. Dep ending on the value of the EoS parameter, the � CDM scalar

�eld mo dels are divided into: the quintessence mo dels, with � 1 < w < � 1=3, Refs. (Peebles

& Ratra (2003), Caldwell & Linder (2005), Schimd et al. (2007)), and the phantom mo dels,

with w < � 1, Refs. (Caldwell (2002), Elizalde et al. (2004), Scherrer & Sen (2008 a ), Dutta

& Scherrer (2009), Frampton et al. (2012), Frampton et al. (2011), Ludwick (2017)). The

quintessence mo dels are divided into two classes: the tracker (freezing) mo dels, in which the

scalar �eld evolves more slowly than the Hubble expansion rate, and the thawing mo dels, in
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which the scalar �eld evolves faster than the Hubble expansion rate, Refs. (Steinhardt et al.

(1999), Caldwell & Linder (2005), Dutta & Scherrer (2009), Chiba et al. (2013), Lima et al.

(2015)).

In the quintessence tracker mo dels, the energy density of the scalar �eld �rst tracks the

radiation energy density and then the matter energy density, while it remains a sub dominant,

Ref. (Zlatev et al. (1999)). Only recently the scalar �eld b ecomes dominant and b egins to

b ehave as a comp onent with the negative pressure, which leads to the accelerated expansion

of the universe, Refs. (Schimd et al. (2007), Linder (2015), Bag et al. (2017)). For the certain

shap e of the p otential, the quintessence tracker mo dels have an attractor solution that is

insensitive to the initial conditions, Ref. (Zlatev et al. (1999)). The simplest example of

the tracker scalar �eld mo dels with an attractor solution is the scalar �eld mo del with the

inverse-p ower-law Ratra-Peebles p otential. This mo del was for the �rst time prop osed by

Bharat Ratra and Jim Peebles in 1988, Refs. (Ratra & Peebles (1988 a ), Ratra & Peebles

(1988 b )).

The study of the quintessence � CDM scalar �eld mo del with the Ratra-Peebles p otential

is one of the main ob jectives of this thesis. In particular, we investigated the dynamics of

the scalar �eld with this p otential, the in�uence of the scalar �eld with the Ratra-Peebles

p otential on the dynamics of the universe and its energy comp onents. We also studied the

in�uence of the dark energy scalar �eld Ratra-Peebles mo del on the large-scale structure

evolution of the universe.

The interest to the dark energy phantom mo dels among the cosmologists has increased

recently, due to the fact that some mo dern observations are consistent with these mo dels,

Refs. (Hinshaw et al. (2013), Ade et al. (2016)). The dark energy phantom mo dels have

a negative non-canonical kinetic comp onent in the action, as a result of which the energy

density in these mo dels increases over time, Refs. (Caldwell (2002), Scherrer & Sen (2008 b ),

Scherrer & Sen (2008 a ), Ludwick (2017)). During the accelerated expansion of the universe,

driven by the phantom scalar �eld, the rip can o ccur b etween all gravitationally b ound struc-

tures (from the disruption of sup erclusters and clusters of galaxies to the disruption of atomic

nuclei), Refs. (Caldwell et al. (2003), No jiri et al. (2005), Frampton et al. (2011), Frampton

et al. (2012)). To study the history of the universe expansion, the large-scale structure of

the universe, the nature of dark energy and dark matter, the Wide-Field Infrared Telescop e

(WFIRST), the Dark Energy Sp ectroscopic Instrument (DESI) and the Euclidean Space

Telescop e (Euclid) will b e launched in the next decade, Refs. (Amendola et al. (2013), Levi

et al. (2013), Font-Rib era et al. (2014), Sp ergel et al. (2015), Aghamousa et al. (2016)).

10



After completing these missions, very precise measurements of the expansion rate of the

universe, the angular diameter distances and the growth rate of the matter density �uctua-

tions in the universe will b e p erformed to redshifts z � 2. These precise measurements can

constrain the numerous dark energy mo dels and some of them can b e discarded. We studied

10 quintessence and 7 phantom � ÑDM scalar �eld mo dels, which were �rst presented in the

pap ers: Refs. (Frieman et al. (1995), Ferreira & Joyce (1998), Zlatev et al. (1999), Brax

& Martin (1999), Sahni & Wang (2000), Barreiro et al. (2000), Albrecht & Skordis (2000),

Urena-Lop ez & Matos (2000), Caldwell & Linder (2005), Scherrer & Sen (2008 a ), Dutta &

Scherrer (2009), Rakhi & Indulekha (2009), Chang & Scherrer (2016), Bag et al. (2017)).

We prop osed a phenomenological metho d for studying the p otentials in these mo dels. As a

result, for each p otential the following ranges were found: the mo del parameters, the EoS

parameters, the initial conditions for di�erential equations describing the dynamics of the

universe. We also investigated how the various scalar �eld mo dels can b e approximated by

the Chevallier-Polarsky-Linder (CPL) parametrization. We determined the lo cation of each

mo del in the phase space of the CPL parameters. One of the ob jectives of this study is to

answer the question: "Is it p ossible to distinguish these mo dels from the standard � CDM

mo del at the present ep o ch using the predicted data from the future DESI observations?"

For this purp ose the expansion rate, the angular diameter distance and the measurements

of the matter density �uctuations growth rate were calculated b oth for each � ÑDM mo del

under investigation and the � CDM mo del. We also applied the comparison criteria in the

Bayesian statistics, such as Bayes co e�cients, as well as Akaike and Bayesian information

criteria.

The coupled mo dels of matter and dark energy were develop ed to resolve the problems in

the standard � CDM mo del, Refs. (Amendola (2000), Zimdahl & Pavon (2001)). In the Mass

Varying Neutrino mo del, the interaction of the b osonic scalar �eld with the fermionic �eld

(massless neutrino) is considered. As a consequence of this interaction, the neutrino acquires

a mass that varies over time, Ref. (Fardon et al. (2004)). In the Mass Varying Neutrino

mo del, we investigated the interaction of the fermionic �eld and the b osonic scalar �eld

with the Ratra-Peebles p otential. The equations describing the dynamics of the universe are

obtained: b efore the moment of neutrinos interaction with the scalar �eld (b efore a critical

p oint) and after the critical p oint to the present ep o ch. We calculated the value of the scale

factor and the value of the sum of neutrino masses at the critical p oint, as well as the value

of the sum of neutrino masses at the present ep o ch dep ending on the value of the mo del

parameter � of the Ratra-Peebles p otential.
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This thesis is organized as follows: the theoretical foundations of cosmology are dis-

cussed in Chapter I I; the various typ es of distances used in cosmology are describ ed in

Chapter I I I; the di�erent cosmological observations are presented in Chapter IV; Chapter V

is devoted to the basics of the statistical analysis; the various dark energy mo dels are con-

sidered in Chapter VI; the investigations of the Ratra-Peebles � CDM scalar �eld mo del

are describ ed in Chapter VI I; the observational constraints on the mo del parameters in the

Ratra-Peebles � CDM mo del are considered in Chapter VI I I; the observational constraints

in the �at quintessence and in the phantom scalar �eld � CDM mo dels are discussed in

Chapter IX; the Mass Varying Neutrino mo del is describ ed in Chapter X; the conclusion is

contained in Chapter XI; a plan for the future research is presented in Chapter XI I.

In this thesis, we used the natural system of units: c = ~ = kB = 1 .
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Chapter 2

Cosmology as a Science

Since ancient times, p eople have always b een interested in the structure of the world in

which they live. Staring into the night sky, they asked themselves the questions: "How did

the universe originate and how is it arranged? Will the universe exist forever, and if not,

how will it cease its existence? Is the universe �nite and what is its size or is it in�nite?"

Namely, the curiosity of p eople to learn more ab out the universe caused the emergence and

development of the science cosmology .

Cosmology studies the universe as a whole (as a single system), explores its origin, evolu-

tion, dynamics, structure and ultimate fate. The p eculiarity of this science is that the ob ject

of research is exclusive and, apparently, exists in a single instance. The study of the universe

also presents a considerable di�culty, since it is very di�cult for the researcher to draw the

ob jective conclusions ab out the universe (ab out the system) part of which he is. While the

empirical foundation of cosmology is an extragalactic astronomy, the theoretical foundation

is the basic physical theories, such as the general theory of relativity, �eld theory, etc.

Cosmology is based on the results of a study of the most common prop erties such as the

homogeneity, the isotropy

1

and the expansion of the part of the universe that is available

for the astronomical observations. Due to the fact that the sp eed of light has a �nite value,

we can observe only a certain part of the expanding universe, whose radius is approximately

14:25 Gp c. On the cosmological length scale, the average value of which is more than

100 Mp c, the large-scale structures such as galaxies, clusters and sup er clusters are not

observable in the universe. The principle of relativity or the so-called Copernicus's principle

1

The concept of the homogeneity implies that the universe lo oks the same at every p oint in space; the

concept of the isotropy means that the universe lo oks the same in all directions. The ful�llment of the

isotropy condition do es not automatically follow from the ful�llment of the homogeneity condition and vice

versa. The homogeneity condition follows only from the requirement that the isotropy condition is satis�ed

with resp ect to each p oint in space.
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is applicable on these length scales. According to this principle, the privileged p oints do not

exist in the universe, and the human b eings are not privileged observers in it. Thus, our

universe can b e considered as isotropic and homogeneous on the cosmological length scales.

The spatial distribution of the nearby galaxies according to the Two-degree-Field (2dF)

Galaxy Redshift Survey is presented in Fig. (2.1). Our Milky Way galaxy is lo cated at

the center. With an increase of the distance (or redshift resp ectively) from our galaxy, the

distribution structure of the galaxies b ecomes less clear. At the large distances (or large

redshifts resp ectively), the galaxies are randomly arranged, i.e. , the isotropic and uniform

distribution of the galaxies is observed on these length scales. Based on the theoretical

Figure 2.1: The spatial distribution of the galaxies in the Two-degree-Field (2dF) Galaxy

Redshift Survey. The escap e velo cities (redshifts) are plotted in the radial direction, the

p olar angle is a right ascension. This distribution is obtained for 200 000 galaxies using 350

000 sp ectra. (Figure from Ref. (Colless et al. (2003)))

and exp erimental results, Vesto Slipher, George Lemaitre, and Edwin Hubble discovered

that the universe is expanding, and this expansion is an essential feature of our universe.

According to the mo del of the hot universe, that is the most common in mo dern cosmology,

the universe b egan its evolution or, in other words, expansion ab out 13:7 billion years ago

as a result of the Big Bang. At early stages of the universe development the matter and the

radiation had a very high temp erature and density. The expansion of the universe led to

its gradual co oling, the formation of the atoms, and, an consequence, stars, protogalaxies,

galaxies, clusters of galaxies, sup erclusters and other cosmic b o dies that exist to day.
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2.1 Expansion of the Universe

In 1917, while the American astronomer Vesto Slipher was studying the sp ectra of the

galaxies, he discovered a shift in the sp ectral lines of these galaxies to the red end of the

sp ectrum

2

. Based on these data, Vesto Slipher concluded that the galaxies are moving away

from us.

In 1929, the American scientist Edwin Hubble discovered that the radial velo cities of the

galaxies, v , measured by the Doppler shift of the sp ectral lines, prop ortionally increase with

the physical distances to them, d = j ~dj , Ref. (Hubble (1929)). Hubble identi�ed a linear

relationship b etween the radial velo cities and the physical distances

3

b etween the galaxies,

v / d, called the Hubble's law.

The mathematical form of this law is:

~v = H0
~d; (2.1)

where H0 is a co e�cient of the prop ortionality, called the Hubble constant

4

. The values

of the radial velo cities as a function of the physical distances, d, are shown in the Hubble

diagram, see Fig. (2.2). In this �gure, the p oints are approximated by a straight line, whose

slop e is determined by the value of the Hubble constant, H0 . The linear increase in the

value of the radial velo cities of the galaxies with an increase in the value of the physical

distances to them can b e interpreted as the moving away of the galaxies from each other as

a result of the expansion of the universe. With such an interpretation, the radial velo cities

are the recessional velo cities of the galaxies from each other (the explanation of this logical

conclusion is given b elow). The expansion of the universe, called the Hubble expansion, is

one of the main features of our universe.

Let's intro duce the following terminology

5

:

2

Redshift o ccurs due to the Doppler e�ect. This e�ect is asso ciated with a change in the frequency and,

accordingly, in the wavelength of the radiation, p erceived by the observer, due to the motion of the source of

radiation. When the source of radiation moves away from the observer, the wavelength increases. Conversely,

when the source of radiation moves towards the observer, the wavelength decreases.

3

The de�nition of the notion of the physical distance is given b elow.

4

The co e�cient of the prop ortionality in the Hubble's law, H0 , is a constant at the present ep o ch. In the

general case, this co e�cient is a function dep ending on time (a more detailed description of this function is

presented b elow).

5

The detailed information ab out the di�erent typ es of the distances, used in cosmology, is contained in

Chapter I I I.
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Figure 2.2: The Hubble diagram, which is based on the observations of the remote Cepheids

from Hubble Space Telescop e. The solid line corresp onds to the Hubble's law with H0 =
75 km c� 1 Mpc� 1

. (Figure from Ref. (Freedman et al. (2001)))

Prop er (physical) distance

The physical distance,

~d(t) , is a real, measured distance b etween two ob jects in space, where

t is cosmological or physical time.

Comoving Distance

Let's consider a radially expanding or contracting homogeneous sphere

6

. We cho ose a mo-

ment of time, t = t0 , which corresp onds to the present moment of time, and we intro duce a

reference frame, ~x, with the origin that coincides with the center of this sphere. As a result

of the expansion or contraction of the sphere, at the present moment of time, t0 , a particle

will b e in the p osition,

~d(t0) . At the arbitrary moment of time, t , the particle will b e in the

p osition,

~d(t) . Due to the fact that the expansion or contraction is radial, the direction,

~d(t) ,

will remain the constant.

Since

~d(t0) = ~x, this means that:

~d(t) = a(t)~x; (2.2)

where a function a(t) is called a scale factor. This function dep ends only on time. The

scale factor describ es the change in the spatial separation b etween the ob jects over time and

6

The expansion or contraction of a homogeneous sphere can serve as a mo del of an expanding (or con-

tracting) universe.
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characterizes the expansion or the contraction of the universe. At the present moment of

time, the value of the scale factor is usually represented in the normalized form. In this

thesis, we chose the normalization in which the value of the scale factor is equal to unity,

a(t0) � a0 = 1 .

The observers who move in accordance with the equation, Eq. (2.2), are referred to the

comoving observers, where ~x are the comoving co ordinates that form the comoving reference

frame.

In the expanding or contracting universe, the physical distance b etween two comoving

ob jects increases or decreases over time, while the comoving distance b etween ob jects do es

not change over time.

Conformal Time

Conformal (comoving) time is time elapsed since the Big Bang in accordance with the clo ck of

the comoving observer. The di�erential of physical time, t , and the di�erential of conformal

time, � , are interrelated as follows:

dt = a(t)d�: (2.3)

The value of conformal time, � , can b e obtained from Eq. (2.3):

� =
Z t

0

dt0

a(t0)
: (2.4)

Eq. (2.4) can b e rewritten as:

� =
Z a

0

1
a0H (a0)

da0

a0
: (2.5)

2.2 Hubble's Law

The velo city of the comoving observer can b e found as a time derivative from the comoving

distance:

~v(d; t) =
d
dt

~d(t) =
da
dt

~x �
_a
a

~d(t) � H ~d(t); (2.6)

where the function H is called the Hubble parameter or the expansion rate of the universe

7

:

H =
_a
a

: (2.7)

7

Georges Lema��tre, based on the results of Vesto Slipher's research, suggested that the universe is expand-

ing and �rst intro duced the concept of the expansion rate of the universe, H . The results of his theoretical

studies were presented in the pap er, Ref. (Lema��tre (1927)). This pap er was published in 1927, two years

b efore the Edwin Hubble's publication.
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The Hubble's law can b e written in the general form for an arbitrary moment of time.

Consider the relative velo city of two comoving ob jects lo cated in the p ositions,

~d and

~d+ d~d,

resp ectively:

d~v(t) = ~v( ~d + d~d(t)) � ~v( ~d; t) = Hd ~d(t): (2.8)

Consequently, the relative velo city is prop ortional to the spatial separation of the comov-

ing ob jects. The co e�cient of prop ortionality, H , do es not dep end on the p osition of the

observers but dep ends only on time.

The Hubble parameter for the present moment of time, t = t0 , is called the Hubble

constant, H (t0) � H0 . The Hubble constant is usually represented in the parametrized

form, H0 = 100h km � 1 Mpc� 1
, where h is a dimensionless parameter.

At the present time, the universe is expanding with an acceleration, and the gravitation-

ally uncoupled astronomical ob jects are moving away from each other, therefore, _a(t0) > 0,

i.e. , the scale factor is an increasing time-dep endent function.

The value of the Hubble constant, H0 , is very imp ortant in cosmology, as it determines

the age and the expansion rate of the universe at the present ep o ch. The Hubble constant is

determined by the so-called Hubble distance or by the radius of the Hubble sphere, rHS . The

radius of the Hubble sphere is the distance to the ob jects moving away from the observer

at the sp eed of light. This radius determines the b oundary b etween the ob jects that move

slower and faster than the motion of the ob jects at the sp eed of light relative to the observer

at the present time. In the general case, the radius of the Hubble sphere, rHS , is calculated

as

8

, rHS(t) = c=H. Consequently, at the present time, the radius of the Hubble sphere is

de�ned as: rHS(t0) = c=H0 and its value is 4:1 Gp c.

According to the Hubble's law, Eq. (2.8), there are no privileged p oints in the homoge-

neous and isotropic universe, and the expansion will b e the same at any p oint in space, see

Fig. (2.3). This assumption is consistent with the Cop ernican's principle. Therefore, b eing a

generalized characteristic of the universe, the value of the Hubble constant, H0 , is the same

for all the galaxies and do es not dep end on the direction to the galaxy in the sky or the

distance to it.

We �nd the time derivative of the physical distance to a galaxy,

~d, represented in Eq. (2.2):

~_d(t) =
_a
a

~d(t) + ~up(~x; t); (2.9)

here ~up(~x; t) is a p eculiar velo city, determining the random motions of the galaxy in space.

8

Here the sp eed of light, c, reintro duced for clarity.
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Figure 2.3: Hubble expansion. (Figure from https://www.nature.com)

The p eculiar velo city characterizes the deviation of the motion of the nearby galaxy from the

homogeneous Hubble expansion. On the length scales that are smaller than the cosmological

scales, the value of the p eculiar velo city, ~up(~x; t) in Eq. (2.9), exceeds the value of the galaxy

velo city under the in�uence of the Hubble expansion, ~v =
_a
a

~d. On these length scales, the

motion of the galaxies are determined to a greater extent by their random motion than by

the in�uence of the Hubble expansion, therefore, this de�nition is not exact on these length

scales. On the other hand, the motion of the distant galaxies is completely determined by the

Hubble expansion on the cosmological scales, since the p eculiar velo cities of the galaxies are

negligible in the comparison with the Hubble expansion rate. The motion of the astronomical

ob jects, solely due to this expansion, is called the motion in accordance with the Hubble �ow .

The discoveries of Vesto Slipher, George Lema��tre, and Edwin Hubble are the foundation

on which mo dern physical cosmology is built. These discoveries are marked by the b eginning

of the transition of cosmology from the descriptive philosophical science to the exact science,

in which each prop osed theory is veri�ed by the results of the observational exp eriments.

2.3 Short Review of the General Theory of Relativity

2.3.1 Spacetime Metric for Curvilinear Co ordinates

The GTR is the theoretical basis of mo dern cosmology, Refs. (Einstein (1915 a ), Einstein

(1915 b ); the monographs: Refs. (Landau & Lifshitz (1971), Weinb erg (1972), Misner et al.

(1973), Carroll (2004)). In GTR, spacetime with the four-dimensional curvilinear co ordinates

is considered as, x � = ( x0; x1; x2; x3) . The spatial part of spacetime is denoted as, x1; x2; x3
,

while the temp orary part as, x0 = t . The distance b etween two nearby p oints with the
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co ordinates, x �
and x � + dx�

, is given by a linear element, whose square in the curvilinear

co ordinates is a quadratic form of the di�erentials, dx�
, or by a metric:

ds2 � g�� dx� dx� ; (2.10)

where g�� is a covariant spacetime metric tensor, which is a function of the co ordinates. The

value of the metric is an invariant during the transition from one reference frame to another.

The covariant metric tensor, g�� , is symmetrical in the indexes � and � , g�� = g�� . The

covariant metric tensor is inverse to the contravariant metric tensor, g��
:

gm� g�� = � �
m ; (2.11)

where � �
m is a Kronecker delta function.

Kronecker Delta Function

The Kronecker delta function is a single four-dimensional tensor, which is de�ned as:

� �
m xm = x � : (2.12)

In the matrix form this expression can b e represented as:

� �
m =

8
><

>:

1; m = l

0; m 6= 1
(2.13)

A trace

9

of the Kronecker delta function is equal to

P
i � i

i = 4 . The Kronecker delta function

has the following prop erty: the comp onents of this function are the same in any reference

frame.

2.3.2 Transformation of Curvilinear Co ordinates

Consider the scalar, vector and tensor transformation from one curvilinear reference frame,

x0; x1; x2; x3
, to another, x

00; x
01; x

02; x
03

.

9

A trace (or Spur-Germ.) of the matrix is a sum of the elements on the main diagonal. If bij are the

elements of the matrix B , then the trace of this matrix will b e de�ned as, tr( B ) =
P

i bii .
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Scalar (Zero Rank Tensor)

A scalar is a value that in any reference frame is completely determined by a single numb er

(or a function). The value of the scalar do es not change during the transition from one

reference frame to another. If ' is a scalar value in one reference frame, x0; x1; x2; x3
, and

' 0
is a scalar value in another reference frame, x

00; x
01; x

02; x
03

, then:

' 0(x
00; x

01; x
02; x

03) = ' (x0; x1; x2; x3): (2.14)

Usually a scalar has one comp onent. Examples of the scalars: pressure, density, temp erature,

volume, length, area, etc.

Vector (First Rank Tensor)

A four-dimensional vector is de�ned in the four-dimensional curvilinear reference frame by

four numb ers in the case of a contravariant vector as: A i = A0; A1; A2; A3
; in the case of a

covariant vector as: A i = A0; A1; A2; A3 .

For example, during a Lorentz transformation from a four-dimensional reference frame

to another, the contravariant comp onents of the four-dimensional vectors, A i
, are converted

as follows

10

:

A0 =
A

00 + ( V=c)A
01

p
1 � V 2=c2

; A1 =
A

01 + ( V=c)A
00

p
1 � V 2=c2

; A2 = A
02; A3 = A

030
; (2.15)

where V is a sp eed of motion of one inertial reference frame relative to another.

The covariant vector, A i , is the covector of the contravariant vector, A i
. The elements

of the covariant vector, A i , and the contravariant vector, A i
, are interrelated as follows:

A0 = A0; A1 = � A1; A2 = � A2; A3 = � A3: (2.16)

The comp onents of the four-dimensional vector can b e written as:

A i = ( A0; ~A); A i = ( A0; � ~A); (2.17)

where A0
is a temp oral co ordinate which is a scalar;

~A is a three-dimensional vector, which

10

Here the sp eed of light, c, reintro duced for clarity.
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contains the spatial co ordinates. The square of the four-dimensional vector is de�ned as

11

:

3X

i =0

= A i A i = A0A0 + A1A1 + A2A2 + A3A3: (2.18)

The connection b etween the covariant vector and the contravariant one is carried out through

the metric tensor, g�� , which is used to increase or decrease the indices of b oth the vectors

and the tensors

12

:

gik Ak = A i ; gik Ak = A i : (2.19)

In general, in the curvilinear co ordinates, a contravariant four-dimensional vector, A i
, and

à covariant one, A i , are transformed as follows:

A i =
@xi

@x0k
A

0k ; A i =
@x

0k

@xi
A

0

k : (2.20)

Tensors (Second and Higher Rank Tensors)

A four-dimensional second-rank tensor is called a set of the 42 = 16 comp onents of this tensor.

In the transition from one reference frame to another, these comp onents are transformed as

a pro duct of the comp onents of two four-dimensional vectors. Similarly, one can de�ne the

four-dimensional tensors of the third rank (with 43 = 64 comp onents) and the tensors of the

higher N-th rank, constituting 4N
comp onents.

The comp onents of the four-dimensional tensor can b e represented as: contravariant, A ik
,

covariant, A ik , and mixed, A i
k .

A contravariant second-rank tensor, A ik
, is formed as a result of the pro duct of two four-

dimensional contravariant vectors, A i =
@xi

@x0l
A

0l
, and, Ak =

@xk

@x0m
A

0m
. In the transition from

one reference frame to another, the comp onents of the second-rank contravariant tensor are

transformed as:

A ik = A i � Ak =
@xi

@x0l
@xk

@x0m
A

0lm : (2.21)

A covariant second-rank tensor, A ik , is formed as a result of the pro duct of two four-

dimensional covariant vectors, A i =
@x

0l

@xi
A

0

l , and, Ak =
@x

0m

@xk
A

0

m . In the transition from

one reference frame to another, the comp onents of the second-rank covariant tensor are

11

In the tensor analysis, the Einstein rule is applied, according to which: the rep eating indices twice in

the expression (one of them is at the top and the other is at the b ottom) means summation, and the sign of

the sum is omitted.

12

In the particular case, considering the Minkowski space, a Kronecker symb ol, � �
m , is used for raising or

lowering the indices.
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transformed as:

A ik = A i � Ak =
@x

0l

@xi
@x

0m

@xk
A

0

lm : (2.22)

A mixed second-rank tensor, A i
k , is formed as a result of the pro duct of the four-dimensional

contravariant vector, A i =
@xi

@x0l
A

0l
, and the four-dimensional covariant vector, Ak =

@x
0m

@xk
A

0

m .

In the transition from one reference frame to another, the comp onents of the second-rank

mixed tensor are transformed as

13

:

A i
k = A i � Ak =

@xi

@x0l
@x

0m

@xk
A

0l
m : (2.23)

The four-dimensional tensors (contravariant, covariant, mixed) of the N -th rank are trans-

formed as a result of the pro duct of N four-dimensional (contravariant, covariant, mixed)

vectors, resp ectively. In the transition from one reference frame to another, the comp onents

of the tensors (contravariant, covariant, mixed) of N -th rank are transformed, resp ectively,

as:

A � 1 :::� N =
@x� 1

@x0
 1
:::

@x� N

@x0
 N
A

0
 1 :::
 N ; (2.24)

A � 1 :::� N =
@x

0
 1

@x� 1
:::

@x
0
 N

@x0� N
A0
 1 :::0
 N ; (2.25)

A � 1 :::� l
� 1+1 :::� N

=
@x� 1

@x0
 1
:::

@x� l

@x0
 l

@x
0
 l +1

@x� l +1
:::

@x
0
 N

@x0� N
A

0
 1 :::0
 l
0
 l +1 :::0
 N

: (2.26)

Tensors Op erations

� Addition: A ��

� + B ��


� = C ��

�

� Subtraction: A ��

� � B ��


� = F ��

�

� Pro duct: A ��

� B ��


� = C ����

�
�

� Contraction of the tensors as a result of summing over the identical indices: B ��
�� = H �

�

� Inner pro duct: F ��
�� K � 


! = M ��� 
��
! = N �� 

�
!

2.3.3 Covariant Derivatives

Consider a vector, A i , in the curvilinear co ordinates. The di�erential, dAi , of this vector is

not a vector and the derivative, @Ai =@xk , is not a tensor to o. This is due to the fact that

the di�erential, dAi , is the di�erence of the vectors lo cated at the di�erent p oints of curved

13

Here and ab ove the following notations are used: A
0lm = A

0l A
0m

, A
0

lm = A
0

l A
0

m , A
0l
m = A

0l A
0

m .
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space. The vectors in curved space at the di�erent p oints are transformed according to the

di�erent laws, so a sp ecial typ e of the derivatives is used for the curvilinear co ordinates -

the covariant or contravariant derivatives.

The covariant derivatives for the contravariant and covariant vectors are de�ned as:

A i
;j =

@Ai

@xj
+ � i

kj Ak ; A i ;j =
@Ai
@xj

� � k
ij Ak ; (2.27)

where the functions, � �
�� , are called the Christo�el symb ols or the a�ne connection. They

are expressed in the terms of the derivatives of the metric tensor as follows:

� �
�� =

1
2

g��

�
@g��
@x�

+
@g��
@x�

�
@g��
@x�

�
: (2.28)

The covariant derivatives for the second-rank tensors: contravariant, A ik
, covariant, A ik , and

mixed typ e, A i
k , are de�ned as:

A ik
;j =

@Aik

@xj
+ � i

mj Amk + � k
mj A im ; (2.29)

A ik ;j =
@Aik
@xj

� � m
ij Akm � � m

kj A im ; (2.30)

A i
k;j =

@Aik
@xj

� � m
kj A i

m + � i
mj Am

k : (2.31)

The contravariant derivatives can b e formed from the covariant ones by the raising the index,

which means the di�erentiation. This can b e done using a contravariant metric tensor:

A ;k
i = gkj A i ;j ; A i ;k = gkj A i

;j : (2.32)

2.4 Riemann-Christo�el Tensor, Ricci Tensor, Einstein

Tensor. Ricci Scalar.

Riemann-Christo�el Tensor

The combination of the Christo�el symb ols and their derivatives form the curvature tensor,

or the so-called fourth-rank Riemann-Christo�el tensor, Ri
klm :

Ri
klm =

@� i
km

@xl
�

@� i
kl

@xm
+ � i

nl �
n
km � � i

nm � n
kl : (2.33)
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The Riemann-Christo�el tensor has the following prop erties:

� Cyclicality: Ri
klm + Ri

mkl + Ri
lmk = 0

� Antisymmetry of l and m indices: Ri
klm = � Ri

kml

� Symmetry: Riklm = Rlmik

� Asymmetry: Riklm = � Rkilm = � Rikml

� First Bianchi identity: Riklm + Rimkl + Rilmk = 0

� Second Bianchi identity: Rn
ikl ;m + Rn

imk ;l + Rilm ;k = 0

The equality or non-equality to zero of the curvature Riemann � Christo�el tensor, Ri
klm ,

is a criterion for determining, whether four-dimensional spacetime is �at or curved. At the

same time, the direct theorem is true: four-dimensional spacetime will b e �at (curved) if

the curvature tensor is zero (non-zero) and the inverse theorem is also true: if the curvature

tensor is zero (non-zero), then four-dimensional spacetime will b e �at (curved).

Ricci Tensor

The second-rank Ricci tensor, Rik , is obtained by the contraction of the Riemann-Christo�el

tensor:

Rik = glm Rlimk = Rl
ilk : (2.34)

The Ricci tensor is de�ned as:

Rik =
@� l

ik

@xl
�

@� l
il

@xk
+ � l

ik � m
lm � � m

il � l
km : (2.35)

The symmetry of the Ricci tensor is obvious from Eq. (2.35): Rik = Rki .

Ricci Scalar

Contracting the Ricci tensor, Rik , we get a scalar value, R , which is called a Ricci scalar or

the scalar curvature:

R = gik Rik = gil gkm Riklm : (2.36)

The Ricci scalar is a trace of the Ricci tensor, Rik : R =
P

i Rii .

In the GTR, the action for the gravitational �eld, SG , is expressed through the integral

over the four-dimensional volume, d
 , from the scalar curvature density, R
p

� g, as follows:

SG = 8�G
Z

M
R

p
� gd
 ; (2.37)

25



where g is a determinant, which comp osed from the matrix elements of the metric tensor,

g�� .

Einstein Tensor

The combination of the Ricci tensor, R�� , the Ricci scalar, R , and the metric tensor, g�� ,

de�nes the Einstein tensor:

G�� = R�� �
1
2

g�� R: (2.38)

The Einstein tensor, G�� , is a second-rank tensor in N-dimensional spacetime. The Einstein

tensor contains N (N + 1) =2 indep endent comp onents. This tensor can b e constructed only

from the quadratic (in the �rst derivatives from the metric) or the linear (in the second

derivative from the metric) terms.

The Einstein tensor is symmetric due to the symmetry of the Ricci tensor, R�� , and the

metric tensor, g�� , that form it:

G�� = G�� : (2.39)

The Einstein tensor is an invariant under the covariant di�erentiation, i.e. , the covariant

divergence of the Einstein tensor identically equals to zero:

G�� ;� = 0: (2.40)

2.4.1 Energy-Momentum Tensor

In the GTR, the notion of an energy-momentum tensor or a stress-energy tensor, T�� , in-

cludes all the p ossible forms of matter and energy

14

, that can distort spacetime. The energy-

momentum tensor characterizes everything that can b e contained in a sp eci�c region of

spacetime: the energy �uid and the momentum �uid, the energy density and the momentum

density, as well as energy and mass. The energy-momentum tensor is de�ned as the �ux

of a four-dimensional momentum, which passes through a three-dimensional surface of the

constant co ordinates.

The energy-momentum tensor, T�� , is a second-rank tensor. Its prop erties are identical to

the prop erties of the Einstein tensor, G�� , such as, the symmetry of the energy-momentum

tensor:

T�� = T�� ; (2.41)

14

In accordance with the principle of the equivalence of mass and energy in the GTR.
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and the equality to zero of the covariant divergence of the energy-momentum tensor or the

ful�llment of the conservation law for the energy-momentum tensor:

T�� ;� = 0: (2.42)

In the limiting case of the Minkowski metric (that is describ ed b elow in Eq. (2.71)), the

covariant derivative is transformed into the ordinary derivative:

T��

@x�
= 0: (2.43)

In the presence of the gravitational �eld, the conservation law takes the form:

T�� ;� =
@T��
@x�

+ � k
�� Tk� + � k

k� T�� = 0: (2.44)

Consider the di�erent forms of the energy-momentum tensor, T�� , for the following cases:

p erfect �uid, vacuum and dust.

Perfect Fluid

The p erfect �uid is isotropic with resp ect to the reference frame in which it is at rest. The

p erfect �uid can b e completely characterized by its energy density, � , and the isotropic

pressure, p, that are connected by the equation of state (EoS), p = f (� ) . This �uid has no

viscosity or heat conduction. In cosmology, the p erfect �uid mo del is used to describ e the

early universe at the radiation dominated ep o ch.

For any reference frame the energy-momentum, tensor for the p erfect �uid has the form:

T�� = ( � + p)u� u� � pg�� ; (2.45)

here u� is a four-dimensional velo city.

The four-dimensional velo city is determined as:

u� �
dx�

ds
: (2.46)

The four-dimensional velo city is normalized as, u� u� � 1.

15

Hence, for the observer in

the comoving reference frame, relative to which the p erfect �uid is at the rest, the four-

15

In the geometric representation, u� is an unit four-dimensional vector, that is a tangent to the world

line of the particle.

27



dimensional velo city, u� , has the form, ~u = (1 ; 0; 0; 0).

In the comoving reference frame, the energy-momentum tensor for the p erfect �uid can

b e written as:

T�� =

0

B
B
B
B
B
B
@

� 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

1

C
C
C
C
C
C
A

: (2.47)

From the energy-momentum conservation equation, Eq. (2.42), the continuity equation fol-

lows:

@�
@t

+ r (�~v f ) = 0 ; (2.48)

where ~vf is the three-dimension velo city of the �uid.

This equation describ es the b ehavior of the p erfect �uid and expresses the fact of the

matter conservation. Indeed, the converging velo city �eld leads to an increase of the density.

Conversely, the diverging velo city �eld leads to the decrease of the density.

Vacuum

There are no �elds, energy, matter in a certain region of spacetime in this case. The com-

p onents of the energy-momentum tensor, T�� , for this region are equal to zero:

T�� = 0: (2.49)

Dust

In cosmology, the matter in the universe is approximated by a dust �uid mo del or a dust

matter mo del

16

, consisting of the identical, electrically neutral, non-interacting massive par-

ticles. These particles move with the identical velo cities, which are much smaller than the

sp eed of light, u � c. The dust �uid is characterized by the zero pressure, the rest density,

� , and the four-dimensional velo city, u(~r; t) 17

.

In this case, the energy-momentum tensor for any reference frame is de�ned as:

T�� = �u � u� : (2.50)

16

The validity of this approximation is related to the fact that in the astrophysical and cosmological

gravitational issues, matter undergo es very high stresses, so it b ecomes the �uid.

17

The real universe contains the multicomp onent �ows of the dust matter.
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In the comoving reference frame, the energy-momentum tensor for the dust �uid takes the

form:

T�� =

0

B
B
B
B
B
B
@

� 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

1

C
C
C
C
C
C
A

: (2.51)

In the limiting case of the low velo city and zero pressure, a p erfect �uid mo del is reduced

to a dust �uid mo del. The dust �uid mo del is used for description of the universe at the

matter dominated ep o ch.

2.4.2 Matter in the Universe

The nonrelativistic particles consisting of the baryons, the massive neutrinos and dark matter

form matter in the universe. A general prop erty of these particles is that they can accumulate

under the action of the gravitational forces.

The observable universe contains 26% of dark matter; 4:8% of the ordinary baryonic

matter; 0:1% of neutrino, according to Planck 2015 data, Ref. (Ade et al. (2016)).

The numb er density of these particles, n(t) , and the energy density of the matter, � (t) ,

change over time in the same way as

18

: � (t) � n(t) / a� 3
(t).

Baryonic Matter

The baryonic matter consists of the baryons. According to the Standard Mo del of particle

physics, the baryons b elong to the family of the hadrons. The baryons are formed from

the o dd numb er of the quarks. At the same time, the baryons are the fermions, due to the

fact that they have a half-integer spin. The lightest baryons are the nucleons: protons and

neutrons. The protons consist of one down (or d) quark and two up (or u ) quarks, p = uud,

and the neutrons consist of one u quark and two d quarks, n = ddu, Ref. (Okun (1988)).

The baryons are the comp onents of the atomic nuclei of the ordinary matter, they consti-

tute most of the visible matter in the universe and can also form the invisible baryonic dark

matter. The energy density of the baryons at the present ep o ch is � b0 � 2:4� 10� 7
GeV/cm

3
.

At the late stage of the evolution of the universe, which is characterized by the average

temp erature hTi � 100 KeV, the ratio of the numb er density of the baryons to the numb er

density of the photons remains constant, � b � nb=n
 � 6:1 � 10� 10
, Ref. (Rubakov (2014)).

18

This result is valid only for cold dark matter.
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Massive Neutrino

The neutrinos b elong to the leptons family. The neutrinos, b eing leptons, can participate

only in the weak gravitational interactions. The leptons are the fermions, their spin is 1/2.

The leptons have no structure, so they are really the elementary particles. Being the neutral

elementary particles, the neutrinos have three �avors: the electron neutrinos, � e, the muon

neutrinos, � � , and the tau neutrinos, � � . If the neutrinos are the Dirac fermions, then

there will b e the anti-neutrinos, resp ectively: ~� e; ~� � ; ~� � . If the neutrinos are the Ma jorana

fermions, then they will not have their antiparticle and, like the photons, they will b e the

really neutral particles.

The present numb er density for each typ e of the neutrinos is n� � 0 = 110 cm

� 3
, where

n� � = � e; � � ; � � . The energy density for all the typ es of neutrinos is � �; total � 6�10� 7
GeV/cm

3
.

The total mass of all the typ es of neutrinos is

P
m�; total < 0:23 eV, Ref. (Ade et al. (2016)).

Dark Matter

Presumably, dark matter consists of the stable massive particles, the nature of which is not

known yet. The dark matter particles do not interact with the observed electromagnetic

radiation and weakly gravitationally interact with the ordinary baryonic matter.

Dark matter is lo cated in the galaxies, as well as in the clusters of galaxies. The term

"dark matter" was �rst intro duced by Fritz Zwicky in 1933. He measured the radial velo city

for eight galaxies in the constellation Coma, v(R) , which dep ends on the distance from the

center of the galaxy, R . Zwicky concluded that for maintaining the stability of the galaxy,

its total mass must b e ten times more than the mass of the stars included in it.

Vera Rubin and Kent Ford were the �rst who presented the accurate calculations indicat-

ing the dark matter existence in the galaxies, Ref. (Rubin et al. (1980)). They found that in

the spiral galaxies most of the stars, that are not to o close to the center of the galaxies, move

in the orbits with the same radial velo city, v(R) = const, see Fig. (2.4) (left panel). For the

regions, which contain the visible matter (considering only the visible matter), v(R) /
p

R ,

see Fig. (2.4) (left panel). For the large distances from the center of the galaxies, i.e. , for the

p eripheral regions of the galaxies, v(R) / 1=
p

R , see Fig. (2.4) (left panel). This discrepancy

in the radial velo cities of the stars can b e explained by assuming that the visible matter of

the galaxies is immersed in a much larger cloud � in the galactic halo. The galactic halo

contains the signi�cant mass of the invisible matter, the particles of which do not interact

with the photons.
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In the early stages of the evolution of the universe, the dark matter particles were in the

thermo dynamic equilibrium with the particles of the primordial plasma. During the universe

expansion, at a certain moment of time, the temp erature of the primordial plasma decreased

so much that the interaction of the dark matter particles with the baryonic matter ceased,

and the dark matter particles decoupled from the primordial plasma, see Fig. (2.4) (right

panel).

Dep ending on the temp erature at which this decoupling o ccurred (or dep ending on the

mass of the dark matter particles at that moment), dark matter is sub divided on Cold Dark

Matter (CDM), Warm Dark Matter (WDM) and Hot Dark Matter (HDM).

CDM consists of the heavy particles with the mass, mCDM � 100 KeV. The candidates for

CDM are the slowly moving hyp othetical particles, the so-called weakly interacting massive

particles (WIMPs). The particles that form WDM have the mass, mWDM � 3 � 30 KeV.

At the time of going out of the equilibrium with the primordial plasma, these particles were

relativistic. During the decoupling of the HDM particles from the primordial plasma, their

energy far exceeded their mass, i.e. , these particles were ultrarelativistic. Ñonsequently,

HDM may consist of the light particles such as the neutrinos.

Figure 2.4: Left panel: the �at curve of the spiral galaxy NGC 3198 rotation (upp er curve),

which is a combination of the visible matter rotation (curve "disk") and dark matter (curve

"halo"). (Figure from Ref. (Begeman et al. (1991))) Right panel: the evolution of the

Newton's p otential, � , and the relative density contrast for: dark matter, � DM , the baryons,

� B , and the photons, � 
 . teq is the transition from the radiation domination ep o ch to the

matter domination ep o ch; t rec is the b eginning of the recombination ep o ch; t � is the transition

from the decelerated to accelerated expansion of the universe. (Figure from Ref. (Rubakov

(2014)))

Dark matter plays a very imp ortant role in the large-scale structures formation of the

universe. The formation of the galaxies happ ened in the regions with over density of dark

matter. The decoupling of the dark matter particles from the primordial plasma o ccurred
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much earlier than the decoupling of the baryons. As a consequence of this, the growth of

the dark matter density �uctuations happ ened much earlier than the growth of the baryonic

matter density �uctuations, see Fig. (2.4) (right panel). The baryons fell into a p otential

well formed by dark matter, ñonsequently, after recombination, the dark matter density

�uctuations and the baryons density �uctuations develop ed together, inseparable from each

other, see Fig. (2.4) (right panel).

There are numerous p ossible candidates for the role of dark matter. Dark matter can

have of the baryonic or non-baryonic origin. Baryonic dark matter, the so-called Massive

Compact Halo Objects (MACHOs), have low luminosity. Baryonic dark matter can b e the

brown dwarfs, the dark galactic halos, the massive planets, the compact ob jects at the �nal

stages of the evolution: the neutron stars, the white and black dwarfs, the black holes. Non-

barionic dark matter can b e light or heavy neutrinos, axions, the sup ersymmetric particles.

In addition, dark matter can b e the primordial black holes and the top ological defects of

spacetime.

2.4.3 Einstein's Field Equations

The basic equations of the GTR are the gravitation �eld equations, which are called the

Einstein's �eld equations :

G�� � R�� �
1
2

g�� R = 8�GT �� : (2.52)

The Einstein's �eld equations connect the metric of curved spacetime, g�� , the Ricci curva-

ture tensor, R�� , the Ricci scalar, R , with the prop erties of the matter that �lls this space,

which is characterized by an energy-momentum tensor, T�� . These equations establish the

interrelation b etween the curvature (geometry) of spacetime (left side of the equation) and

matter, as well as its motion (right side of the equation). Thus, the Einstein's �eld equations

describ e how the curvature of spacetime a�ects matter in the universe, and vice versa, how

matter in the universe a�ects the curvature (geometry) of spacetime.

The gravitational �eld equations are the nonlinear second-order partial di�erential equa-

tions. This nonlinearity is asso ciated with the e�ect of the gravity on itself, since the gravi-

tational �eld carries the energy and the momentum. Due to the fact that the Einstein's �eld

equations are nonlinear, the sup erp osition principle is not valid for the gravitational �elds.

Linearization of the Einstein's �eld equations is p ossible in the case of the consideration of

the gravitational waves with low amplitude or for the weak gravitational �elds (for exam-

ple, for the gravitational �elds in the Newtonian limit). For such �elds the deviations of
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the metric comp onents of the equation from their values for �at spacetime are insigni�cant

and, accordingly, the spacetime curvature generated by them is also small. In this case, the

sup erp osition principle of the �elds can b e applied.

In the case of the weak gravitational �elds created by a nonrelativistic moving substance,

the zero comp onent of the Einstein tensor, G00 , is de�ned as:

G00 � r 2g00; (2.53)

for the Newtonian limit, the Einstein's �eld equations take the form:

G00 = � 8�GT 00: (2.54)

We obtain an alternative form of the Einstein's �eld equations, Eq. (2.52), contracting b oth

sides by the contravariant metric tensor, g��
:

R = � 8�GT: (2.55)

Substituting Eq. (2.52) into Eq. (2.55), we get another form of the Einstein's �eld equations:

R�� = 8�G (T�� �
1
2

g�� T): (2.56)

The value of the energy-momentum tensor is equal to zero for vacuum, Eq. (2.49). From

Eq. (2.56) it follows that the following equation is ful�lled for vacuum:

R�� = 0: (2.57)

The result obtained in Eq. (2.57) do es not mean that empty space is �at, and

there are no gravitational �elds in it. This statement requires the additional

condition: the Riemann-Christo�el tensor must b e equal to zero, Ri
klm = 0 . In

spacetime with two or three dimensions, the condition R�� = 0 means that the Riemann-

Christo�el tensor is zero and, accordingly, it means the absence of the gravitational �elds

there.

The full Riemann-Christo�el tensor can b e non-zero under the ful�llment of the condition,

R�� = 0 , in vacuum spacetime with four and higher dimensions. Therefore, in this case, the

gravitational �elds can exist.
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2.5 Spatial Metrics

2.5.1 Flat Euclidean Space

The Euclidean geometry is based on �ve axioms:

1. Axiom of b elonging

2. Axiom of order

3. Axiom of equality of segments and angles

4. Axiom of the parallel lines

5. Axiom of the continuity (Archimedes' axiom)

Figure 2.5: Left panel: the three-dimensional Cartesian co ordinates. Right panel: the

spherical co ordinates. (Figure from Ref. (Dubrovin et al. (1979)))

From the "Axiom of the parallel lines" it follows the statement "The sum of the interior

angles of the triangle is equal to 180�
", which is very imp ortant feature of Euclidean space.

Euclidian space is three-dimensional �at space. Each p oint in this space is de�ned by the

orthogonal Cartesian co ordinates, (x1; x2; x3 = x; y; z) , see Fig. (2.5) (left panel).

The invariant metric in the Cartesian co ordinates is de�ned as:

ds2 =
3X

i =1

dxi = ( x1)2 + ( x2)2 + ( x3)2: (2.58)
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The compact form of this metric is:

ds2 = g�� dx� dx� ; (2.59)

where g�� = � �� .

The metric tensor for Euclidean space in the Cartesian co ordinates has the form

19

:

g�� = � �� =

0

B
B
B
@

1 0 0

0 1 0

0 0 1

1

C
C
C
A

: (2.60)

The invariant metric in the Cartesian co ordinates, (dx� ; dx� ) , can b e expressed in the arbi-

trary co ordinates, (dxm0
; dxn0

) , as:

ds2 = � �� dx� dx� = � ��

� @xi

@xm0dxm0
�� @xj

@xk0dxk0
�

= gm0k0dxm0
dxk0

; (2.61)

here gm0k0
is the spatial metric tensor in an arbitrary reference frame.

Consider the Euclidean metric in the p olar, cylindrical and spherical co ordinates:

The p olar co ordinates

The Cartesian co ordinates, (x1; x2) , on the plane are expressed through the p olar co or-

dinates, (y1 = r; y 2 = ' ) , as:

x1 = r cos'; x 2 = r sin' (2.62)

and

gm0k0 = � �� =

0

@
1 0

0 r 2

1

A : (2.63)

The metric in the p olar co ordinates is given by:

ds2 = ( dr)2 + r 2(d' )2: (2.64)

The cylindrical co ordinates

19

The isotropy and the homogeneity of space is expressed in the diagonal form of the metric tensor and

vice versa, the metric tensor for isotropic and homogeneous space must b e diagonal.
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The Cartesian co ordinates, (x1; x2; x3) , are expressed through the cylindrical co ordinates,

(y1 = r; y 2 = '; y 3 = z) , as:

x1 = r cos'; x 2 = r sin '; x 3 = z (2.65)

and

gm0k0 =

0

B
B
B
@

1 0 0

0 r 2 0

0 0 1

1

C
C
C
A

: (2.66)

The metric in the cylindrical co ordinates is given by:

ds2 = ( dr)2 + r 2(d' )2 + sin2(d' )2: (2.67)

The spherical co ordinates

The Cartesian co ordinates, (x1; x2; x3) , are expressed through the spherical co ordinates,

(y1 = r; y 2 = �; y 3 = ' ) , see Fig. (2.5) (right panel) as:

x1 = r cos' sin�; x 2 = r sin' sin�; x 3 = r cos� (2.68)

and

gm0k0 =

0

B
B
B
@

1 0 0

0 r 2 0

0 0 r 2 sin2 '

1

C
C
C
A

: (2.69)

The metric in the spherical co ordinates is given by:

ds2 = dr2 + r 2[(d� )2 + r 2 sin2 � (d' )2]: (2.70)

2.5.2 Minkowski Spacetime

In 1908, Hermann Minkovski �rst intro duced four co ordinates for description of four-dimensional

vector space or the spacetime continuum. The p oints of this spacetime are called the events

or the world points . Each event corresp onds to a set of four numb ers (x0; x1; x2; x3) , where

x0 = t is a moment of time when the event o ccurred and (x1; x2; x3) is the lo cation of the

event. In four-dimensional space, the pro cess of life for each ob ject is identi�ed by the line

x i (t) ( i = 1; 2; 3), which is called the world line . The values of (t; x 1; x2; x3) can b e regarded
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Figure 2.6: Left panel: two-dimensional Minkovski diagram. Right panel: three-dimensional

light cone.

as the Cartesian co ordinates in the spacetime continuum. Thereby, the spacetime continuum

can b e considered as four-dimensional Cartesian space. On the contrary, three-dimensional

space, in which the classical geometry unfolds, will b e a surface of the constant level (where

t =const).

The metric tensor of Minkowski spacetime is de�ned as

20

:

� �� = � �� =

0

B
B
B
B
B
B
@

1 0 0 0

0 � 1 0 0

0 0 � 1 0

0 0 0 � 1

1

C
C
C
C
C
C
A

: (2.71)

This metric tensor describ es �at four-dimensional isotropic and homogeneous spacetime.

The metric for the Minkovski metric tensor is represented as:

ds2 = � �� dx� dx� : (2.72)

The metric, ds2
, can take the following values in four-dimensional spacetime: to b e equal

to zero, to b e p ositive or negative. The metric, ds2 = 0 , corresp onds to the propagation

of a signal with the sp eed of light or a motion of the massless particles in four-dimensional

20

Hereinafter, the metric signature is used, (1; � 1; � 1; � 1).
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spacetime. The zero metric, ds2 = 0 , describ es the lightlike events. The p ositive metric,

ds2 > 0, describ es the timelike events. For the timelike events, there is a frame of reference in

which these events can o ccur in the same place. In this case, the linear interval b etween two

events, ds, is a real numb er. A negative metric, ds2 < 0, describ es the spacelike events.

There is a frame of reference for the spacelike events, in which these events can o ccur

simultaneously. In this case, the linear interval b etween two events, ds, is an imaginary

numb er.

The ab ove-mentioned typ es of the events are presented on the two-dimensional, (x0; x1) ,

Minkovski diagram, see Fig. (2.6) (left panel). The origin of the co ordinate, O , corresp onds

to the present p oint in time. The lines ab and cd are consistent with two di�erent signals,

which propagate at the sp eed of light, so ds2 = 0 for them. The spacelike events are contained

in the dOa and cOb regions with ds2 < 0, while the regions aOc and dOb corresp ond to the

timelike events with ds2 > 0.

Since the time from the aOc region has a p ositive value, t > 0, the events from this region

will happ en in the future with resp ect to the present moment of time, O . The time from the

dOb region has a negative value, t < 0, consequently, the events from this region happ ened

in the past with resp ect to the present p oint in time, O . In other words, the events from

the aOc region can b e called the "absolutely future", consequently, the events from the dOb

region can b e called the "absolutely past" with resp ect to the present p oint in time, O . Since

it can b e unambiguously determined which of the events with a timelike interval o ccurred

earlier and which later, these events can b e causally-related to each other.

The metric for the Minkowski spacetime, Eq. (2.72), is timelike, so it can b e lo cated in

the aOc and dOb regions on the Minkowski diagram. This metric can b e written in the

extended form:

ds2 = ( x0)2 � (x1)2 � (x2)2 � (x3)2: (2.73)

Eq. (2.73) describ es a so-called light cone or, in other words, a cone of the causal events.

The three-dimensional Minkowski co ordinates, (x0; x1; x2) , can b e expressed in the terms of

the pseudospherical co ordinates, (%; &; ') :

� (r ) =

8
>>><

>>>:

x0 = %cosh&

x1 = %sinh&

x2 = %sinh&sin'

(2.74)
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From Eq. (2.74) it follows:

(x0)2 � (x1)2 � (x2)2 = %2 > 0: (2.75)

Therefore, the co ordinates, (%; &; ') , are de�ned only in the region, (x0)2 � (x1)2 � (x2)2 > 0.

This region is lo cated inside of the light cone in three-dimensional spacetime, (x0)2 = ( x1)2 +

(x2)2
, see Fig. (2.6) (right panel). The metric for this region has the form:

ds2 = d%2 � %2[(d� )2 + sinh2 � (d' )2]: (2.76)

2.5.3 Geo desic Equation

Supp ose that a p oint with the co ordinates x i
moves along a certain tra jectory with the

four-dimensional velo city, ui = x i =ds. According to the GTR, a free material p oint moves

in the gravitational �eld in four-dimensional spacetime, so its world line is extremal. This

extremal world line is called the geodesic line b etween two given world p oints.

The motion of the particle in the gravitational �eld is determined by the principle of

least action , according to which the action functional takes the minimum value:

�S = �
Z

ds = 0; (2.77)

where ds2 = gik dxi dxk
is a metric in four-dimensional curved spacetime.

Applying the principle of least action, we obtain the equation of motion of the particle

in the gravitational �eld.

Due to the fact that:

�ds2 = 2ds�ds = � (gik dxi dxk) = dxi dxk @gik
dxl

�x l + 2gik dxi d�x k : (2.78)

Substituting this result into Eq. (2.77), we get:

S =
Z � dxi

ds
dxk

ds
dgik

dxl
�x l + gik

dxi

ds
d�x k

ds

�
ds = 0: (2.79)

While we integrate Eq. (2.79) by parts and take into account that in the second term at the

b oundaries of integration �x k = 0 , we obtain:

S =
Z � 1

2
dxi

ds
dxk

ds
dgik

dxl
�x l �

d
ds

�
gik

dxi

ds

�
�x k

�
ds = 0: (2.80)
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Replacing the index k with the index l , in the second term of Eq. (2.80):

1
2

ui uk dgik

dxl
�

d
ds

(dgil ui ) =
1
2

ui uk dgik

dxl
� gil

dui

ds
� ui uk dgil

dxk
= 0: (2.81)

We represent the third term in Eq. (2.81) as:

ui uk dgil

dxk
=

1
2

ui uk
� dgil

dxk
+

dgkl

dxi

�
: (2.82)

Multiplying the left and right sides of Eq. (2.81) by gim
:

gim gil
dui

ds
+

1
2

gim ui uk
� dgil

dxk
+

dgkl

dxi
�

dgik

dxl

�
= 0: (2.83)

Considering that gim gil = � m
l , we replace the index l with the index m in the expression

lo cated in the parentheses, Eq. (2.83):

dui

ds
+

1
2

gim ui uk
� dgil

dxk
+

dgkm

dxi
�

dgik

dxm

�
= 0: (2.84)

As a result of replacing the index i to the index l in the expression lo cated in the parentheses,

Eq. (2.84), and intro ducing the Christo�el symb ols, � i
kl = 1

2gim
� @gmk

@xl + @gml
@xk � @gkl

@xm

�
, we

obtain the equation of motion of a material p oint in the gravitational �eld along the geo desic

line:

d2x i

ds2
+ � i

kl
dxk

ds
dxl

ds
= 0: (2.85)

The geo desic line has a curved shap e in four-dimensional spacetime, (x0; x1; x2; x3) , and the

motion of the particle is not uniform and rectilinear.

2.5.4 Isotropic Four-Dimensional Spacetime Metric

The metric tensor for four-dimensional homogeneous and isotropic spacetime, which is spa-

tially expanding or contracting with dep endence on the scale factor, a(t) 21

, is de�ned as

follows:

g�� =

0

B
B
B
B
B
B
@

1 0 0 0

0 � a2(t) 0 0

0 0 � a2(t) 0

0 0 0 � a2(t)

1

C
C
C
C
C
C
A

: (2.86)

21

This metric tensor describ es the expanding spacetime, since a scale factor is the time-dep endent increas-

ing function,

_a(t) > 0.
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The metric for this spacetime is:

ds2 � g�� dx� dx� = dt2 � a2(t)
 ij dxi dxj ; (2.87)

where 
 ij is a metric of three-dimensional space.

The function 
 ij in the spherical co ordinates, ( r; �; ' ), Eq. (2.87), is represented as:


 ij = dr2 + � (r )2(d� 2 + sin2 �d' 2); (2.88)

here � (r ) is a space curvature function, which is de�ned as:

� (r ) =

8
>>><

>>>:

1p
K

sin
� p

K r
�

for K > 0

r for K = 0
1p
� K

sinh
� p

� K r
�

for K < 0

; (2.89)

here K is a curvature parameter.

Replacing the variable x = � in Eq. (2.89) and expressing the variable r through x , we

�nd the square of the di�erential dr2
:

dr2 =

8
>>>><

>>>>:

1
1� K x2 dx2 for K > 0

dx2 for K = 0
1

1� K x2 dx2 for K < 0

: (2.90)

Substituting Eq. (2.89) and Eq. (2.90) into Eq. (2.87), we get the expression for the Friedmann-

Lema��tre-Rob ertson-Walker (FLRW) spacetime metric:

ds2 = dt2 � a2(t)
�

dr2

1 � Kr 2
+ r 2(d� 2 + sin2 �d' 2)

�
: (2.91)

This metric describ es the homogeneous and isotropic expanding space. The co ordinates,

( r , � , ' ), are the comoving co ordinates, i.e. , the moving ob ject is at rest relative to these

co ordinates.

The FLRW metric in the Cartesian co ordinates can b e written as:

ds2 = dt2 � a2(t)
1

(1 + K
4 r 2)2

� ij dxi dxj : (2.92)

Dep ending on the sign of the curvature parameter, K , Eq. (2.91) describ es the geometrically
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Figure 2.7: The examples of closed, �at and op en two-dimensional spaces. (Figure from

http://www.astro.cornell.edu/academics/courses/astro201/)

di�erent typ es of the universe. The case K > 0 corresp onds to the so-called closed universe

(to spherical three-dimensional space). The two-dimensional analogue of this universe is

the surface of a sphere, see Fig. (2.7), and the function, 1=
p

K , can b e interpreted as its

curvature radius. The case K = 0 corresp onds to the so-called �at universe (to Euclidean

three-dimensional space), see Fig. (2.7). The case K < 0 corresp onds to the so-called open

universe (to three-dimensional hyp erb olic space). The two-dimensional analogue of this

universe is the surface of a saddle, see Fig. (2.7).

The curvature of the universe can b e neglected in the study of the certain pro cesses.

For example, when a photon moves freely in the homogeneous and isotropic universe, the

wavelength of the photon will b e much smaller than the radius of the spatial curvature of

the universe (in the case of an op en or closed universe). In this case, the universe can b e

considered as spatially �at and the metric presented in Eq. (2.87) can b e used.

In the terms of conformal time, which is de�ned in Eq. (2.4), the Eq. (2.87) takes the

form:

ds2 = a2(� )d� 2 � a2(� )
 ij dxi dxj = a2(� )[� 2 � 
 ij dxi dxj ]: (2.93)

From Eq. (2.93), it follows the relation b etween the Minkowski metric tensor � �� and the

metric tensor g�� :

g�� = a2(� )� �� : (2.94)

Hence, the metric tensor, g�� , has a conformally �at form in the co ordinates, (�; x � ) .
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For the di�erent typ es of the curvature, Eq. (2.93) has the form:

ds2 = a2(� )(d� 2 � d� 2 � $ 2(d� 2 + sin2 �d' 2)) ; (2.95)

where the variable $ is de�ned as:

$ =

8
>>>><

>>>>:

sin� for K > 0; r = a(� ) sin �; � 2 [0; � ]

� for K = 0 ; r = a(� )�; � 2 [0; 1 ]

sinh� for K < 0; r = a(� ) sinh �; � 2 [0; 1 ]

(2.96)

2.5.5 Friedmann's Equations

Substituting the FLRW metric, Eq. (2.91), and the energy-momentum tensor, Eq. (2.45),

into the Einstein's equations, Eq. (2.52), the �rst and the second Friedmann's equations can

b e derived:

_a2

a2
=

8�G
3

� �
K
a2

(2.97)

and

•a
a

= �
4�G

3
(� + 3p): (2.98)

If we know the evolution of the scale factor, a(t) , which characterizes the expansion history

of the universe, we will b e able to determine the value of the curvature parameter and the

mass-energy comp osition of the universe using the Friedmann's equations. Conversely, if we

know the value of the curvature parameter and the matter-energy content of the universe, we

will b e able to calculate the evolution of the scale factor, a(t) . For example: the expansion

history of the universe dep ends on the value of the curvature parameter, K : for K < 0 (the

op en universe), the universe will expand forever, see Fig. (2.8); for K = 0 (the �at universe),

the universe will expand forever either, but for t ! 1 , the expansion will o ccur with the

constant velo city, i.e. , _a ! 0, see Fig. (2.8); for K > 0 (the close universe), the universe will

expand till certain moment, after that the expansion will turn into a contraction and the

universe will re-collapse, see Fig. (2.8).

As mentioned previously, all the matter-energy comp onents of the universe on the cosmo-

logical scales can b e mo deled as the p erfect �uid. The relation b etween the energy density

and the pressure for the p erfect �uid is de�ned by the EoS:

p = w�; (2.99)
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Figure 2.8: The evolution of the scale factor, a(t) , for the di�erent signs of the curvature

parameter, K . (Figure from https://wmap.gsfc.nasa.gov/universe/)

where w is an EoS parameter, the value of which is di�erent for each matter-energy comp o-

nent in the universe.

If we solve the continuity equation, Eq. (2.48), and the Friedmann's equation, Eq. (2.97),

for a �at universe, K = 0 , we will get the following equations:

� / a� 3(1+ w) ; a(t) / t
2

3(1+ w ) ) H =
2

3(1 + w)t
; (2.100)

where the value of the EoS parameter, w , is time-indep endent and w 6= 1 .

The equations, which are determined in Eq. (2.100), describ e the evolution of the energy

density, � , the scale factor, a, and the Hubble parameter, H , in dep endence on the value of

the EoS parameter, w , and the physical time, t . Let's analyze Eq. (2.100) for the di�erent

values of the EoS parameter, w . We supp ose that only one matter-energy comp onent is

contained in the universe, which is describ ed by the given EoS parameter.

The EoS parameter, w = 1=3, corresp onds to the p erfect �uid of the relativistic particles

(the photons and the neutrinos), which is called the radiation. For this case Eq. (2.100)

takes the form:

� r / a� 4; a(t) / t
1
2 ) H =

1
2t

: (2.101)

The EoS parameter, w = 0 , corresp onds to the p erfect �uid of the non-relativistic particles

or the dust (matter), which consists of CDM and the baryons. Accordingly, in this case,
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Eq. (2.100) takes the form:

� m / a� 3; a(t) / t
2
3 ) H =

2
3t

: (2.102)

The EoS parameter, w = � 1=3, corresp onds to the universe with the nonzero spatial curva-

ture, i.e. , for the close or op en universe. In this case, Eq. (2.100) takes the form:

� K / a� 2; a(t) / t ) H =
1
t
: (2.103)

If we substitute the EoS, which is de�ned in Eq. (2.99), in the second Friedmann's equation,

Eq. (2.98), we will get:

•a
a

= �
4�G�

3
(1 + 3w): (2.104)

If the value of the EoS parameter, w , satis�es the condition, � 1 � w < �
1
3

, then •a � � 1, i.e. ,

the universe will expand with an acceleration. The accelerated expansion of the universe is

explained by the presence of dark energy in it. The case w = � 1 corresp onds to the simplest

mo del of dark energy, the so-called vacuum energy or the cosmological constant � . In this

case, the universe is accelerating with a constant energy density, � � , and with a constant

Hubble parameter, whereas the scale factor changes exp onentially over time:

� � = const; a(t) / eHt ) H = const: (2.105)

The total energy density of the universe includes the following comp onents: the radiation,

the matter, the curvature and dark energy:

� = � r + � m + � K + � � : (2.106)

If we consider the dep endence of the energy density comp onents on the scale factor, which

is presented in the equations, Eq. (2.101)- Eq. (2.105), we will get:

� = � r0a� 4 + � m0a� 3 + � K0 a� 2 + � � ; (2.107)

where � r0 , � m0 , � K0 = � K=H2
0 , and � � are the values for the energy densities at the present

ep o ch: for the radiation, the matter, the curvature and dark energy, resp ectively.
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The equation for the total energy density, � 0 , at the present ep o ch, a = a0 = 1 :

� 0 = � r0 + � m0 + � K0 + � � : (2.108)

Eq. (2.107) can b e represented in more convenient form through the dimensionless density

parameters. The dimensionless density parameters are usually applied for the description of

the matter-energy content in the universe:


 = �=� cr = 
 r0a� 4 + 
 m0a� 3 + 
 K0 a� 2 + 
 � ; (2.109)

where 
 is a total energy density parameter, which is de�ned for an arbitrary moment

of time; 
 i 0 is an energy density parameter for the ' i ' comp onent at the present ep o ch,

which is characterized by the corresp onding energy density, � i 0 ; � cr is a critical density in

the universe at the present ep o ch

22

. The value of the critical energy to day is equal to

� cr = 3H 2
0=8�G = 1:8791h2 � 10� 29 g cm� 3

At the present ep o ch, Eq. (2.109) has the form:


 0 = � i 0=� cr =
X

i


 i 0 =
X

i


 i 0 = 
 r0 + 
 m0 + 
 K0 + 
 � ; (2.110)

where 
 0 is a total energy density parameter at the present ep o ch. This parameter is one of

the most imp ortant cosmological parameters.

The �rst Friedmann's equation, which is de�ned in Eq. (2.97), can b e expressed in the

terms of the current energy density parameters, 
 i 0 , as:

H (a) = H0(
 r0a� 4 + 
 m0a� 3 + 
 K0 a� 2 + 
 � )1=2: (2.111)

Eq. (2.111) can b e represented as:

E(a) = (
 r0a� 4 + 
 m0a� 3 + 
 K0 a� 2 + 
 � )1=2; (2.112)

where E(a) = H (a)=H0 is a dimensionless Hubble parameter.

If we rewrite Eq. (2.111) at the present ep o ch, we will get:


 0 � 1 =
K
H 2

0
: (2.113)

22

The critical density is a total energy density in the universe which is necessary for the universe to b e

spatially �at.
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From Eq. (2.113) it follows that the value of the total density parameter, 
 0 > 1, corresp onds

to the closed universe with the p ositive curvature parameter, K > 0, see Fig. (2.8). The

value of the total density parameter, 
 0 < 1, corresp onds to the op en universe, where the

curvature parameter is negative, K < 0, see Fig. (2.8). The value of the total density

parameter, 
 0 = 1 , corresp onds to the �at universe with the zero curvature parameter,

K = 0 , see Fig. (2.8). According to Planck 2015, Ref. (Ade et al. (2016)), the current

curvature density parameter is 
 K0 = 0:006 (at the 68% con�dence level). Thus, the critical

density in the universe corresp onds to the average energy density in the universe, h� i , i.e. ,

� cr = h� i , with an accuracy of the order of 1%.

2.5.6 Acceleration Parameter

Take a time derivative from the Hubble parameter which is de�ned in Eq. (2.7):

_H =
a•a � _a2

a2
= � H 2 +

•a
a

= � H 2
�

1 �
•a

H 2a

�
= � H 2(1 � q); (2.114)

and

q �
•a

aH 2
; (2.115)

where a dimensionless parameter, q, is called an acceleration parameter

23

. The current value

of the acceleration parameter, q0 , is de�ned as:

q0 �
1

H 2
0

� •a
a

�

0
: (2.116)

The acceleration parameter characterizes the state of the acceleration or deceleration of the

universe. A p ositive value of this parameter, q > 0, corresp onds to the acceleration expansion

of the universe, for which •a > 0, and a negative value, q < 0, corresp onds to the deceleration

expansion of the universe, for which •a < 0.

The acceleration parameter can b e expressed in terms of the values of the EoS parameter,

wi , and the energy density parameter, 
 i :

q(t) = �
1
2

X

i

(1 + 3wi )
 i (t); (2.117)

here, the index " i " indicates a certain comp onent of the energy density in the universe and

23

In the literature, the so-called deceleration parameter is the most commonly mentioned, which is de�ned

as, q � � •a=aH2
. Here we use the designation "acceleration parameter" b ecause this designation b etter

describ es the current state of the universe.
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the corresp onding EoS parameter. If we use the values of the EoS parameter for the matter,

the radiation and vacuum, resp ectively: wm = 0; wr = 1=3; w� = � 1, we will get:

q(t) = � (
 m=2 + 
 r � 
 � ): (2.118)

By applying the data from Planck 2015, Ref. (Ade et al. (2016)), we can calculate the value

of the current acceleration parameter of the universe:

[q0]Planck � 0:54: (2.119)

A p ositive sign of the current acceleration parameter, q0 , indicates that our universe is in

the accelerated state nowadays. This state b egan at the value of the scale factor, a � 0:60,

or at redshift, z � 0:65, according to Planck 2015 data, Ref. (Ade et al. (2016)).
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Chapter 3

Distance in Cosmology

3.1 Concept of Distance in Cosmology

The de�nition of the distances b etween the astronomical ob jects in the expanding universe

is one of the main and most di�cult problems in cosmology.

There is no concept of a single distance in cosmology. The di�erent typ es of the cos-

mological distances are used, such as: the physical distance, the comoving distance

1

, the

luminosity distance, the angular diameter distance, etc. These distances di�er from each

other in the metho ds of their determination and measurement.

In cosmology, the concept of the "exact distance" to a remote object is vague. The

values of the cosmological distances dep end on the chosen cosmological mo del and, therefore,

they are the functions of the mo del parameters. Thus, the accuracy in the determining

the distances dep ends on the correctness of the considering cosmological mo del and on the

accuracy of determining the mo del parameters

2

.

The ab ove-mentioned cosmological distances are united by the fact that these distances

are a measure of the separation of two ob jects lo cated on a radial tra jectory from each other.

A vivid example of the imp ortance of the exact cosmological distances de�nition is the

evidence of the existence of dark energy in the universe. This de�nition is largely based on

the measured luminosity distances to the typ e Ia sup ernovae. The p osition of an ob ject on

a sphere gives us the two-dimensional picture. To obtain the three-dimensional information,

very precise distance measurements are required. In addition, the knowledge of the distances

1

The de�nition of the physical distance and the comoving distance (length scales) was given in Chapter I I.

2

In cosmology, all the values obtained from the observations (the distances, the mo del parameters, etc.)

are found using the statistical metho ds or the probability theory (for more information, see Chapter V).

Therefore, when a calculated value is mentioned, it is always necessary to indicate the accuracy with which

it was obtained. Usually the con�dence level are indicated, 1� , 2� , 3� , or the corresp onding accuracy levels,

68:27%, 95:45%, 99:73%, where � is a standard deviation in the Gaussian distribution.
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to the remote astronomical ob jects is necessary to determine the physical parameters of the

universe.

3.2 Trigonometric Parallax

The trigonometric parallax is one of the most imp ortant distance measurement metho ds

used in astronomy. This metho d is based on a geometrical e�ect. Due to the rotation of

the Earth around the Sun, for an observer lo cated on the surface of the Earth, the p ositions

of the nearby stars change against the background of the distant ob jects, see Fig. (3.1).

During the year, the visible p osition of the nearby star follows an ellipse on the sphere, see

Figure 3.1: Illustration of the parallax e�ect. (Figure from Ref. (Schneider (2006)))

Fig. (3.1). The semima jor axis of this ellipse is called a paral lax , ~p. The value of the parallax,

~p, dep ends on the physical distance to the star, d, and the radius of the Earth's orbit, rL
,

which is equal to one astronomical unit ( AU )

3

, see Fig. (3.1). The value of the parallax is

de�ned as:

rL

d
= tan ~p � ~p; (3.1)

where ~p � 1 and ~p are measured in the radians.

3

More precisely, 1AU = 1 :496� 1013
cm is a semima jor axis of the Earth's ellipsoidal orbit.
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The physical distance to the ob ject corresp onding to the measured parallax, ~p, can b e

found as:

d =
�

~p
100

� � 1

pc: (3.2)

The trigonometric parallax is also applied to determine one of the basic units of the distance

in astronomy, the parsec . The parsec (p c)

4

is the distance to the ob ject for which the parallax

is one second, ~p = 1 00
, where 100� 4:8484� 10� 6

radian and ~p=100= 206265 p c, so:

1 pc = 206265 AU = 3:086� 1018 cm: (3.3)

The trigonometric parallax is a very accurate metho d for determining distances, but it can

b e used only for the nearby stars. Using this metho d, the distances to the stars can b e

de�ned only within a distance � 5 Kp c, Refs. (Gaia (2013), Brown et al. (2018)).

3.3 Cosmological Redshift

Relativistic Doppler Shift

5

Consider a distant source of light that emits the consequent light signals at the time

moments, tem and tem + � tem , resp ectively. The measurements were carried out according

to the clo ck, which was at rest relative to the source. This source of light moves relative to

the observer with the velo city, ~u, see Fig. (2.8). The time interval b etween two consequent

light signals, which were emitted by the source, � tobs , will b e a�ected: by the relativistic

e�ect of time dilation asso ciated with the motion of the source, � tem=
p

1 � u2=c2
, and by

the e�ect asso ciated with the di�erence of the distances traveled by two signals from the

moving source of light to the observer, � d = u cos� � tem=
p

1 � u2=c2
, see Fig. (3.2).

Thus, the time interval b etween two signals registered by the observer is:

� tobs =
� temp

1 � u2=c2
+

u=c� tem cos�
p

1 � u2=c2
=

� temp
1 � u2=c2

(1 + u=ccos� ): (3.4)

Supp ose that a photon with the wavelength, � em , (or the frequency, � em )

6

, was emitted at

the moment of time, tem . This photon is observed at the moment of time, tobs , with the

wavelength, � obs, (or with the frequency, � obs). The time interval b etween two consequent

4

The scales of the greater length are considered in cosmology, so 1 Mpc = 106 pc is used as an unit of

the measurement.

5

In this section, the sp eed of light, c, is reintro duced for clarity.

6

The wavelength and the frequency of the electromagnetic radiation are interconnected as, �� = c
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Figure 3.2: Illustration of the relativistic Doppler shift. (Figure from Ref. (Carroll & Ostlie

(2007)))

light signals emitted by the source, � tem , and registered by the observer, � tobs , is related

to the frequency of the emitted photons, � tobs , and the frequency of the registered photons,

� em , like � em = c=� tem and � obs = c=� tobs . Using these relationships, Eq. (3.4) can b e

rewritten as:

� obs =
� emp

1 � u2=c2
(1 + u=ccos� ); (3.5)

this equation describ es the relativistic Doppler shift .

Consider the velo city pro jection of the ob ject in two p erp endicular directions: transverse

and radial (longitudinal) to the line of sight. In Eq. (3.5), setting � = 90�
, we get the

equation for the transverse relativistic Doppler shift :

� obs = � em

p
1 � u2=c2: (3.6)

The transverse relativistic Doppler shift o ccurs due to the e�ect of time dilation asso ciated

with the motion of the source of light relative to an observer.

In Eq. (3.5), if the source moves away from the observer, we will assume, � = 0 �
, and

if the source moves toward the observer, we will assume, � = 180�
. As a result, we obtain

the equation of the radial relativistic Doppler shift , in which v = u cos� is the radial
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velo city of the source relative to the observer:

� obs = � em

p
1 � u2=c2

1 + u=ccos�
= � em

p
1 � u2=c2

1 + v=c
: (3.7)

Accordingly, Eq. (3.7), for the wavelengths � obs and � em , has the form:

� obs = � em

s
1 + v=c
1 � v=c

: (3.8)

Determination of Redshift

Redshift (or blueshift), z, is de�ned by the relative di�erence b etween the observed and

emitted wavelengths (or the frequency):

z =
� obs � � em

� em
=

� em � � obs

� obs
: (3.9)

For the redshift, with z > 0, the source of light moves away from the observer, and the

emitted energy of light, registered by the observer, shifts to the lower values. For the

blueshift, with z < 0, the source of light moves to the observer, and the emitted energy of

light, which is registered by the observer, shifts to the higher values.

From Eq. (3.9) we get:

1 + z =
� obs

� em
=

� em

� obs
: (3.10)

Relativistic Redshift

Substituting the obtained results from Eq. (3.7) or from Eq. (3.8) into Eq. (3.9), we get the

relativistic redshift equation:

z =

s
1 + v=c
1 � v=c

� 1; (3.11)
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Redshift at Low Velo cities of the Source of Light

Consider the limiting case of a small radial velo city of the source, v � c, in Eq. (3.11):

z = lim
v=c! 0

�
s

1 + v=c
1 � v=c

� 1
�

= lim
v=c! 0

�
s

1 +
2v=c

1 � v=c
� 1

�
�

v=c
1 � v=c

� v=c: (3.12)

Relation of Cosmological Redshift with Scale Factor

Consider a reference frame describ ed by the FLRW metric. An observer is at the center of

this reference frame. The light ray moves towards the observer in the radial direction along

the zero geo desic line, which is describ ed by the metric, ds2 = 0 , for d� = d� = 0 .

From Eq. (2.91) we get:

dt = � a(t)
dr

p
1 � Kr 2

: (3.13)

We cho ose a negative sign in Eq. (3.13) due to the fact that a ray of light comes from a

source of light lo cated at the distance, r = rem . This ray of light moves in the direction of

the center of the reference frame, r = robs = 0 , therefore, dr < 0 and dt > 0:

Z tobs

tem

dt
a(t)

=
Z r em

0

dr
p

1 � Kr 2
: (3.14)

Di�erentiating Eq. (3.14) and considering that a radial co ordinate, rem , of the comoving

sources do es not dep end on time:

� tem

a(tem)
=

� tobs

a(tobs)
: (3.15)

Assuming that the light signals are the successive wave crests, the emitted frequency and

the observed frequency are de�ned as � em = 1=� tem and � obs = 1=� tobs , resp ectively.

Rewritting Eq. (3.15), as:

� obs=� em = a(tem)=a(tobs): (3.16)

A scale factor, a(t) , is an increasing time-dep endent function, while the frequency, � (t) ,
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is a decreasing function by the factor (1 + z) according to Eq. (3.10). By combining the

equations, Eq. (3.10) and Eq. (3.16), we get:

1 + z = a(tobs)=a(tem) = a0=a(tem): (3.17)

The relation b etween the redshift and the scale factor, which is sp eci�ed in Eq. (3.17), is

very imp ortant in cosmology. The redshift can b e measured and it is sometimes the only

information ab out the distances of the most distant ob jects.

3.4 Comoving Distance

The comoving distance is a distance b etween two astronomical ob jects, measured along the

geo desic line (along the radial direction) at the present ep o ch of the cosmological time.

The comoving distances and the conformal time form the comoving reference frame . The

comoving distance b etween two ob jects in the comoving reference frame remains constant

provided that these ob jects move only with the Hubble �ow

7

.

Based on the symmetry of the issue, we use the four-dimensional Minkowski metric,

presented in the spherical co ordinates:

ds2 = g�� dx� dx� = dt2 � a2(t)[dr2 + r 2(d� )2 + r 2 sin2 � (d' )2]: (3.18)

In Eq. (3.18) we assume ds2 = 0 and d� = d� = 0 . The comoving distance from the distant

ob ject to the observer is determined as:

r =
Z t0

tem

dt0

a(t0)
=

Z a0

aem

da
a_a

=
1

a0H0

Z z

0

dz0

E(z0)
; (3.19)

where tem , aem and zem are the cosmological time, the scale factor and redshift of the source

of light registered by the observer at the moment of time, t0 , resp ectively; a0 is the scale

factor at the time of observation, t0 .

Consider the dep endence of the comoving distance on the di�erent values of the curvature

parameter, K , for the FLRW metric, Eq. (2.91). Assuming ds2 = 0 and d� = d� = 0 in

7

The solar system moves with a p eculiar velo city of 370:6 � 0:4 km c� 1
relative to the Hubble �ow in the

direction of the Leo constellation, which is determined by the equatorial co ordinates, (�; � ) = (11 :2h ; � 7�
).
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Eq. (2.91):

r =

8
>>>>>><

>>>>>>:

1p
K

sin
� p

K
a0H 0

Rz
0

dz0

E (z0)

�
for K > 0

1
a0H 0

Rz
0

dz0

E (z0) for K = 0

1p
� K

sinh
� p

� K
a0H 0

Rz
0

dz0

E (z0)

�
for K < 0

: (3.20)

In Eq. (3.20) we express the curvature parameter, K , through the curvature density param-

eter, 
 K0 :

r (z) =

8
>>>>>><

>>>>>>:

1
H 0

p

 K0

sin
� p


 K0
H 0

Rz
0

dz0

E (z0)

�
for 
 K0 > 0

1
a0H 0

Rz
0

dz0

E (z0) for 
 K0 = 0

1
H 0

p
� 
 K0

sinh
� p

� 
 K0
H 0

Rz
0

dz0

E (z0)

�
for 
 K0 < 0

: (3.21)

3.5 Physical Distance

A physical distance is a distance to the distant ob ject, which can b e measured at some

moment of the cosmological time, t , with a physical ruler. The value of the physical distance

varies due to the universe expansion.

To determine the distances to the astronomical ob jects with a small redshift value, z � 1,

the following metho d can b e applied. For small redshifts, the relation b etween the radial

velo city and redshift of the ob ject is

8

, v � z, Eq. (3.12). In this case, the Hubble' law,

describ ed in Eq. (2.1), is transformed into the local Hubble's law :

z � H0d ) d �
z

H0
for z � 1: (3.22)

The physical distance obtained by this metho d is called the distance determined from red-

shift.

The following expression establishes the relationship b etween the physical distance, d(t) ,

and the comoving distance, r :

d(t) = a(t)r: (3.23)

According to the expression, Eq. (3.23), the values of the physical and comoving distances

are equal to each other only at the present ep o ch:

d(t0) = a(t0)r ) d(t0) = r =
1

H0

Z z

0

dz0

E(z0)
: (3.24)

8

For small redshifts, v � cz, but in our convention c = 1 .
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Let's decomp ose the integral in Eq. (3.19) into a Taylor series near z = 0 . We also apply the

relation,

_H0 = � H 2
0 (1 � q0) , from Eq. (2.114), where q0 is an acceleration parameter de�ned

in Eq. (2.116):

d(t0) =
z

H0

Z z

0

h
1 � (1 � q0)z0+

� 1
2

+ 2q0 �
3
2

q2
0 +

1
2


 K 0

�
z02

i
dz0+ :::: (3.25)

As a result of the integrating in Eq. (3.25), we get:

d(t0) =
1

H0

h
z � (1 � q0)z2 +

� 1
6

�
2
3

q0 �
1
2

q2
0 +

1
6


 K 0

�
z3

i
+ :::: (3.26)

Restricting Eq. (3.26) by the �rst two terms of the Taylor expansion:

d(t0) '
z

H0

h
1 � (1 � q0)z

i
for z � 1: (3.27)

Eq. (3.27) is an approximate expression for determining the physical distance to an ob ject

taking into account the acceleration of the universe. The second term in this equation

is a deviation from a classical de�nition of the physical distance using the Hubble's law,

Eq. (3.22). With an increase in the value of the mass energy density parameter, 
 m0 , the

value of the acceleration parameter, q0 = � (
 m0=2+
 r0 � 
 � ) , decreases, i.e. , an increase in

the value of the mass in the universe leads to a slower accelerated expansion of the universe.

In turn, it leads to decrease in the value of the physical distance to an ob ject, Eq. (3.27).

3.6 Interval of the Cosmological Time Between Two Events

A photon with a redshift, z, was emitted by the source of light and then registered by the

observer at z = 0 . A photon traveled for the time, � t = d=c, where d is the physical distance.

Consider the FLRW reference frame and the observer is at its center. Light propagates

along the zero geo desic line, which is describ ed by the zero lightlike metric, ds2 = 0 , see

Fig. (2.5) (left panel). In Eq. (2.91) we set ds2 = 0 and d� = d� = 0 . From Eq. (2.91), we

�nd the time, which is elapsed b etween two moments of the cosmological time, t(z) and t(0) ,

resp ectively:

� t = t(z) � t(0) =
Z t (z)

t (0)
dt =

Z a(z)

a0

d(d(t)) =
Z a(z)

a0

adr: (3.28)

In the equations, Eq. (2.111) and Eq. (3.19), we go over to the di�erential, da = � dza0=(1 +

z)2
, for a = a0=(1 + z) .
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Suchwise, Eq. (3.28) can b e rewritten as:

� t =
1

a0H0

Z z

0

dz0

(1 + z)E(z0)
;

=
1

a0H0

Z z

0

dz0

(1 + z)
p


 r0(1 + z0)4 + 
 m0(1 + z0)3 + 
 K0 (1 + z0)2 + 
 �

:

(3.29)

From Eq. (3.29) it follows that the interval of the cosmological time b etween two events is

uniquely related to the value of redshift. The value of the interval of the cosmological time

dep ends on the chosen cosmological mo del and on its mo del parameters.

The age of the universe can b e determined from Eq. (3.29), provided that the upp er

b oundary of the integration tends to in�nity, z ! 1 :

� t =
1

a0H0

Z 1

0

dz0

(1 + z)
p


 r0(1 + z0)4 + 
 m0(1 + z0)3 + 
 K0 (1 + z0)2 + 
 �

: (3.30)

According to Planck 2015 under the assumption that the mo del with the cosmological con-

stant � is correct, the age of our universe is t0 = 13:799� 0:038 billion years, at the con�dence

level at 68%, Ref. (Ade et al. (2016)).

3.7 Luminosity Distance

A luminosity distance, dL , is a distance from which an astronomical ob ject at redshift, z,

and with a b olometric luminosity

9

, L , creates a b olometric ( i.e. , it is integrated over all the

frequencies) �ux, F , under the assumption that the following relation b etween the luminosity

and the �ux is ful�lled:

F =
L

4�d 2
L

: (3.31)

Thereby, the luminosity distance to an ob ject is de�ned as:

dL =

r
L

4�F
: (3.32)

The luminance distance, dL , is a measure of the value of the energy �ux, F , created by an

ob ject with a known luminosity, L .

Due to the universe expansion, the absolute b olometric luminosity, L , which is created

by the source of light at redshift, z, di�ers from the luminosity, Lobs , which is registered by

9

A b olometric luminosity is the total radiation p ower measured in Watts.
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the receiver of light at redshift, z = 0 . The absolute b olometric luminosity, L , is de�ned as

an energy, Eem , which is emitted by a source of light at redshift, z, for the time interval,

� tem :

L =
Eem

� tem
: (3.33)

Resp ectively, the observed b olometric luminosity, Lobs , is determined as an energy registered

by the receiver of light, Eobs, for the time interval, � tobs :

Lobs =
Eobs

� tobs
: (3.34)

Consider the ratio of the absolute b olometric luminosity, L , to the observed b olometric

luminosity, Lobs :

L
Lobs

=
Eem

� tem
�

� tobs

Eobs
=

Eem

Eobs
�

� tobs

� tem
: (3.35)

Owing to the fact that the energy of the photon is prop ortional to its frequency, and taking

into account the results obtained in Eq. (3.16) and Eq. (3.17):

Eem

Eobs
=

� em

� obs
= 1 + z: (3.36)

The obtained result re�ects the fact of the decrease in the photon energy by virtue of redshift

as a consequence of the universe expansion.

On the contrary, considering the relations obtained in Eq. (3.15) and Eq. (3.17), we get:

� tobs

� tem
= 1 + z: (3.37)

This result illustrates the fact, that due to the universe expansion, there is an increase of the

propagation time of the photons, which leads to the decrease in the intensity of the photons,

registered by the receiver of light.

Thereby, based on the results obtained in Eq. (3.36) and Eq. (3.37), we can rewrite

Eq. (3.35) as:

L
Lobs

= (1 + z)2: (3.38)

The energy �ux is de�ned as an energy, Eem , transferred p er unit of time and p er unit of

the area of a certain surface, S. According to this de�nition, we can write F = Lobs=S.

The energy, Eem , emitted by the source of light, was distributed over a spherical surface of

a radius, R = a0r , at time of registration by the receiver of light at z = 0 . Thus, the energy
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�ux received from the source of light is de�ned as:

F =
L

4�d 2
L

=
Lobs

4� (a0r )2
: (3.39)

From this equation it follows:

d2
L = ( a0r )2 L

Lobs
: (3.40)

If we substitute Eq. (3.38) in Eq. (3.40), we will get:

d2
L = ( a0r )2(1 + z)2;

) dL = a0r (1 + z): (3.41)

Let's substitute the expressions, Eq. (3.21), for the comoving distance, r , in Eq. (3.41). As

a result, the expression for the luminosity distance, which is represented in terms of the

cosmological parameters

10

, can b e obtained:

dL (z) =

8
>>>>>><

>>>>>>:

(1+ z)
H 0

p

 K0

sin
� p


 K0
H 0

Rz
0

dz0

E (z0)

�
for 
 K0 > 0

(1+ z)
a0H 0

Rz
0

dz0

E (z0) for 
 K0 = 0

(1+ z)
H 0

p
� 
 K0

sinh
� p

� 
 K0
H 0

Rz
0

dz0

E (z0)

�
for 
 K0 < 0

: (3.42)

The co e�cient (1+ z) characterizes the loss of the energy �ux b ecause of the e�ects, asso ciated

with the universe expansion: i) decrease of the intensity of the photons due to the extension

of the propagation time of the photons; ii) decrease of the energy of the photons due to

redshift. Therefore, an ob ject with the luminosity, Lobs , seems more distant than it really is.

For the small values of redshift, z, the luminosity distance can b e de�ned as:

dL '
z

H0

h
1 +

1
2

(1 + q0)z
i

for z � 1: (3.43)

By comparing Eq. (3.26) and Eq. (3.43), we can conclude, that the physical distance to an

ob ject at present time and the luminosity distance to this ob ject are equal only for very

small redshifts. This o ccurs with the domination of the �rst term in these equations. For

larger redshifts, the luminosity distance is greater than the physical distance, dL > d(t0) .

The values of the luminosity of the typ e Ia sup ernovae have the small disp ersions. In

cosmology, these ob jects are the standard cand les for determining the distances to the distant

10

Assuming that dark energy is represented by the cosmological constant, � .
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ob jects. By measuring the energy �ux, which is obtained from the typ e Ia sup ernovae for

di�erent redshifts, z, it is p ossible to determine the luminosity distances to these ob jects by

the di�erent way and to re�ne the values of the mo del parameters for considered cosmological

mo del from Eq. (3.42).

3.8 Angular Diameter Distance

Consider an astronomical ob ject at redshift, z, with a linear transverse diameter, R , and

with an apparent angular diameter, � , measured in radians. The angular diameter distance

to this ob ject, denoted as, dA , is de�ned as the ratio of its linear transverse diameter, R , to

the apparent angular diameter, � :

dA =
R
�

: (3.44)

We intro duce the FLRW reference frame with the observer at the center. In the FLRW

reference frame an astronomical ob ject at redshift, z, has a comoving co ordinate, r . The

linear transverse diameter of this ob ject is the physical distance b etween two events at the

same redshift, z, and separated in space by a small angle, d� . Assuming dt = dr = d� = 0

in the FLRW metric, Eq. (2.91). As a result, we get:

ds2 = a(t)2r (t)2d� 2;

) ds = dR = a(t)r (t)d�: (3.45)

Integrating the FLRW metric in the transverse direction to the line of sight direction in

Eq. (3.45):

R = a(t)r (t)�: (3.46)

Substituting the result obtained in Eq. (3.46) into Eq. (3.44):

dA (z) =
ar(z)�

�
=

r (z)
(1 + z)

: (3.47)
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Plugging the values of the comoving distance, r , from Eq. (3.21) into Eq. (3.47), we obtain

the values of the angular diameter distance dep ending on the mo del parameters:

dA (z) =

8
>>>>>><

>>>>>>:

1
(1+ z)H 0

p

 K0

sin
� p


 K0
H 0

Rz
0

dz0

E (z0)

�
for 
 K0 > 0

1
(1+ z)H 0

Rz
0

dz0

E (z0) for 
 K0 = 0

1
(1+ z)H 0

p
� 
 K0

sinh
� p

� 
 K0
H 0

Rz
0

dz0

E (z0)

�
for 
 K0 < 0

: (3.48)

The relationship b etween the luminosity distance and the angular diameter distance is ex-

pressed through the equation:

dL (z) = (1 + z)2dA (z): (3.49)

The luminosity distance and the angular diameter distance de�ned in Eq. (3.42) and Eq. (3.48)

dep end on the chosen cosmological mo del. These distances coincide at small redshifts, z � 1,

at which the spacetime curvature can b e neglected. At large redshifts (resp ectively, at large

distances), the sp eci�c cosmological e�ects, such as the nonstationarity and the spacetime

curvature, already app ear. Therefore, the concept of an unambiguous distance to an ob ject

b ecomes inapplicable.

The radio galaxies Fanaro�-Riley Typ e I I (FRI I) have the small disp ersions in their

linear transverse diameters, so these ob jects can serve as the standard ruler for determining

the distances to the distant ob jects in cosmology, Ref. (Buchalter et al. (1998)). Knowing

the angular size, � , and redshift of these ob jects, z, it is p ossible to determine the angular

diameter distance to these ob jects in the di�erent way and, using Eq. (3.48), to re�ne the

values of the mo del parameters in the given cosmological mo del.
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Chapter 4

Observational Prob es

4.1 Typ e Ia Sup ernovae

A sup ernova explosion is observed as a sudden increase in the brightness of the star by

ab out 10 orders of the magnitude. As a result of this explosion, the sup ernova shines at the

maximum of the light curve like all the stars of a galaxy.

The sup ernovae are recorded from the distant galaxies up to redshift, z � 1:7. Dep ending

on the sp ectral prop erties, the sup ernovae are divided into two main typ es: I - there are no

hydrogen lines in the sp ectra and I I - there are hydrogen lines in the sp ectra. Typ e I

sup ernovae (SNeIa) are in turn sub divided into: Ia - light curves have an universal form,

Ib - light curves are similar to the light curves of the sup ernovae typ e I I and Ic - there are

no helium lines in the sp ectra and their light curves are similar to the light curves of the

sup ernovae typ e I I.

The most plausible mo del of SNeIa is considered to b e a mo del of a white dwarf ther-

monuclear explosion with the radius of R � 103
km, whose mass reached Chandrasekhar's

mass, mch � 1:44 M � , as a result of the mass accretion from a satellite-star with the energy

release, E � 2 � 1052
erg. This explosion is caused by the thermonuclear carb on fusion and

the radioactive decay of nickel,

56Ni (

56Ni ! 56Co ! 56Fe). The radioactive decay of

56Ni

is the main source of the observed light curves of SNeIa and determines the shap e of these

light curves. The luminosity in the maximum of the light curves dep ends only on the mass

of the ejected nickel,

56Ni , ( Lmax � 1:4 � 1043
erg/sec, for nickel mass mNi = 0:5 M � ). This

luminosity corresp onds to the absolute magnitude, Mmax = � 19m :21

. It can b e exp ected

that all the SNeIa emit the same amount of light, assuming that the white dwarf is com-

1

The de�nition of the absolute magnitude is given b elow.
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pletely burned out. Since the explosion mechanism is universal, all the SNeIa lo cated at the

same distance from us should have approximately the same luminosity at the maximum, so

these ob jects are used as the standard cand les for determining the distances to the distant

galaxies. The furthest galaxy, in which the Typ e Ia sup ernova (1997� ) was registered, has

redshift z = 1:7.

Figure 4.1: Left panel: B-band light curves for the di�erent SNeIa from the Calan-Tolono

survey. (Figures from Ref. (Heitmann et al. (2006))). The right panel: the same light curves

after one-parameter correction. (Figures from Ref. (Kim et al. (2004)))

Among the various samples of the SNeIa light curves, there is a disp ersion in the shap es

of the curves, as well as in the maximum luminosity values (the disp ersion reaches of 0.4

magnitudes in the blue light range), see Fig. (4.1) (left panel). This e�ect is caused by

the e�ect of the redshift on the observed sp ectra of the ob jects in the expanding universe,

since these observations were made in the sp eci�c wavelength range. These curves can b e

normalized by applying an empirically found correlation, the so-called K-correction, b etween

the maximum luminosity and the width of the light curve, see Fig. (4.1) (right panel). After

carrying out this correction, the SNeIa light curves can b e used as the standard candles.

Distance Mo dulus

A distance mo dulus is a metho d for determining the distances to the distant ob jects based

on the logarithmic scale of the magnitudes comparison.

The distance mo dulus, � , is de�ned as a di�erence b etween the apparent magnitude, m ,

and the absolute magnitude, M , of a distant ob ject with the corresp onding b olometric energy

�uxes, Fm and FM . The apparent magnitude, m , is the magnitude of an ob ject lo cated at

the luminosity distance, dL , and the absolute magnitude, M , is de�ned as the apparent

magnitude that the ob ject would have if it were lo cated at a distance, dL = 10 p c. From the
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Pogson's law, Ref. (Pogson (1857)), connecting the apparent magnitude of an astronomical

ob ject and the b olometric energy �ux recorded from it, 10m / F � 2:5
, we get:

� = m � M = � 2:5 log10

� Fm

FM

�
= 5 log10

� dL

10 pc

�
;

= 5 log10(H0dL ) � 5 log10 H0 + 25: (4.1)

From Eq. (4.1), it follows that the distance mo dulus, � , is determined by the luminosity

distance, dL , of the ob ject. In this equation, the Hubble constant, H0 , is considered as a

nuisance parameter, and it is the reason for the uncertainty in the determination of the

absolute magnitude of the SNeIa.

The value of the sp eed of light, c = 3 � 105
km ñ

� 1
, should b e taken into account to

determine the actual distance mo dulus. Suchwise, to calculate the luminosity distance, the

expression c � dL is assumed, where dL is obtained from Eq. (3.42). In this case, applying

Eq. (4.1), we get an expression for the distance mo dulus, � , dep ending on redshift and the

mo del parameters:

� = 42:3856� 5 log10(h)+5 log10(1+ z)+5 log10

8
>>>>>><

>>>>>>:

1p

 K0

sin
� p


 K0
H 0

Rz
0

dz0

E (z0)

�
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 K0 > 0

Rz
0

dz0

E (z0) for 
 K0 = 0

1p
� 
 K0

sinh
� p

� 
 K0
H 0

Rz
0

dz0

E (z0)

�
for 
 K0 < 0

:

(4.2)

Distance mo dulus is a function of the cosmological parameters, Eq. (4.2), therefore, the value

of the distance mo dulus is very sensitive to the changes in the values of the cosmological

parameters, see Fig. (4.2) (left panel). The SNeIa data corresp ond to the values of the

distance mo dulus for the � CDM mo del by the b est way, as shown in Fig. (4.2) (right panel).

In the mid-1990's, two indep endent astronomical groups: the Sup ernova Cosmology

Pro ject (SCP), led by Saul Perlmutter, Refs. (Riess et al. (1998), Perlmutter et al. (1999))

and the High-Z Sup ernova Cosmology Team (HZSNS Team), headed by Brian Schmidt,

Ref. (Schmidt et al. (1998)), observed the SNeIa to determine the distances to these distant

ob jects. Starting pro cessing the gathered information, the scientists hop ed to get the con�r-

mation of the slowing expansion of the universe. Both groups of researchers indep endently

discovered that SNeIa at redshift, z = 0:5, were dimmer by 0:25 of the magnitude compared

to the magnitude predicted by the op en mo del with the cosmological parameters: 
 m0 = 0:3
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Figure 4.2: Left panel: Hubble diagram for the 307 SNeIa of the Union compilation. (The

�gures from Ref. (Kowalski et al. (2008))). The top panel: the red line corresp onds to the

� CDM universe ( 
 m = 0:28, 
 � = 0:72); the green line corresp onds to the op en universe

( 
 m = 0:28, 
 � = 0 ) and the blue line corresp onds to the Einstein-de Sitter universe

( 
 m = 1 , 
 � = 0 ). The b ottom panel: the residuals of the distance mo dulus from the

b est �tting cosmology for the � CDM mo del. Right panel: Hubble diagram for the Union2.1

compilation. The b est �t cosmology for the � CDM mo del is represented as a black solid

line. (The �gure from Ref. (Suzuki et al. (2012)))

and 
 � = 0 , which describ es the slowing down universe. The so-called Einstein-de Sitter

mo del with the cosmological parameters: 
 m0 = 1 and 
 � = 0 , which describ es a �at slowing

down universe, also failed to correctly approximate the obtained results. Thus, the SNeIa

were at a greater distance than it was predicted by the cosmological mo dels, which describ e

the op en and �at slowing down universe.

The cosmological mo del of a �at accelerating universe with the cosmological parameters,


 m0 = 0:3 and 
 � = 0:7, predicts well the results obtained by these observers. Thereby, the

discovery of the accelerated expansion of our universe according to the SNeIa data was made

by these two groups of researchers. In 2011, Saul Perlmutter, Brian Schmidt and Adam

Riess were awarded the Nob el Prize in Physics for this discovery.
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4.2 Cosmic Microwave Background Radiation

4.2.1 Description of the CMBR

Origination of the CMBR

In the universe, the recombination ep o ch b egan approximately t rec = 350000 years after

the Big Bang

2

at redshift zrec � 1400, at the average temp erature in the universe, hTi rec �

3800K, Ref. (Rubakov & Gorbunov (2017)). Due to the expansion and, therefore, the co oling

of the universe, at the recombination ep o ch the charged electrons and protons b ecome b ound,

forming the electrically neutral hydrogen atoms

3

, Ref. (Peebles (1968)). At the same time,

the matter from the plasma state, which is opaque for the most part of the electromagnetic

radiation, passes into a gaseous and an electrically neutral state.

The CMBR app eared at the end of the recombination ep o ch, in the p erio d of the last

scattering of the photons on the electrons, in the so-called p erio d of the photon decoupling

from the hydrogen atoms. The last photon scattering o ccurred tdec � 379000years after the

Big Bang at redshift zdec � 1100, at an average temp erature in the universe, hTi dec � 3100 K.

As a consequence of the decoupling of the radiation and the matter, the relic photons no

longer interacted with the neutral hydrogen atoms. The free path of the relic photons

b ecomes larger than the size of the Hubble horizon, and these photons b egin to spread freely

in the universe. Thus, at the present ep o ch, an observer registers the relic photons that last

interacted with the matter at redshift zdec.

According to the Big Bang mo del, the CMBR photons b egan its propagation in the

2

In 1946, George Gamow develop ed the "hot universe" theory, also known as the Big Bang theory,

Ref. (Gamov (1946)). Based on this theory, George Gamow, Ralph Alfer and Rob ert Herman predicted

the existence of the microwave background radiation (CMBR), Refs. (Alpher & Herman (1948 a ), Alpher &

Herman (1948 b )). In 1965, the American radio astronomers Arno Penzias and Rob ert Wilson absolutely

accidentally recorded this isotropic radiation, Ref. (Penzias & Wilson (1965)). Detection of CMBR, which

was originated at the ep o ch of the primordial recombination of hydrogen, is one of the main evidence of the

correctness of the Big Bang theory. In 1978, Arno Penzias and Rob ert Wilson were awarded the Nob el Prize

in Physics for the discovery of the CMBR.

3

Before recombination, the baryonic matter consisted of 75% of the protons and 25% of the � -particles

or, in other words, the helium nuclei,

4He. The ionization energy of the helium is greater than the ionization

energy of the hydrogen; therefore, the helium recombination o ccurred much earlier, Ref. (Peebles (1966)).

The �rst helium recombination, He++ + e� ! He+ + 
 , happ ened at redshift, z � 6000. The second helium

recombination, He+ + e� ! He + 
 , o ccurred at redshift, z � 2500, Ref. (Hu (1995)). Despite the fact that

after the recombination of the helium the universe is still optically opaque, the recombination of the helium

a�ects the temp erature p ower sp ectrum of the CMBR, which increases in the height of the 2nd, 3rd and 4th

p eaks by 0:2%, 0:4% and 1%, resp ectively, Refs. (Hu et al. (1995), Hu (1995)).
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universe from the surface of a sphere called the surface of last scattering , whose radius is

4

:

rdec =
1

a0H0

Z zdec

0

dz0

E(z0)
: (4.3)

CMBR Prop erties

In 1989, the Cosmic Background Explorer (COBE) satellite was launched to study the

CMBR. The results of the measurements obtained from this satellite are: the discovery

of the CMBR Planck sp ectrum (the pro ject Di�erential Microwave Radiometer (DMR)),

Refs. (Mather et al. (1994), Mather et al. (1999)) and the discovery of the CMBR temp erature

anisotropy

5

(the pro ject Far-InfraRed Absolute Sp ectrophotometer (FIRAS)), Ref. (Bennett

et al. (1996)). In 2006, the leaders of these pro jects, George Smo ot (the DMR pro ject) and

John Mather (the FIRAS pro ject) received the Nob el Prize in Physics.

The CMBR is a thermal radiation, its sp ectrum corresp onds to the sp ectrum of the

absolutely black b o dy with a temp erature at the present ep o ch T0 ' 2; 72548� 0; 00057 K,

see Fig. (4.2) (left panel). This temp erature accords to the average temp erature of the

CMBR at the present ep o ch, hT
 i = T0 . The maximum of the Planck's sp ectrum accords

to the frequency 160; 4 GHz, which corresp onds to a wavelength 1; 9 mm, see Fig. (4.2) (left

panel). The energy density of the CMBR is approximately equal to � 
 = ( � 2=15)T4
0 '

4:64� 10� 34
g cm

� 3 ' 0:26 eV cm

� 3
. The mass density of the CMBR is n
 = (2 � (3)=� 2)T3

0 '

411 cm

� 3
, where the � is a Riemann function, � (3) = 1 :202, Ref. (Scott & Smo ot (2010)).

CMBR Temp erature Anisotropy

The temp erature of the CMBR, which was registered in the direction in the sky, (�; ' ) , as

T(�; ' ) is the main measurement in the investigation of the CMBR. The value of � determines

the p olar angle on the sphere and the value of ' is the azimuth angle. The dimensionless

value of the CMBR temp erature anisotropy is de�ned as:

�T (�; ' )
T0

=
T(�; ' ) � T0

T0
: (4.4)

4

By virtue of the fact that the recombination is not an instantaneous pro cess and takes place over a

�nite range of redshifts, the CMBR photons are scattered for the last time inside the surface of the �nite

thickness. The thickness of this surface during the recombination is approximately equal to the photons

di�usion length , therefore, this e�ect is signi�cant on the same length scales as the Silk damping (the Silk

damping e�ect is describ ed b elow), Ref. (Schneider (2006)).

5

In 1983, the RELICT-1 exp eriment was carried out from the spacecraft PROGNOZ-9 in the USSR. The

purp ose of this exp eriment was to study the CMBR temp erature anisotropy. The Soviet scientists failed to

register the temp erature anisotropy of the CMBR.
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The CMBR is isotropic and uniform at the level of the temp erature �uctuation, �T (�; ' )=T0 '

10� 4
, see Fig. (4.3) (right panel).

The map of the temp erature anisotropies of the CMBR is presented in Fig. (4.3) (right

panel). This map is obtained by the pro ject Planck 2013, Ref. (Ade et al. (2014 b )). At the

present ep o ch, the temp erature anisotropy of the CMBR is �T (�; ' )=T0 ' 10� 5
.

Figure 4.3: Left panel: the Planck sp ectrum of the CMBR, which is obtained by the exp er-

iments: FIRAS, DMR, UBC, LBL-Italy, Princeton, Cyanogen. (Figure from Ref. (Smo ot

& Scott (1997))) Right panel: the temp erature �uctuations of the CMBR relative to the

average temp erature based on the results of the Planck 2013. (Figure from Ref. (Ade et al.

(2014 b ))) The dip ole anisotropy, which related with the motion of the solar system rela-

tive to the rest frame of the CMBR and the non-Planckian emission from the Galactic disk

are subtracted. The amplitude of the temp erature �uctuations relative to the background

temp erature is � T=T0 � 10� 5
.

4.2.2 CMBR Angular Power Sp ectrum of the Temp erature Anisotropy

Since the temp erature anisotropy of the CMBR dep ends on the direction of the observation,

the value of the temp erature anisotropy can b e represented as the decomp osition in the

spherical orthonormal harmonics, Y m
l (�; ' ) . This decomp osition is the analogous to the

Fourier decomp osition on a spherical surface:

�T (�; ' )
T0

=
1X

l=1

lX

m= � l

al;m Y m
l (�; ' ); (4.5)

where al;m are the multip ole co e�cients of the decomp osition in the spherical harmonics,

Y m
l (�; ' ) . The co e�cients al;m characterize the amplitude of the temp erature �uctuations

at the di�erent angular scales and have the following prop erty, a�
l;m = ( � 1)m al; � m .

The study of the statistical prop erties of the co e�cients al;m are very imp ortant for

the analysis of the distribution of the CMBR temp erature anisotropy. The co e�cients al;m
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can have b oth p ositive and negative values. The value jal;m j2 determines the deviation of

the co e�cient al;m from zero and, accordingly, determines the amplitude of the temp era-

ture anisotropy. According to the observations, the distribution of the CMBR temp erature

�uctuations forms a random Gaussian �eld.

Assuming an isotropic and homogeneous universe, the co e�cients al;m for the di�erent

values of the indices l and m are statistically indep endent of each other, Ref. (Mukhanov

(2005)):

hal;m a�
l0;m0i = Clm � ll 0� mm 0: (4.6)

The value of the co e�cients Clm determines the temp erature angular p ower sp ectrum

anisotropy of the CMBR.

The requirement of the indep endence of the statistical prop erties of the co e�cients al;m

on the choice of the origin for any direction of the observation or the so-called requirement of

the rotational invariance leads to the fact that the value of the angular p ower sp ectrum Cl;m

do es not dep end on the value of the index m but dep ends only on the index l , i.e. , Cl;m = Cl ,

Ref. (Durrer et al. (1998)). Therefore, Eq. (4.6) with the coincidence of the indices, l = l0
,

can b e rewritten as, Ref. (Mukhanov (2005)):

hjal;m j2i = Cl : (4.7)

The angle brackets, hi , in Eq. (4.6) and in Eq. (4.7), denote the averaging over a hyp othetical

ensemble of the universes like our. Assuming that our universe is an ergo dic dynamic system

6

,

these angle brackets can b e interpreted as averaging over all the p ossible observers in our

universe. The fact is that each observer in the universe can observe only one realization of

all the p ossible observable universes. For example, the observers from the Earth can study

the CMBR, which is visible only from the Earth. In the universe, each observer registers the

photons of the CMBR with their own distribution of the temp erature �uctuations, which

di�ers from each other. The di�erence b etween our region of the observable universe in

comparison with the averaged region of the observable universe is called the cosmic variance .

The value of the cosmic variance for each measurement, Cl , is de�ned as, Ref. (Scott & Smo ot

(2010)):

(� Cl )2 =
2

2l + 1
C2

l : (4.8)

The value of the cosmic variance is negligible on the small angular scales, it b ecomes sig-

6

The ergo dic systems are characterized by the coincidence of the exp ectation of the time series with the

exp ectation of the spatial series.
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ni�cant for the angular scales # � 10�
. The value of the angular p ower sp ectrum, Cl ,

characterizes the size of temp erature �uctuations on the angular scale # = 180� =l. The

index l determines the value of the angular scale. A small value of the index l corresp onds to

a large angular scale and vice versa, a large value of l corresp onds to a small angular scale.

With an increase in the value of the index l , the spherical harmonics have the variations

on the smaller angular scales. The values of the index l in the range from one to several

thousand are applied in the current observations.

The value of the index l = 1 determines the prop erties of the CMBR, called the dip ole .

In 1969, the dip ole comp onent was detected in the CMBR. It manifests itself in the fact that

in the direction of the constellation Leo the temp erature of this radiation is 0:1 K, ab ove the

average temp erature of the CMBR, resp ectively, in the opp osite direction the temp erature

of this radiation is on the same value b elow. This temp erature anisotropy is explained

by the Doppler e�ect due to the motion of the solar system relative to the CMBR in the

direction of the constellation Leo with the velo city 370:6 � 0:4 km ñ

� 1
. The velo city of this

motion determines the value of the dip ole comp onent of the temp erature anisotropy, �T dipol =

3:355� 0:008 mK, Ref. (Hinshaw et al. (2009)). The maximum value of the temp erature

�uctuations for the dip ole comp onent, which is averaged over a year, is �T=T0 ' 1:23� 10� 3
.

The observations of the dip ole comp onent do not contain the information ab out the intrinsic

prop erties of the CMBR. In this regard, the dip ole is considered separately, and the study of

the CMBR b egins with the minimum value of the index l = 2 , with the so-called quadrup ole

anisotropy.

Consider the analysis of the temp erature anisotropy of the CMBR without taking into

account the dip ole:

�T (�; ' )
T0

�
T(�; ' ) � T0 � �T dipol

T0
=

1X

l=2

lX

m= � l

al;m Y m
l (�; ' ): (4.9)

The spherical harmonics, Y m
l (�; ' ) , are expressed in terms of the Legendre functions, Pm

l (cos#) ,

as, Ref. (Arfken (1985)):

Y m
l (�; ' ) = ( � 1)m

s
2l + 1

2
(l � m)!
(l + m)!

Pm
l (cos#)eim' : (4.10)

The requirement for ful�llment of the rotational invariance or the ful�llment of the conditions

of the isotropy relative to the value of the azimuth angle, ' , is equivalent the equality to
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zero the value of m , m = 0 . In this case, Eq. (4.10) takes the form:

Yl (�; ' ) =

r
2l + 1

2
Pl (cos#): (4.11)

Thus, in Eq. (4.11), the spherical harmonics are reduced to the ordinary Legendre's p olyno-

mials, Pl (cos#) .

In this case, the temp erature correlation function b etween two directions is:

D�T (� 1; ' 1)
T0

�
�T (� 2; ' 2)

T0

E
=

X

l

2l + 1
4�

ClPl (cos#); (4.12)

where # is the value of the p olar angle b etween the directions ( � 1; ' 1 ) and ( � 2; ' 2 ). The

co e�cients Cl set the correlation b etween the temp erature �uctuations in the di�erent di-

rections.

The expression for the square of the value of the temp erature �uctuations is a particular

case of Eq. (4.12):

D�T (� 1; ' 1)
T0

�
�T (� 2; ' 2)

T0

E
=

X

l

2l + 1
4�

Cl �
Z

l(l + 1)
2�

Cld ln l: (4.13)

Under the derivation of this formula, it was taken into account that the p olar angle b etween

two collinear co-directional vectors is zero, # = 0 , and Pl (cos 0) = 1. The value of

l (l+1) Cl
2�

determines the total contribution of the angular moments of the same order.

The dep endence of the angular p ower sp ectrum of the CMBR temp erature anisotropy,

l (l+1) Cl
2� T2

0 , on the angular momentum, l , is shown in Fig. (4.4).

4.2.3 CMBR Primary Temp erature Anisotropy

The temp erature �uctuations that o ccur during the decoupling p erio d in the recombination

ep o ch are called the primary anisotropy .

Consider the angular p ower sp ectrum of the CMBR temp erature anisotropy, which is

presented in Fig. (4.5). The angular p ower sp ectrum of the CMBR temp erature anisotropy

is mainly characterized by three regions of the angular momentum values, l : l � 100, l � 100

and l � 1000, see Fig. (4.5), Refs. (Hu & Okamoto (2002), Scott & Smo ot (2010)).

For the �rst region with l � 100, the function (2l + 1) =4� will b e almost �at, if the

Harrison-Zeldovich p ower sp ectrum is considered in the calculations.

7

. The second region

7

The p ower sp ectrum P(k) = kn s
with ns = 1 is called the Harrison-Zeldovich sp ectrum, where k is a
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Figure 4.4: The angular p ower sp ectrum of the CMBR temp erature anisotropy obtained by

the exp eriments: WMAP 5 year, Acbar, Bo omerang, CBI. (Figure from Ref. (Nolta et al.

(2009)))

with l � 100 contains the p eaks with the di�erent amplitudes. These p eaks are caused

by the acoustic oscillations that arose in the baryon-photon plasma b efore decoupling of

the photons from the baryons during the recombination ep o ch. After the termination of

the recombination, their p ositions were shifted as a result of the expansion of the universe.

Therefore, the p ositions and the amplitudes of the acoustic p eaks contain the imp ortant

information ab out the evolution of the universe. The �rst acoustic p eak de�nes the sound

horizon of the baryons, the value of which serves as the standard ruler for determining the

distances in cosmology. On the other hand, the size of the sound horizon can b e determined

by measuring the angular scale of the �rst sound p eak. In the third region with l � 2000,

the amplitude of the p ower anisotropy sp ectrum decreases sharply due to the Silk damping

(a description of this e�ect is given b elow).

4.2.4 Basic Mechanisms Causing the CMBR Primary Anisotropy

� Matter density �uctuations in the primordial plasma, Refs. (Hu & Okamoto (2002),

Kosowsky (2001))

conformal momentum.
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Figure 4.5: The in�uence of the cosmological parameters on the CMBR angular p ower sp ec-

trum. The values of the square ro ot of the angular p ower sp ectrum, � T =
p

l(l + 1) Cl=2�T 0 ,

are plotted versus to the logarithmic scale of the angular momentum, l . (Figure from Ref. (Hu

& Okamoto (2002)))

The density of the baryons is directly related to the energy density of dark matter.

On the scales larger than the event horizon during the recombination, the distribution

of the baryons follows the distribution of dark matter. On the smaller scale, the

pressure of the baryon-photon plasma is e�ective, since b efore the recombination these

comp onents were closely related to the Thompson scattering. In the regions with the

increased dark matter density, the density of the baryons is also increased. In such

regions, the temp erature of the baryons increases due to their adiabatic compression,

which leads to an increase in the value of the temp erature of the photons.

� Doppler e�ect, Ref. (Schneider (2006))

The electrons, which scatter the ÑÌÂR photons for the last time during the recom-

bination, have the additional p eculiar velo cities relative to the Hubble �ow. These

velo cities are asso ciated with the �uctuations in the matter density and, accordingly,

74



with the temp erature �uctuations. As a consequence of the Doppler e�ect, the ÑÌÂR

photons, which move away from us at the velo cities greater than the Hubble expan-

sion, exp erience the additional redshift. This leads to the decrease in the value of the

temp erature measured in this direction.

� Silk damping, Refs. (Hu & Okamoto (2002), Kosowsky (2001), Scott & Smo ot (2010))

The Silk damping or, in other words, the photon di�usion damping is a physical pro cess

that reduces the energy density anisotropy, Ref. (Silk (1968)). Since the mean free path

of the photons is �nite, the baryons and the photons b ecome separated from each other

on the small spatial scales. This means that on the small length scales (for l � 1000),

the temp erature �uctuations can b e smeared out by the di�usion of the photons, see

Fig. (4.5) (d).

� Integrated Sachs-Wolfe e�ect, Refs. (Sachs & Wolfe (1967), White & Hu (1997), Hu &

Okamoto (2002), Scott & Smo ot (2010))

The spatial distribution of the p otential in the universe changes at the radiation dom-

inated ep o ch or at the dark energy dominated ep o ch. When the ÑÌÂR photons pass

through this evolving p otential, the energy of these photons changes, i.e. , the di�er-

ential gravitational redshift of the photons o ccurs. This is the so-called Integrated

Sachs-Wolfe e�ect (ISW), Ref. (Sachs & Wolfe (1967)). The ISW e�ect mainly a�ects

the low values of the CMBR multip oles, see Fig. (4.5) (a). On the large scales, the

CMBR temp erature anisotropy is asso ciated with the density �uctuations owing to the

ISW e�ect, Ref. (White & Hu (1997)).

� Primary metric tensor p erturbations, Refs. (Hu & White (1997), Scott & Smo ot (2010))

The cause of the CMBR primary temp erature anisotropy is the metric p erturbations.

These p erturbations can generate the scalar, vector and tensor mo des. The tensor

mo des (the transverse metric p erturbations with zero trace) or, the so-called gravita-

tional waves generate the primary temp erature anisotropies of the CMBR due to the

total e�ect of the anisotropic expansion of space, Ref. (Scott & Smo ot (2010)). The

contribution of the tensor mo des to the angular p ower sp ectrum of the CMBR temp er-

ature anisotropy can o ccur at # > 1, resp ectively, at l > 180. The tensor mo de can b e

distinguished from the angular p ower sp ectrum of the CMBR temp erature anisotropy

using the p olarization data of the CMBR (information ab out this is presented b elow).
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4.2.5 Secondary Anisotropy of the CMBR

Propagating through the universe, the CMBR photons can exp erience a numb er of the

distortions, which can change the temp erature distribution of the CMBR photons on the

sky. In the angular p ower sp ectrum of the CMBR temp erature anisotropy, these e�ects

are considered as the secondary anisotropies . Consider the e�ects that cause the secondary

anisotrop es:

� Thomson scattering of the CMBR photons, Refs. (Hu & Do delson (2002),Schneider

(2006))

The Thomson scattering of the CMBR photons on the free electrons o ccurred in the

redshift range, z 2 (6; 20). These free electrons app eared as a result of the reionization

of the neutral hydrogen atoms in the universe by the dwarf galaxies, and/or by the very

�rst generation of the stars (by the Population I I I stars), and/or by the �rst quasars.

The Thomson scattering is isotropic, so the direction of the photons after scattering

b ecomes almost indep endent of their original directions of the motion. The scattered

CMBR photons form the isotropic comp onent of the radiation with the ÑÌÂR tem-

p erature. As a result of this e�ect, the primary temp erature anisotropy is suppressed,

i.e. , the measured CMBR temp erature �uctuations will decrease due to the fraction

of the photons that exp erienced the Thompson scattering. In addition to suppressing

of the primary temp erature anisotropy, the re-scattering of the CMBR photons causes

the generation of the additional p olarization at the large angles and the Doppler e�ect

at the large angles, Ref. (Hu & Do delson (2002)).

� Gravitational lensing of the CMBR photons, Refs. (Hu & Do delson (2002), Schneider

(2006))

The gravitational �eld of the matter density �uctuations in the universe causes the

gravitational lensing (the gravitational deviation) of the CMBR photons, which leads

to the change of the initial direction of the motion of the photons. This means that

while at the present ep o ch we observe two photons separated by an angle, � , the

physical separation b etween them during the decoupling ep o ch di�ered from the value

dA (zdec)� due to the gravitational deviation of the photons. As a result of this e�ect,

the correlation function of the temp erature �uctuations b ecomes slightly blurred. The

in�uence of this e�ect is signi�cant at the small angular scales.

� Sunyaev-Zeldovich e�ect, Refs. (Scott & Smo ot (2010), Yo o & Watanab e (2012))
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The galactic clusters left an imprint on the CMBR photons, by the so-called Sunyaev-

Zeldovich (SZ) e�ect

8

, Ref. (Sunyaev & Zeldovich (1970)). If the CMBR photons

move through a cluster of the galaxy, then they will exp erience the inverse Compton

scattering on the high-energy electrons in this cluster. As a result of this scattering,

the energy and the temp erature of the CMBR photons increase. Thus, the sp ectrum

of the CMBR b ecomes distorted.

In�uence of the Cosmological Parameters on the CMBR Angular Power Sp ec-

trum

The in�uence of the cosmological parameters on the angular p ower sp ectrum of the CMBR

is shown in Fig. (4.5). The dep endence of the CMBR angular p ower sp ectrum on the space

curvature of the universe is shown in Fig (4.5) (a). There are two e�ects asso ciated with

the in�uence of the space curvature on the CMBR angular p ower sp ectrum: the shift of the

minima and maxima of the Doppler p eaks and the strong dep endence of the angular p ower

sp ectrum in the region with l � 100 on the total energy density parameter, 
 tot , Refs. (Hu

& Do delson (2002), Schneider (2006)). The latter e�ect is a consequence of the ISW e�ect,

since an increase in the values of the space curvature leads to a greater time variation of the

gravitational p otential. The shift of the acoustic p eak is due to the fact that the value of the

angular diameter distance, dA (zrec) , is sensitive to the space curvature variation, therefore,

the angular diameter distance scale, which corresp onds to the sound horizon, also changes.

The in�uence of dark energy (the cosmological constant � ) on the CMBR angular p ower

sp ectrum in the case of a �at universe is shown in Fig. (4.5) (b). The lo cation of the acoustic

p eaks is almost indep endent of the value of the dark energy density parameter, 
 � .

The dep endence of the CMBR angular p ower sp ectrum on the baryons energy density is

shown in Fig. (4.5) (c). An increase in the value of the energy density parameter, 
 bh2
, leads

to an increase in the amplitude of the �rst acoustic p eak and a decrease in the amplitude of

the second acoustic p eak.

The in�uence of the value of the matter energy density parameter, 
 mh2
, on the CMBR

angular p ower sp ectrum is presented in Fig. (4.5) (d). Changing in the value of this parameter

causes a change in the acoustic p eaks amplitudes and the acoustic p eaks lo cations, Refs. (Hu

8

The SZ e�ect is scattering and its value do es not dep end on redshift, so the clusters of the galaxies

can b e found at any distances. The measurements of the SZ e�ect are used to search for the clusters of

the galaxies in order to estimate their masses, as well as to clarify the value of the Hubble constant, H0 ,

Ref. (Scott & Smo ot (2010)). In addition, in combination with the accurate values of redshift and masses

for the clusters of the galaxies (for example, with the X-ray observations), the SZ e�ect can b e applied as

the standard ruler in cosmology, Ref. (Co oray et al. (2001)).
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& Do delson (2002), Schneider (2006)).

4.2.6 Polarization of the CMBR

The CMBR is p olarized at the level of several mkK, Ref. (Hu & White (1997)). The cause of

b oth the temp erature anisotropy and its p olarization are the scalar and tensor gravitational

p erturbations of the metric

9

. Since the sources of the CMBR temp erature anisotropy and the

p olarization are the same, their p ower sp ectra should b e correlated, Refs. (Kosowsky (2001),

Scott & Smo ot (2010)). The combination of the angular p ower sp ectrum of the CMBR

temp erature anisotropy and the signal of the CMBR E-mo de p olarization according to the

results of the exp eriments: BICEP, BOOMERANG, CBI, DASI and QUAD, are shown in

Fig. (4.6) (right panel).

Figure 4.6: Left panel: the predicted p olarization sp ectra of the E-mo de (red curve) and B-

mo de (blue curves) combined with the results of the exp eriments: WMAP, Planck and EPIC.

(Figure from Ref. (Do delson et al. (2009))) Right panel: the combination of the angular

p ower sp ectrum of the temp erature anisotropy and the signal of the E-mo de p olarization,

according to the results of the exp eriments: BICEP, BOOMERANG, CBI, DASI and QUAD.

(Figure from Ref. (Scott & Smo ot (2010)))

Stokes Parameters

Mathematically, the p olarization vector of the electromagnetic waves is describ ed by the

Stokes parameters , Ref. (Kosowsky (1996)).

Supp ose a plane mono chromatic wave, which is characterized by a frequency of ! 0 , prop-

agates along the direction of z. The pro jections of the electric �eld vector,

~E , on the x and

9

The vector p erturbations are not usually taken into account due to their absence in the standard cos-

mological scenario.
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y axes have the form, resp ectively, Refs. (Kosowsky (1996), Kosowsky (2001)):

Ex = ax (t) cos(! 0t � � x (t)) ; Ey = ay(t) cos(! 0t � � y(t)) ; (4.14)

where the amplitudes of the pro jections of the electric �eld vector ax and ay , as well as the

phase angles � x and � y , are the slowly varying functions of time relative to inverse frequency

of the electromagnetic wave.

The Stokes parameters are determined by the time-averaged values of the amplitudes

pro jections and the phases of the electric �eld vector:

I � h a2
x i + ha2

y i ; (4.15)

Q � h a2
x i � h a2

y i ; (4.16)

U � h 2axay cos(ax � ay)i ; (4.17)

V � h 2axay sin(ax � ay)i : (4.18)

The parameter I is the intensity of the electromagnetic radiation, therefore, this parameter

has a p ositive value. The sign and the values of the parameters Q, U and V characterize

the p olarization state of the electromagnetic wave. For the natural unp olarized light, these

parameters are equal to zero, Q = U = V = 0 . The value of the parameter V determines

the di�erence b etween the intensities of the right and left-side circular (rotor) p olarizations.

The parameter V dep ends on the rotation of the axes of the co ordinate system, while the

parameters Q and U are invariant with resp ect to the rotation of the axes of the co ordinate

system.

The linear p olarization of the electromagnetic wave is determined by the parameters Q

and U . The linear p olarization matrix is formed from these parameters as:

A =

0

@
Q U

U � Q

1

A : (4.19)

The determinant of this matrix is de�ned as:

det(A) = � (Q2 + U2): (4.20)

The linear p olarization will b e absent if the determinant of the matrix A is equal to zero.

Supp ose that the electromagnetic radiation is linearly p olarized, i.e. , Q2 + U2 6= 0 . Then it
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is p ossible to determine the degree of the linear p olarization, p, and the value of the angle,

 , with resp ect to the axis, x , as:

p =

p
Q2 + U2

I
;  =

1
2

arctan
U
Q

; (4.21)

the value of the parameter, I , determines the intensity of the electromagnetic radiation,

Ref. (Kosowsky (1996)).

Divergence and Curl Comp onents of the CMBR Polarization

The CMBR p olarization can b e decomp osed into the divergence part (called "E-mo de") and

the curl part (called "B-mo de"), Ref. (Kosowsky (1996)). The direction of the p olarization of

the B-mo de is rotated by 45�
relative to the direction of the p olarization of the E-mo de, see

Fig. (4.7). The E-mo de of the CMBR p olarization has parity (� 1)l
, similar to the spherical

 

Figure 4.7: The divergence E-mo de and the curl B-mo de of the p olarized �eld. (Figure from

Ref. (Do delson et al. (2009)))

harmonics, see Fig. (4.7), while the B-mo de has parity (� 1)l+1
. The scalar p erturbations

cannot generate the B-mo de of the p olarization. The contribution of the vector p erturbations

to the B-mo de formation is a factor of 6 larger than to the E-mo de formation, while the

contribution of the tensor p erturbations to the B-mo de formation is a factor of 8=13 smaller
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than to the E-mo de formation, Ref. (Hu & White (1997)). The app earance of the E-mo de

is due to the Thomson scattering on the electrons from the CMBR photons propagating in

an inhomogeneous plasma, Refs. (Kosowsky (1999), Kosowsky (2001)). In 2002, the E-mo de

was registered by the Degree Angular Scale Interferometer (DASI) exp eriment, Ref. (Leitch

et al. (2002)), see Fig. (4.6) (right panel).

The maximum amplitude of the ÑÌÂR p olarization is of the order of 0:1 mkK, Ref. (Hu

& White (1997)). The cosmologists predict the existence of two typ es of the B-mo de of the

ÑÌÂR p olarization. The emergence of the �rst typ e of the B-mo de is asso ciated with the

interaction of the ÑÌÂR with the primordial gravitational waves (tensor mo de), i.e. , with

the rotational, vorticity p erturbations (vector mo de

10

) arising during in�ation. The relic

gravitational waves are generated by the tensor p erturbations of the metric.

The second typ e of the B-mo de is asso ciated with the gravitational lensing of the E-mo de

or, in other words, with the cosmological birefringence e�ect, based on the interaction of the

electromagnetic �eld with the scalar �eld, Refs. (Lep ora (1998), Galaverni et al. (2015)).

The second typ e of the B-mo de app eared at a later time than the �rst typ e of the B-

mo de. In addition, the B-mo de of p olarization can also cause the interaction of the CMBR

photons with the particles of the background galactic dust. The second typ e of the B-mo de

was discovered in 2013 by the South Pole Telescop e and the Herschel Space Observatory,

Ref. (Hanson et al. (2013)).

The discovery and the study of the �rst typ e of the B-mo de is of the great interest for

cosmologists. The amplitude of the �rst typ e of B-mo de corresp onds to the amplitude of

the primordial gravitational waves and, accordingly, determines the energy scale of in�ation,

Ref. (Gawiser & Silk (2000)). Therefore, the registration of this typ e of the B-mo de, i.e. ,

the registration of the primordial gravitational waves would b e a direct evidence of the

correctness of the theory of in�ation. In March 2014, the registration of the �rst typ e of the

B-mo de was announced by the BICEP2 exp eriment, Ref. (Ade et al. (2014 a )). However, a

later analysis, published in Septemb er 2014 and provided by another group of researchers,

which used data from the Planck Observatory, showed that the result obtained in the BICEP2

exp eriment was caused by the CMBR photons scattering on the particles of the galactic dust,

Ref. (Adam et al. (2016)). Unfortunately, so far the �rst typ e of the B-mo de is not detected.

The di�culty in detecting of the �rst typ e of B-mo de is due to the small value of the B-

10

In the standard cosmology, the vector mo de already decays at the in�ation stage. The presence of the

neutrinos, Ref. (Lewis (2004)), or/and the primordial magnetic �elds, Ref. (Kahniashvili & Ratra (2005)),

can counteract to the vector mo de decay. Taking into account these e�ects, the contribution of the vector

mo de must b e considered.
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mo de amplitude of the CMBR p olarization, as well as the in�uence of the birefringence e�ect

on the B-mo de, Ref. (Zhao & Li (2014)) and with the impact of the intergalactic medium

(in particular, with the in�uence of the galactic dust). The birefringence e�ect in�uences

the vector and tensor �uctuations. As a result of this e�ect, the B-mo de is transformed into

the E-mo de and the tensor p erturbations, which generate the B-mo de and the E-mo de, also

o ccur, Ref. (Lep ora (1998)).

In this thesis, we obtained the constraints on the mo del parameters � and 
 m in the

� CDM Ratra-Peebles scalar �eld mo del using the BAO/CMBR analysis. In the BAO/CMBR

analysis, we compared the observational and theoretical values of the ratio of the comoving

angular diameter distance to the distance scale at the decoupling ep o ch. A more detailed

description of the BAO/CMBR analysis and its results is presented in Chapter VI I I.

4.3 Barion Acoustic Oscillations

Before the recombination ep o ch, the photons, the baryons and the electrons were closely

interrelated. In the primary plasma, the regions of the over matter density, which consist

of dark matter and the baryons, can b e randomly formed. Such the regions attract another

matter to themselves and, on the other hand, as a result of the baryons and the photons

interaction, a strong radiation pressure is created. Opp ositely directed the gravitational

and radiation pressures induce the joint oscillations of the baryons and the photons. These

oscillations are called the Baryon Acoustic Oscil lations (BAO), which are the sound waves,

and they are characterized by the �uctuations, � b , in the baryon-photon medium.

The radial pressure leads to the emergence of the spherical sound wave of b oth the

baryons and the photons moving outward from the region with the over matter density. The

baryon-photon medium b efore recombination is almost relativistic, i.e. , the photons energy

density, � 
 , is greater than the baryons energy density, � b : � b < � 
 . The photons pressure,

P
 , is related to the photons energy density, � 
 , as P
 = 1=3� 
 . The value of the sound

sp eed in the primordial plasma is de�ned as, Ref. (Rubakov (2014)):

vs =
q

@P
 =@�
 =
p

1=3 � 0:58: (4.22)

Thus, the value of the sound sp eed (the sp eed of the sound wave) is no much more than half

the sp eed of light

11

. Dark matter interacts only gravitationally and, therefore, it remains at

11

Taking into account the value of the sp eed of light, this formula has the form, vs � 0:58c.
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the center of the sound wave b eing the primary cause of the emergence of the regions with

the over matter density.

At the end of the recombination ep o ch, the decoupling of the photons and the baryons

o ccurs at redshift zdec � 1100. If b efore decoupling the baryons and the photons move from

the center of the over matter density region together, then after decoupling the photons

will cease to interact with the baryons and dissipate. As a result, the radiation pressure in

the over matter density region decreases and, eventually, the over As a result, the radiation

pressure in the over matter density region decreases and, eventually, the over density region

with a �xed radius is formed density region with a �xed radius is formed, which is called

the sound horizon , r s. The comoving size of the sound horizon at the photons decoupling is

determined by the equation

12

:

r s =
Z tdec

0
vs

dt0

a(t0)
: (4.23)

The energy distribution of BAO within the sound horizon is de�ned as, Ref. (Rubakov

(2014)):

� b � cos (kr s) = cos
� Z tdec

0
vs

k
a(t0)

dt0

�
; (4.24)

here k is the conformal momentum

13

.

The energy distribution of BAO outside of the sound horizon, � b =const, i.e. , the baryon

�uctuations are frozen. According to Eq. (4.24), b efore recombination, the baryon-photon

�uctuations are the oscillating function of the conformal momentum, k . The baryon density

�uctuations, �� b , oscillate as:

�� b(k) � � b�� 
 (k) � � b cos(kr s): (4.25)

The baryon density oscillations, �� b , are preserved to the present ep o ch. The baryon den-

sity oscillations in the matter p ower sp ectrum, P(k) , as the tiny �uctuations are represented

in Fig. (4.8).

After recombination, the baryons remain at the distance of the sound horizon from each

other, r s, and dark matter is lo cated at the center of the over density region. Dark matter

and the baryonic matter attract each other

14

, which ultimately leads to the formation of

the galaxies in the universe. Thus, the galaxies are separated from each other by the sound

12

The physical size of the sound horizon at the photons decoupling is equal to a(tdec)r s .

13

The physical momentum is describ ed by the equation, kphys = k=a(t) .

14

Due to the dominance of dark matter, the gravitational p otential, which is formed by dark matter, is

also dominant. The baryonic matter follows this p otential, rolling down into its p otential well.
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Figure 4.8: Baryon Acoustic Oscillations in the matter p ower sp ectrum discovered in: (a)

2dFGRS and SDSS main galaxies, (b) SDSS LRG sample, (c) b oth samples. Solid curves

represent the b est �t of the data. (Figure from Ref. (Percival et al. (2007)))

horizon or the BAO signal, the size of which increases over time due to the Hubble expansion,

Ref. (Rubakov (2014)). The theoretical predictions of the current comoving size of the BAO

sound horizon give the following results, Ref. (Yo o & Watanab e (2012)):

r s =
Z 1

tdec

csdt
a

=
Z 1

tdec

cs

H (z)
dz � 150 Mpc� 100h� 1 Mpc; (4.26)

where h = 0:678, according to Plank 2015, Ref. (Ade et al. (2016)).

Using the observational data on the large-scale structure of the galaxies, one can measure

the sound horizon scale and compare the result obtained with the theoretical predicted value

of this scale. The two-p oint correlation function, � (s) , dep ends on the comoving distance,

s, of the galaxy. This function describ es the probability that one galaxy will b e found at a

given distance from another, Ref. (Rubakov (2014)). The Sloan Digital Sky Survey (SDSS)

provides the redshift distribution of the galaxies in the range up to the value z = 0:47,

Ref. (Eisenstein et al. (2005)). This information can b e used to estimate the size of the BAO

signal. The two-p oint correlation function �xes the BAO signal at the distance, 100h� 1
Mp c,
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Figure 4.9: The large-scale redshift-space two-p oint correlation function, � (s) , of the SDSS

sample. (Figure from Ref. (Eisenstein et al. (2005)))

in the redshift range, z 2 (0:16; 0:47), see Fig. (4.9). The size of the BAO signal is used

as the standard ruler to determine the distance scale in cosmology, Ref. (Yo o & Watanab e

(2012)).

Comparing Fig. (4.4) and Fig. (4.9), we can conclude that the measurements of the

CMBR angular p ower sp ectrum of the temp erature anisotropy and the measurements of the

BAO signal indicate that the current radius of the sound horizon is approximately 150 Mp c.

This result coincides with the theoretically calculated value of the BAO signal in Eq. (4.26).

4.4 Statistics of the Large-Scale Structure of the Uni-

verse

The large-scale structures, which are observed at the present ep o ch in the universe, such as

galaxies, clusters of galaxies and sup erclusters, were formed as a result of the evolution of the

small initial matter density �uctuations in the expanding universe, Ref. (Lifshitz (1946)).
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4.4.1 In�uence of the Gravitational Instability on the Formation of

Large-Scale Structures in the Universe.

The temp erature �uctuations of the CMBR, which is detected by the COBE satellite, are

caused by the inhomogeneities in the matter density that originated in the early universe,

Ref. (Kosowsky (2001)). The cause of the matter density �uctuations could b e the quantum

�uctuations of the scalar �eld or the top ological defects resulting from the phase transitions

during in�ation, Ref. (Kamionkowski & Kosowsky (1998)). The theory that describ es the

formation and the growth of these inhomogeneities is based on the Jeans instability or, in

other words, on the gravitational instability of the matter density �uctuations, Ref. (Jeans

(1902)). The matter density �uctuations, b eing a source of the additional gravitational �eld,

attract the surrounding matter to themselves. As a result of this pro cess, an increase in the

size of these �uctuations o ccurs, since the force of the radiation pressure prevails over the

force of gravity, which leads to the spread of the matter density �uctuations in the medium.

The growth of the matter density �uctuations continues until the equilibrium is reached

b etween the force of gravity and the force of the radiation pressure. This equilibrium o ccurs

at a critical size of the matter density �uctuations, at the so-called Jeans wavelength , � J .

The value of the Jeans wavelength is determined by the sp eed of the sound wave, vs, and

the average density of the medium, h� i , in which the matter density �uctuations develop,

Ref. (Gorbunov & Rubakov (2011)):

� J = vs

r
�

Gh� i
: (4.27)

After reaching the Jeans wavelength, the force of gravity prevails over the force of the

radiation pressure. At the same time, the pro cess of an increase in the size of the matter

density �uctuations is replaced by the pro cess of the adiabatic compression. As a result,

the relaxation (the collapse) of the matter density �uctuations o ccurs. The particles tend to

a common gravitational center, in the end, most particles concentrate at the center, and a

new ob ject, the protogalaxy, is formed. The emergence of the protogalaxies in the universe

o ccurs at redshift z � 10. The subsequent evolution of the protogalaxies led to the formation

of the large-scale structures in the universe.
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4.4.2 Linear Perturbation Theory

Relative Density Contrast

The value of the matter density �uctuations is determined by the relative contrast of the

matter density:

�� (~r; t) =
�� (~r; t)

h� i
=

� (~r; t) � h � i
h� i

; (4.28)

here � (~r; t) is the value of the density in the universe in the direction, ~r , and at the moment

of time, t .

From Eq. (4.28), it follows that � � � 1 b ecause � > 0. The small value of the temp erature

anisotropy of the CMBR, �T=T0 = 1=3��= h� i � 10� 5
assumes that j� j � 1 at redshift zdec.

The protogalaxies that arose in the universe are characterized by a large density contrast,

��= h� i > 1.

The gravitational �eld formed by the average matter density, h� i , determines the dynam-

ics of the Hubble expansion of the universe. The �uctuations of the matter density from the

average value, �� (~r; t) = � (~r; t) � h � i , generate the additional gravitational �eld.

Linear Perturbation Equation

Consider the growth of the matter density �uctuations on the length scale, which is sig-

ni�cantly smaller than the Hubble radius

15

. Supp ose that the matter in the universe is

approximated by the dust �uid. The dust �uid is characterized by: the energy density,

� (~r; t) ; the three-dimensional velo city, v(~r; t) , and the zero pressure, p.

The b ehavior of the dust �uid is describ ed by the following equations:

1. The continuity equation , presented earlier, Eq. (2.42).

2. The Euler's equation

16

:

@~v
@t

+ ( ~v � r )~v+ r � +
r p
�

= 0; (4.29)

where � is the Newton's gravitational p otential corresp onding to the Poisson's equation.

15

On these length scales, the growth of the structures in the universe is describ ed by the Newton's theory

of gravity. Considering the growth of the matter density �uctuations on the length scales comparable or

more than the Hubble radius, it is necessary to take into account the in�uence of the spacetime curvature

and, therefore, it is necessary to apply the GTR.

16

The Euler's equation expresses the conservation law of the momentum. This equation also describ es the

matter b ehavior under the action of forces on it, which are represented through the pressure gradient, r p,

and the gradient of the Newton's gravitational p otential, r � .
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3. The Poisson's equation

17

:

r 2� = 4 �G (� + 3p) : (4.30)

As a result of solving the system of the aforementioned equations: the continuity equation,

Eq. (2.42), the Euler's equation, Eq. (4.29), and the Poisson's equation, Eq. (4.30), and then

linearizing this solution with j� j � 1, we can obtain a linear equation for the matter density

�uctuations, the so-called linear perturbation equation , Ref. (Pace et al. (2010)):

�
00

+
� 3

a
+

E
0

E

�
�

0
�

3
 m0

2a5E 2
� = 0; (4.31)

here the prime means the derivative with resp ect to the scale factor,

0 = d=da.

The linear p erturbation equation, Eq. (4.31), completely describ es the evolution of the

matter density �uctuations in the universe.

Growth Rate Function of the Matter Density Fluctuations

The evolution of the �uctuations is expressed in terms of the linear growth factor, D(a) ,

which is usually normalized arbitrarily. We chose the normalization in which the value of

the linear growth factor is equal to unity at the present ep o ch, D(a0 = 1) = 1 . Thereby, the

linear growth factor is de�ned as:

D(a) = � (a)=� (a0); (4.32)

where � (a0) is a value of the matter density contrast to day. The relation D(a) = a for a � 1

is ful�lled for the matter dominated ep o ch.

The fractional matter density is given as:


 m(a) = 
 m0a� 3=E2(a): (4.33)

The growth rate of the matter density �uctuations is describ ed by the logarithmic derivative

of the linear growth rate, or, in other words, by the the growth rate function, Ref. (Wang &

Steinhardt (1998)):

f (a) = d ln D(a)=dln a: (4.34)

17

The Poisson's equation is given as the 0- 0 comp onent of the Einstein's equation, Eq. (2.52). Since only

the matter is considered to study the growth of the matter density �uctuations, in Eq. (4.30) the pressure

is equal to zero, p = 0 .

88



The growth rate function, f (a) , is highly dep endent on the fractional matter density, 
 m(a) ,

and its dep endence can b e parametrized by the p ower law, Ref. (Wang & Steinhardt (1998)):

f (a) � (
 m(a)) 
 (a) ; (4.35)

here 
 (a) is the e�ective growth index , which is a time-dep endent function. The value of the

e�ective growth index dep ends on b oth the dark energy mo del and the theory of gravity.

The dep endence of the e�ective growth index, 
 (a) , on the scale factor can b e determined

by the expression presented in Eq. (4.35), Ref. (Wu et al. (2009)):


 (a) =
lnf (a)

ln(
 m(a))
: (4.36)

4.4.3 Linder 
 -parametrization

Assuming that the GTR is a correct theory of gravity, the e�ective growth index, 
 (a) , can

b e parametrized by the indep endent way, by the Linder 
 -parametrization, Ref. (Linder &

Cahn (2007)):


 =

8
<

:

0:55 + 0:05(1 + w0 + 0:5wa); if w0 � � 1;

0:55 + 0:02(1 + w0 + 0:5wa); if w0 < � 1;
(4.37)

where w0 = w(z = 0) and wa = ( dw=dz)jz=1 . We determined that this parametrization is

precise up to redshift, z = 5 ( a = 0:2), see Fig. (7.6) (right panel). The value of 
 dep ends

on the characteristics of the dark energy mo del, for example, on the EoS parameter, w .

In the � CDM mo del based on the GTR, the value of the Linder 
 -parametrization, 
 ,

is equal to 0.55, Ref. (Linder & Cahn (2007)). In the mo dels based on a theory of gravity

di�erent from GTR, the value of the Linder 
 -parametrization, 
 , di�ers from the value of

the 
 in the mo dels based on GTR gravity. For example, in the Dvali-Gabadadze-Poratti

mo del, 
 � 0:68, Refs. (Dvali et al. (2000), Linder (2005), Linder & Cahn (2007)). The

value of the Linder 
 -parametrization, 
 , which is obtained from the observations in the

combination with the constraints on other cosmological parameters, can b e used to verify

the accuracy of GTR on the cosmological length scales, Refs. (Pouri et al. (2014), Taddei &

Amendola (2015)).
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Chapter 5

Elements of the Statistical Analysis

5.1 Gaussian Probability Distribution

5.1.1 De�nition of Gaussian Probability Distribution

The Gaussian or, in other words, the normal distribution of a random variable x is describ ed

by the probability density:

f (x) =
1

�
p

2�
e� (x � e)=2� 2

: (5.1)

The Gaussian distribution is determined by the parameters e and � . The parameter e is

the mathematical exp ectation and the parameter � is the standard deviation of the random

variable x . The value of � 2
is the variance of the random variable x . The values 1� , 2� and

3� determine the probability of the event realization or the con�dence levels, resp ectively,

at 68:27%, 95:45%, 99:73%.

5.1.2 Function � 2
and the Likeliho o d Function

Function � 2
and the Likeliho o d Function for Indep endent Measurements

Supp ose that the mo del parameters, p , are distributed according to the Gaussian distri-

bution, Eq. (5.1). N indep endent measurements, X obs(zi ) , were carried out to determine

the values of these mo del parameters. The standard deviation for each measurement, � i , is

known. These measurements are obtained at redshifts zi . The theoretical mo del predicts

the corresp onding values, X th (p; zi ) .
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The function � 2(p) is a function of the mo del parameters, p , is given as:

� 2(p) =
NX

i =1

[X obs (zi ) � X th (p; zi )]2

� 2
i

: (5.2)

The function � 2(p) determines the deviation of the theoretical predictions from the obser-

vations at the particular values of the parameters, p . A small value of � 2(p) means a go o d

approximation by the chosen theory of the observations and, accordingly, a large value of

� 2(p) means a p o or approximation by the theory of the observations.

The likeliho o d function, L (p) , for the indep endent variables is de�ned as:

L (p) = exp
n

�
1
2

� 2(p)
o

: (5.3)

The likeliho o d function, L (p) , determines the probability that the theoretical predictions of

the parameters values, p , coincide with the observations. The large value of the likeliho o d

function, L (p) , means a go o d approximation of the observations by this theory and the

parameter values, p , are the b est �t values

1

. Conversely, the small value of the likeliho o d

function, L (p) , means à p o or approximation of the observations by this theory.

In the case of the combining of M typ es of the indep endent variables, p1; p2; :::; pM , the

resulting value of the function � 2(p) is calculated as a sum of the functions � 2(p1); :::; � 2(pM ) ,

each of which characterizes a sp eci�c typ e of the indep endent variables:

� 2(p) = � 2(p1) + ::: + � 2(pM � 1) + � 2(pM ): (5.4)

In this case, the resulting probability function is calculated as the pro duct of the likeliho o d

functions, L (p1); L (p2); :::; L (pM ) , each of which de�nes a sp eci�c typ e of the indep endent

variables:

L (p) = L (p1) � L (p2):::L (pM � 1) � L (pM ): (5.5)

Function � 2
and the Likeliho o d Function for the Dep endent Measurements

For the dep endent measurements, function � 2(p) is de�ned as:

� 2(p) = [ X obs (zi ) � X th (p; zi )]T C � 1[X obs (zi ) � X th (p; zi )]; (5.6)

1

It is necessary to distinguish b etween the notions the b est �t values of the parameters, p , and the

true values of the parameters, p . The likeliho o d function, L(p) , determines the probability with which the

values of the arbitrary parameters, p , will b e the true values (which are unknown to us). The b est �t values

are the values of the parameters, p , which are likely to b e the true values.
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where C = cov [X i ; X j ] is a covariance matrix of the dep endent measurements; X obs (zi ) is a

vector of the values of the dep endent measurements; X th (p; zi ) is a vector of the theoretically

predicted values; the sup erscript T denotes a vector transp osition.

The likeliho o d function for the dep endent measurements is:

L (p) = exp
n

�
1
2

h
X obs (zi ) � X th (p; zi )

i T
C � 1

h
X obs (zi ) � X th (p; zi )

io
: (5.7)

5.1.3 Fisher Formalism

The inverse Fisher matrix , [F � 1], is a matrix that is inverse to the covariance matrix,

[C]:

[F ]� 1 = [ C] =

2

6
4

� 2
p1

� p1p2

� p1p2 � 2
p2

3

7
5 ; (5.8)

where the standard deviations � 2
p1

and � 2
p2

are the 1� uncertainties of the parameters, p1

and p2 , resp ectively; � p1p2 = %�p1 � p2 ; %is a correlation co e�cient. The absolute value of the

correlation co e�cient %do es not exceed unity, j %j� 1. If %= 0 , then the parameters, p1 and

p2 , are indep endent of each other, i.e. , they are mutually uncorrelated. If j %j= 1 , then the

parameters will b e completely correlated with each other. If j %j< 1, then the parameters

will b e partially correlated with each other.

Consider the function � 2(p1; p2) , which dep ends on two parameters, p1 and p2 . The

elements of the Fisher matrix are the second-order expansion co e�cients in the Taylor series

of the function � 2(p1; p2) near the minimum of this function.

The two-dimensional Fisher matrix, [F ], is calculated as:

[F ] =
1
2

2

6
4

@2

@p21

@2

@p1@p2

@2

@p1@p2
@2

@p22

3

7
5 � 2: (5.9)

In other words, the elements of the Fisher matrix, [F ], are calculated as the second derivatives

of the function � 2
with resp ect to the parameters, p1 and p2 :

Fp1p2 =
1
2

@�2

@p1@p2
: (5.10)

The covariance matrix, [C], is de�ned through the Fisher matrix as: [C] = [ F ]� 1
.
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Transformation of the Variables

Formulation of the problem : the Fisher matrix, [F ], is de�ned via the variables

2

, p =

p1; p2; p3 . In turn, these variables dep end on the other variables, p0 = p0
1; p0

2; p0
3 . It is necessary

to calculate the Fisher matrix, [F 0], with resp ect to the variables, p0 = p0
1; p0

2; p0
3 , based on

the information ab out the original Fisher matrix, [F ].

The elements of the Fisher matrix, [F 0
mn ], are calculated according to the derivative of

the comp osition of two functions:

F 0
mn =

X

ij

@pi
@p0m

@pj
@p0n

Fij : (5.11)

The Fisher matrix, [F 0], can b e obtained as, Ref. (Co e (2009)):

[F 0] = [ M ]T [F ][M ]: (5.12)

The matrix, [M ], is de�ned as:

[M ] =

2

6
6
6
6
6
4

@p1
@p01

@p1
@p02

@p1
@p03

@p2
@p01

@p2
@p02

@p2
@p03

@p3
@p01

@p3
@p02

@p3
@p03

3

7
7
7
7
7
5

: (5.13)

Thereby, the elements of the matrix, [M ], are calculated as: M ij = @pi =@p0j .

5.1.4 Best Fit Mo del Parameters

Regardless of the typ e of the observations, the mo del parameters, p0 , for which the function

� 2(p) takes the minimum value, are called the b est �t mo del parameters for this theory. In

this case, the minimum value of the function � 2(p0) determines the smallest value of the

variance, � 2
, for this theory. For the mo del with two parameters, the b oundaries of the

con�dence intervals at 1� , 2� and 3� are de�ned, resp ectively, as: � 2(p) = � 2(p0) + 2 :3,

� 2(p) = � 2(p0) + 6 :17 and � 2(p) = � 2(p0) + 11:8.

The likeliho o d function, L (p) , has a maximum value with the b est �t of the mo del

parameters, p0 . The values of the mo del parameters, p0 , for which the likeliho o d function

is maximal, have the maximum probability of b eing the true parameters.

2

The numb er of the variables can b e arbitrarily large, p = p1; p2:::pN . In this case, we limited ourselves

to the numb er of the variables N = 3 .
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5.2 Elements of the Theory of Monte Carlo Markov Chains

The Monte Carlo Markov Chain (MCMC) metho d is used in constructing the vectors for the

multidimensional distribution functions. In the statistics, this metho d is applied to study

the p osterior distributions of the mo del parameters.

5.2.1 De�nition of the Markov Chains. Transition Probabilities

In 1907, A. A. Markov develop ed a new typ e of the random pro cesses. In this pro cess, the

result of the exp eriment a�ects the result of the subsequent exp eriment. This typ e of pro cess

is called a Markov chain.

The Markov chain can b e describ ed as follows. Consider a set of the states, S =

s1; s2; :::; sr . The pro cess b egins in one of these states and sequentially moves from one

state to another. Each movement is called a step. If the chain is currently in the si state,

then it will go to the sj state in the next step with the probability, denoted as pij , and

this probability do es not dep end on the states in which the chain was lo cated b efore the

current state. The probabilities, pij , are called the transition probabilities . The initial

probability distribution, S, determines the initial state

3

.

Transition Matrix. Homogeneous Markov Chain.

In the notation, pij , the �rst index indicates the numb er of the previous state i , and the

second index indicates the numb er of the next state j . The pro cess can remain in the state

in which it is lo cated, and this happ ens with the probability, pii .

Supp ose that the numb er of the states is �nite and equals k . The transition matrix

of the system is a matrix, which contains all the transition probabilities of this system,

Ref. (Gmurman (2003)):

P1 =

0

B
B
B
B
B
B
@

p11 p12 ::: p1k

p21 p22 ::: p2k

::: ::: ::: :::

pk1 pk2 ::: pkk

1

C
C
C
C
C
C
A

: (5.14)

Since the transition probabilities of the events from the state i to the state j placed in each

row of the matrix form a complete group, the sum of the probabilities of these events is

3

Often the Markov chains are compared to a frog jumping on a set of lily pads. The frog starts on one

of the lily pads and then jumps from a lily pad to a lily pad with the corresp onding transition probabilities,

pij , Ref. (Howard (1971)).
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equal to unity. In other words, the sum of the transition probabilities for each row in the

transition matrix is equal to unity:

kX

j =1

pij = 1; (i = 1; 2:::; k): (5.15)

The Markov chain is called the homogeneous chain, when the conditional probability, pij ,

do es not dep end on the numb er of the test.

Markov Equality

Let's denote by Pij (n) the probability that the system S will transit from the state i to the

state j as a result of n steps (tests). For example, P25(10) is the transition probability from

the second to the �fth state as a result of 10 steps. We emphasize that for n = 1 we get the

transition probability:

Pij (1) = pij : (5.16)

Markov problem : knowing the transition probabilities, pij , �nd the probabilities, Pij , of

the transition of the system from the state i to the state j in n steps.

Let's intro duce the intermediate state r b etween the states i and j . In other words, we

assume that the system will move from the initial state i to the intermediate state r with the

probability, Pir (m) , in m steps. After that, the system moves from the intermediate state r

to the �nal state j with the probability, Prj (n � m) , in (n � m) steps.

The transition probability, Pij , of the system from the state i to the state j in n steps

can b e found using the Markov equality:

Pij (n) =
kX

r =1

Pir (m)Prj (n � m): (5.17)

In our calculations, we apply the normal distribution of the random variable x , which is

describ ed by Eq. (5.1).

5.2.2 Monte Carlo Metho d

In 1949, N. Metrop olis and S. Ulam published the pap er entitled �Monte Carlo Metho d�

in which this metho d was presented. The Monte Carlo metho d is a statistical metho d

for studying the problems based on using of the random numb ers, similar to the numb ers

generated in gambling. Applying the Monte Carlo metho d, it is required to �nd a set of the

95



random numb ers, which corresp onds to a certain probability distribution.

Essence of the Monte Carlo Metho d

It is required to �nd the exp ectation value e of some random variable. For this purp ose a

random variable is chosen X whose exp ectation is equal to e:

M (X ) = e: (5.18)

In reality, n tests are p erformed, as a result of n p ossible values X are obtained, after which

their arithmetic average is calculated:

�x =
� X

x i

�
=n: (5.19)

The value of �x is considered as an approximate value of e�
of the numb er e:

e ' e� = �x: (5.20)

Since the Monte Carlo metho d requires a large numb er of the tests, it is often called the

metho d of the statistical tests . To use the Monte Carlo metho d, a reliable set of the

random numb ers is needed. Such numb ers are hard to get, so the pseudo-random numb ers

are usually used. These numb ers must b e uncorrelated and evenly distributed over a prior

range of the numb ers.

Transformation Metho d

The transformation metho d is used to search for the pseudo-random numb ers from the known

probability distributions. It is required to repro duce a continuous random variables X , i.e. ,

to obtain a sequence of its p ossible values, X = x1; x2; :::; xk , which is characterized by the

distribution function F (x) .

Theorem : consider a p ossible random value x i with the distribution function F (x) . The

value of a random numb er r i will corresp ond to the value of x i , if it is the solution of the

following equation:

F (x i ) = r i : (5.21)

In other words, in order to �nd a p ossible value of x i a continuous random variable X ,

determined by the density distribution f (x) , we must cho ose a random numb er r i and solve
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one of the equations with resp ect to x i :

Z x i

�1
f (x)dx = r i or

Z x i

b
f (x)dx = r i ; (5.22)

where b is a �nite, smallest value of a random variable X .
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Chapter 6

Dark Energy

As it was describ ed in Chapter I, our universe is in the state of the accelerated expansion.

One p ossible explanation of this phenomenon is the existence of so-called dark energy . Dark

energy is characterized by the value of the EoS parameter, w , which is de�ned as a ratio

b etween the pressure, pDE , and the energy density, � DE , w � pDE =� DE . The accelerated

expansion requires that w < � 1=3. Dark energy is approximately 69% of the total energy

density in the universe, its distribution is highly spatially uniform and isotropic, Ref. (Ade

et al. (2016)). The negative e�ective pressure of dark energy causes an accelerated expan-

sion of the universe. The nature of dark energy still remains an unresolved mystery for

cosmologists.

6.1 Cosmological Constant �

The simplest mo del of dark energy is a concept of vacuum energy or, in other words, a

time-indep endent cosmological constant denoted as � , which was �rst prop osed by Alb ert

Einstein, Ref. (Einstein (1917)), for the review: Refs. (Carroll (2001), Peebles & Ratra

(2003), Martin (2012)). In 1917, in order to obtain a static solution, _a = 0 , Alb ert Einstein

intro duced a new term, � g�� , into the Einstein tensor, Eq. (2.38), Ref. (Einstein (1917)).

As a result, the Einstein's equation, Eq. (2.52), to ok the form:

R�� �
1
2

g�� R � � g�� = 8�GT �� ; (6.1)

where � is called the cosmological constant. The addition of this term violates the condition

for the transition of the strong gravitational �elds to the weak gravitational �elds (the transi-

tion to the Newtonian limit), imp osed on the Einstein tensor in the equations Eq. (2.53) and

98



Eq. (2.54). In order to ful�ll the conditions of this transition, the value of the cosmological

constant must b e negligible.

Einstein did not have a real physical interpretation of the cosmological constant � . After

the discovery of the expansion of the universe by Edwin Hubble in 1929, Ref. (Hubble

(1929)), Einstein removed the cosmological constant from his equations in 1931. He called

the intro duction of � into these equations his "biggest blunder", Ref. (Gamov (1956)). From

the 1930s to the end of the 1990s, the cosmologists were not taken the cosmological constant

into account, assuming its value to b e zero. After the discovery of the accelerated expansion

of the universe in 1998, Refs. (Riess et al. (1998), Perlmutter et al. (1999), Schmidt et al.

(1998)), the cosmologists b egan to use the cosmological constant with a p ositive nonzero

value to explain this phenomenon. Taking into account the cosmological constant � in the

Friedmann's equations, Eq. (2.97) and Eq. (2.98), a non-static solution can b e found. This

solution describ es an expanding universe.

It is now accepted that the cosmological constant is equivalent to a �nal energy density

of the vacuum, Ref. (Zeldovich (1968)). Suchwise, if the cosmological constant is determined

by the vacuum energy density, � vac , then the energy density of the cosmological constant,

� � , will not dep end on time:

� � = � vac = const: (6.2)

The energy density of the cosmological constant is de�ned as:

� � =
�

8�G
; (6.3)

where � = 4 :33� 10� 66 eV2
.

The EoS for the cosmological constant:

p� = � � � = const: (6.4)

Therefore, the EoS parameter for the cosmological constant is de�ned as:

w� = � 1: (6.5)

The action for the cosmological constant:

S = �
1

16�G

Z
d4x

p
� g(R + 2�) + S M ; (6.6)
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where S M is an action for matter.

The Friedmann's equations with the cosmological constant have the form:

_a2

a2
=

8�G
3

� �
K
a2

+
�
3

(6.7)

and

•a
a

= �
4�G

3
(� + 3p) +

�
3

: (6.8)

6.2 Cosmological � CDM Mo del

The Lamb da Cold Dark Matter ( � CDM) mo del is the standard mo del of the universe.

This mo del describ es a spatially �at universe and it is the simplest parametrization of the

cosmological Big Bang mo del. In the � CDM mo del, dark energy is represented by the

cosmological constant � , which is assumed to b e asso ciated with the vacuum energy density.

Dark matter is the cold dark matter in the � CDM mo del. The � CDM mo del is based on

the GTR in order to describ e the gravity in the universe at the cosmological scales.

The � CDM mo del is a concordance mo del of the universe, since this mo del is in a go o d

agreement with the currently available cosmological observations, see Fig. (6.1). In addition,

Figure 6.1: The con�dence contours at 68% and 95% as a result of the di�erent measure-

ments: SNIa (JLA) and SNIa (C11) compilations, the combination of the Planck temp erature

and WMAP p olarization (Planck + WP) and the combination of the BAO scale. Left panel:

for the 
 m and 
 � cosmological parameters in the � CDM mo del. The black dashed line

corresp onds to a �at universe. Right panel: for the 
 m and w cosmological parameters in

the �at w � � CDM mo del. The black dashed line corresp onds to the cosmological constant

hyp othesis. (Figure from Ref. (Betoule et al. (2014)))

the � CDM mo del explains: the accelerated expansion of the universe; the large-scale struc-

ture in the distribution of the galaxies; the CMBR temp erature anisotropy; the chemical
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comp osition of the universe (the content of hydrogen, helium and lithium

1

), Ref. (Schneider

(2006)).

The � CDM mo del is characterized by main six independent parameters : the physical

baryon density parameter, 
 bh2
; the dark matter physical density parameter, 
 ch2

; the age

of the universe, t0 ; the scalar sp ectral index, ns; the amplitude of the curvature �uctuations,

� 2
R ; the optical depth during the reionization p erio d

2

, � . In addition to these parameters,

the � CDM mo del is describ ed by six extended �xed parameters : the total energy density

parameter, 
 tot ; the EoS parameter, w ; the total mass of three typ es of the neutrinos,

P
m� ;

the e�ective numb er of the relativistic degrees of freedom, Ne� ; the tensor/scalar ratio, r ;

the running scalar index, dns=dln k .

According to the � CDM mo del, our universe consists of 69; 2% of dark energy; 26% of

dark matter; 4:8% of the ordinary baryonic matter; 0:1% of the neutrinos; 0:01% of the

photons, Ref. (Ade et al. (2016)).

The �rst Friedmann's equation, which describ es the universe expansion in the spatially

�at � CDM mo del, is:

E(a) = (
 r0a� 4 + 
 m0a� 3 + 
 � )1=2; (6.9)

where 
 r0 , 
 m0 and 
 � are the energy density parameters for the radiation, the matter

and vacuum, resp ectively, at the present ep o ch. Until the moment of the neutrinos non-

relativization

3

, the neutrinos are the relativistic particles, therefore, the neutrinos energy

density parameter, 
 � , changes with the dep endence on the scale factor as a� 4
. Thus, b efore

the moment of the neutrinos non-relativization, the total radiation energy density consists

of the energy densities of the relativistic particles: the photons and the neutrinos. After

the moment of the neutrinos non-relativization, the neutrinos b ecome the non-relativistic

particles and the energy density parameter of the neutrinos, 
 � , evolves as a� 3
. There-

fore, the total energy density parameter of the matter, 
 m , contains all the non-relativistic

comp onents, including the non-relativistic neutrinos.

1

The pro cess of the formation of these chemical elements b egan during the primordial nucleosynthesis

in the universe. This ep o ch b egan at the temp erature of ab out 1 MeV when the age of the universe was

approximately 1 sec. At this time, the following reactions are terminated: e� + p $ n + � e and the "freezing"

of neutrons o ccurs from these reactions. Approximately from 10 seconds to 20 minutes after the Big Bang,

the thermonuclear reactions to ok place, forming more complex elements: p + n ! 2H + 
; 2H + p !
3He + 
; 3He + 2H ! 4He + p, ..., up to

7Li , Ref. (Rubakov (2014)).

2

The reionization is the pro cess of the ionization of the neutral hydrogen atoms, which happ ened in the

universe at the range of redshifts, z 2 (6; 20).

3

The neutrino transition from the relativistic to the non-relativistic state o ccurs at the matter dominated

ep o ch. The earlier this transition o ccurs, the greater value of the mass acquired by the neutrino. The results

of this study are presented in Chapter X.

101



6.2.1 Shortcomings of the � CDM Mo del

If, indeed, the vacuum energy is the origin of the cosmological constant, then there is a

problem with the energy scale of the cosmological constant. The theoretically predicted

energy density of the cosmological constant, � � , is de�ned as:

� � � ~M 4
pl � 1072

Gev

4 � 2 � 10110 erg=cm3; (6.10)

where Mpl � 1018
Gev is a Planck mass scale; ~ is a reduced Planck constant

4

. The result

obtained in Eq. (6.10) is con�rmed by the lab oratorian measurements of the vacuum �uctu-

ations by the Casimir e�ect, Ref. (Casimir (1948)). However, the cosmological observations

of the cosmological constant, as dark energy, show a completely di�erent result:

� obs
� � 10� 48 Gev4 � 2 � 10� 10 erg=cm3: (6.11)

Thus, the observed value of the energy scale of the cosmological constant is by 120 magnitudes

less than its value derived from the theoretical predictions. This discrepancy in 120 values

of the energy scale is called the cosmological constant problem or the �ne turning problem,

Refs. (Carroll et al. (1992), Carroll (2001)).

The second problem of the cosmological constant is the so-called coincidence problem.

The essence of this problem is that the energy density of dark energy is comparable with the

energy density of dark matter at the present ep o ch. The radiation energy density, the matter

energy density and dark energy dep end on the scale factor by the di�erent laws, which are

describ ed in Eq. (2.101), Eq. (2.102) and Eq. (2.105), resp ectively: for the radiation it is

� r � a� 4
, for the baryons and cold dark matter it is � m � a� 3

and for the cosmological

constant it is � � =const. The precise cosmological observations show that the ratio b etween

the density of the matter and the density of dark energy to day is of the order of unity,

� m=� � ' 1=3. This fact is a mystery, since the standard � CDM mo del predicts that this

ratio must b e time-dep endent, � m=� � / a� 3
.

Since the vacuum energy do es not change over time, it was insigni�cant during b oth at the

radiation domination ep o ch and at the matter domination ep o ch. While the vacuum energy

has b ecome the dominant comp onent only recently, at a � 0:76 (or z � 0:31), according to

Planck 2015 data, Ref. (Ade et al. (2016)), and it will b e the only comp onent in the universe

in the future, see Fig. (6.2). The energy density of the matter and the energy density of

4

In accordance with our convention, ~ = 1 .
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Figure 6.2: The evolution of the radiation energy density, the matter energy density and the

cosmological constant � . (Figure from Ref. (Samushia (2009)))

the cosmological constant are comparable for a very short p erio d of time, see Fig. (6.2),

therefore, the following question arises: "Why did it happ en that we live in this short (by

the cosmological scale) p erio d of time?" After all, this fact is in the contradiction with the

Cop ernican's principle.

The so-called anthropic principle, prop osed by Steven Weinb erg in 1987, Ref. (Weinb erg

(1987)), can explain the cosmological constant problems and answer the questions: "Why

is the energy density of the cosmological constant so small?" and "Why has the accelerated

expansion of the universe started recently?" According to the anthropic principle, the energy

density of the cosmological constant, observed to day, � � , must b e suitable for the evolution

of the intelligent b eings in the universe, Ref. (Barrow & Tipler (1988)).

6.3 Scalar Field Mo dels

There are the numerous alternative mo dels for the � CDM mo del, Refs. (Cop eland et al.

(2006 b ), Yo o & Watanab e (2012)). Despite the diversity of these mo dels, the � CDM mo del

still remains the basic mo del, the mo del of the comparison with other dark energy mo dels.

The main alternative to the � CDM mo del are the dynamical scalar �eld mo dels

5

or, in

other words, the so-called � CDM mo dels, Refs. (Wetterich (1988 b ), Ratra & Peebles (1988 b ),

Peebles & Ratra (2003)). In these mo dels, dark energy is represented in the form of a slowly

5

A scalar �eld is a �eld that is characterized by a scalar value, which is de�ned at any p oint in this �eld.

This �eld is an invariant under the Lorentz transformations.
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varying cosmological uniform scalar �eld, � . The self-interacting spatially uniform scalar

�eld is minimally related to the gravity on the cosmological scales. The � CDM mo dels do

not have the �ne tuning problem of the � CDM mo del. These mo dels have a more natural

explanation for the observable low-energy scale of dark energy. If in the � CDM mo del the

EoS parameter is constant, w = � 1, then in the � CDM mo del the EoS parameter will b e

time-dep endent. When the energy density of the scalar �eld b egins to dominate over the

energy density of b oth the radiation and the matter, the universe b egins the stage of the

accelerated expansion.

At the early ep o chs of the universe evolution (at large redshifts), the dynamical scalar

�eld is di�erent from the b ehavior of the � CDM mo del. At the later ep o ch of the universe

evolution (at small redshifts), the dynamical scalar �eld is almost indistinguishable from the

b ehavior of the cosmological constant � .

The � CDM mo dels are divided into two classes: the quintessence models , Ref. (Zlatev

et al. (1999)), and the phantom models , Refs. (Caldwell (2002), Caldwell et al. (2003)). These

mo dels di�er from each other:

� By the value of the EoS parameter

In the quintessence �elds � 1=3 < w � < � 1 and in the phantom �elds w� < � 1.

� In the sign of the kinetic component in Lagrangian

The p ositive sign for the quintessence �elds and the negative sign for the phantom

�elds.

� In the dynamics of the scalar �elds

The quintessence �eld rolls down to the minimum of its p otential, the phantom �eld

rolls to the maximum of its p otential.

� In the dynamics of dark energy

In the quintessence �elds, dark energy almost do not change over time and in the

phantom �elds it increase over time.

� In the forecasting the future of the universe

In the quintessence mo dels, either the eternal expansion of the universe, or a rep eated

collapse is predicted dep ending on the spatial curvature of the universe. In the phantom

mo dels, the destruction of any gravitationally-related structures in the universe is

predicted. Dep ending on the asymptotic b ehavior of the Hubble parameter, H (t) , the

future scenarios of the universe are divided into: a big rip, for which H (t) ! 1 for
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�nite time, t = const; a little rip for which H (t) ! 1 for in�nite time, t ! 1 and a

pseudo rip, for which H (t) ! const for in�nite time, t ! 1 .

The full action for the scalar �eld is de�ned as:

S =
Z

d4x
p

� g
h

�
M 2

pl

16�
R + L �

i
+ SM ; (6.12)

where L � is the Lagrangian density of the scalar �eld, the shap e of which dep ends on the

typ e of the chosen mo del.

6.3.1 Quintessence Scalar Field

The quintessence scalar �eld is describ ed by the Lagrangian density:

L � =
1
2

g�� @� �@� � � V (� ): (6.13)

There are many di�erent quintessence p otentials, but so far no preference has b een given to

any of them. The incomplete list of the quintessence p otentials

6

are presented in Table

7

6.1.

Name Form Reference

Ratra-Peebles V(� ) = V0M 2
pl �

� �
; � = const > 0 Ref. Ratra & Pee-

bles (1988 b )

Ferreira-Joyce V(� ) = V0 exp(� ��=M pl ) ; � = const > 0 Ref. Ferreira &

Joyce (1998)

Zlatev-Wang-

Steinhardt

V(� ) = V0(exp(Mpl=� ) � 1) Ref. Zlatev et al.

(1999)

Sugra V(� ) = V0� � � exp(
� 2=M 2
pl ) ; �; 
 = const >

0
Brax & Martin

(1999)

Sahni-Wang V(� ) = V0(cosh(&�) � 1)g
; & = const > 0,

g = const < 1=2
Ref. Sahni & Wang

(2000)

Barreiro-

Cop eland-Nunes

V(� ) = V0(exp(�� ) + exp( �� )) ; � , � =
const � 0

Barreiro et al.

(2000)

Albrecht-Skordis V(� ) = V0(( � � B )2 + A) exp(� �� ) ; A , B =
const � 0, � = const > 0

Albrecht & Skordis

(2000)

Ur�ena-L�op ez-

Matos

V(� ) = V0 sinhm (�M pl � ) ; � = const > 0,

m = const < 0
Urena-Lop ez &

Matos (2000)

Inverse exp onent

p otential

V(� ) = V0 exp(Mpl=� ) Caldwell & Linder

(2005)

Chang-Scherrer V(� ) = V0(1 + exp(� � � )) ; � = const > 0 Chang & Scherrer

(2016)

Table 6.1: The list of the dark energy quintessence p otentials.
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The energy-momentum tensor of the quintessence scalar �eld, T�� , is de�ned as:

T�� = 2
@L �

@g��
� g�� @L � : (6.14)

Substituting Eq. (6.13) into Eq. (6.14), we get:

T�� = @� �@� � � g��

�
1
2

g�� @� �@� � � V (� )
�

: (6.15)

The comp onents of the quintessence scalar �eld energy-momentum tensor, T�� , is de�ned as:

T00 � � � =
1
2

_� 2 + V(� ); (6.16)

T0i = 0; (6.17)

Tij = 0 ( i 6= j ); (6.18)

Tii � p� =
1
2

_� 2 � V (� ); (6.19)

where � � and p� are the energy density and the pressure of the scalar �eld under the as-

sumption that this scalar �eld is describ ed by the ideal barotropic �uid mo del

8

.

The comp onents of the scalar �eld energy-momentum tensor can b e represented in the

matrix form, as in Eq. (2.47). The EoS parameter for the quintessence scalar �eld is de�ned

as:

w� �
p�

� �
=

_� 2=2 � V(� )
_� 2=2 + V(� )

: (6.20)

The Klein-Gordon equation of motion for the quintessence scalar �eld can b e obtained by

varying the action in Eq. (6.12), where the Lagrangian density is de�ned by Eq. (6.13):

•� + 3H _� +
@V(� )

@�
= 0; (6.21)

here the overdots denote the derivatives with resp ect to physical time, t .

The in�uence of the scalar �eld, � , on the dynamics of the universe is re�ected in the

6

The Ferreira-Joyce p otential was investigated earlier by Lucchin and Matarrese, Ref. (Lucchin & Matar-

rese (1985)), as well as by Ratra and Peebles, Ref. (Ratra & Peebles (1988 a )), although the complete detailed

description of the mo del was given by Ferreira and Joyce, Ref. (Ferreira & Joyce (1998)).

7

In Table 6.1 and in Table 6.2, the mo del parameter, V0 , has a dimension of GeV4
. This mo del parameter

is related to the dark energy density parameter at the present ep o ch.

8

The barotropic �uid is a �uid whose density dep ends only on the pressure.
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�rst Friedmann's equation:

H = H0(
 r0a� 4 + 
 m0a� 3 + 
 � (a))1=2; (6.22)

where 
 � (a) is an energy density parameter of the scalar �eld dep ending on time. In many

ways, the evolution of the function 
 � (a) is determined by the form of the scalar �eld

p otential, V(� ) .

Dep ending on the shap e of the p otentials, the quintessence mo dels are sub divided into

the thawing models and the freezing models , Ref. (Caldwell & Linder (2005)). On the w� �

dw� =dln a phase space, the thawing and the freezing scalar mo dels can b e lo cated at the

strictly designated regions for each of them, see Fig. (6.3) (left panel). At the early stages of

Figure 6.3: Left panel: the o ccupation of the thawing and the freezing scalar �elds in the

w� � dw� =dln a phase space. (Figure from Ref. (Caldwell & Linder (2005))) Right panel:

the regimes of the quick rolling down and the slow rolling down for the freezing scalar �eld,

� , to the minimum of its p otential.

the evolution of the universe, the thawing scalar �eld was to o suppressed by the retarding

e�ect of the Hubble expansion, which represented by the term, 3H _� , in Eq. (6.21)). Thereby,

the scalar �eld evolution happ ened much slower compared to the Hubble expansion rate. The

result of the overwhelming e�ect of the Hubble expansion on the thawing scalar �eld is the

freezing of this scalar �eld.

This �eld manifests itself as the vacuum energy with the EoS parameter w� = � 1. The

Hubble expansion rate, H (a) , is a decreasing function over time. After the Hubble expansion

rate reaches the value of H <
p

@2V(� )=@t2 , the scalar �eld b egins to roll to the minimum

of its p otential. This leads to the fact that the value of the EoS parameter for the scalar

�eld, w� , increases over time and b ecomes w� > � 1.
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The scalar �eld in the freezing mo dels is always suppressed (it is damp ed), i.e. , H >
p

@2V(� )=@t2 . There are the fast and slow rolling regimes for the freezing mo dels. The

scalar �eld equation of motion, Eq. (6.21), describ es: the fast rolling regime (with 3H _� <

@V(� )=@t), therefore,

•� � V(� ) ), or the slow rolling regime (for 3H _� < @V (� )=@t) dep end-

ing on the ratio of the term 3H _� and the term @V(� )=@t. In the slow-roll regime, the

scalar �eld tends to minimize its p otential and almost do es not change over time,

•� � V(� ) ,

therefore, from Eq. (6.20), it follows that w� � � 1, see Fig. (6.3) (right panel).

The freezing scalar �eld mo dels have the so-called tracking solutions. Energy density for

the freezing scalar �eld mo dels is almost constant over time. The contribution of this energy

density to the total energy density of the universe, b oth at the radiation domination ep o ch

and at the matter domination ep o ch, is almost negligible. Therefore, the scalar �eld energy

density remains sub dominant at these ep o chs. It tracks �rst the radiation energy density

and then the matter energy density. The radiation energy density and the matter energy

density decrease over time due to the universe expansion. The scalar �eld energy density

increases over time. Eventually, it b ecomes the dominant comp onent and b egins to b ehave

as a comp onent with the negative e�ective pressure. That is manifested in the accelerated

expansion of the universe at the later stages of the universe evolution.

6.3.2 Phantom Scalar Field

The Lagrangian density for the phantom scalar �elds is describ ed by the equation:

L � = �
1
2

g�� @� �@� � � V(� ): (6.23)

The incomplete list of the phantom p otentials is given in Table 6.2.

The energy-momentum tensor for the phantom scalar �eld, T�� , is de�ned as:

T�� = � 2
@L �

@g��
� g�� @L � : (6.24)

Substituting Eq. (6.23) into Eq. (6.24), we get:

T�� = � @� �@� � � g��

�
1
2

g�� @� �@� � � V(� )
�

: (6.25)

The comp onents of the energy-momentum tensor for the phantom scalar �eld, T�� , are
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Name Form Reference

Fifth p ower V(� ) = V0� 5
Scherrer & Sen

(2008 a )

Inverse square p ower V(� ) = V0� � 2
Scherrer & Sen

(2008 a )

Exp onent V(� ) = V0 exp(�� ) , � = const > 0 Scherrer & Sen

(2008 a )

Quadratic V(� ) = V0� 2
Dutta & Scherrer

(2009)

Gaussian V(� ) = V0(1 � exp(� 2=� 2)) , � = const Dutta & Scherrer

(2009)

pseudo-Nambu-

Goldstone b oson (pNGb)

V(� ) = V0(1� cos(�=� )) , � = const > 0 Frieman et al.

(1995)

Inverse hyp erb olic cosine V(� ) = V0(cosh( � )) � 1
,  = const > 0 Dutta & Scherrer

(2009)

Table 6.2: The list of the dark energy phantom p otentials.

represented as:

T00 � � � = �
1
2

_� 2 + V(� ); (6.26)

T0i = 0; (6.27)

Tij = 0 ( i 6= j ); (6.28)

Tii � p� = �
1
2

_� 2 � V(� ): (6.29)

The EoS parameter for the phantom scalar �eld is de�ned as:

w� �
p�

� �
=

� _� 2=2 � V(� )

� _� 2=2 + V(� )
: (6.30)

The Klein-Gordon equation of motion for the phantom scalar �eld:

•� + 3H _� �
@V(� )

@�
= 0: (6.31)

6.4 Coupled Mo dels of Matter and Dark Energy

As it was mentioned earlier, one of the unresolved problems of mo dern cosmology is the

problem of coincidence in the standard � CDM mo del. Due to the fact that the dark energy

density and the matter energy density in the mo dern universe have the same order, it can

b e assumed that the matter and dark energy somehow interact with each other.
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In the coupled mo dels b etween the matter and dark energy, the transformation of dark

energy and the energy of the matter into each other is considered. The interaction b etween

the matter and dark energy is describ ed by the following mo di�ed continuity equations for

the matter and dark energy, resp ectively, as:

_� m + 3H� m = � couple; (6.32)

_� � + 3H (� � + p� ) = � � couple; (6.33)

where � m is the matter energy density; � � and p� are the energy density and the pressure

of dark energy represented as the scalar �eld; � couple is the coupling co e�cient b etween the

matter and dark energy.

In the interaction mo dels b etween the matter and dark energy, the following forms of the

coupling co e�cient, � couple , are used, Refs. (Amendola (2000), Zimdahl & Pavon (2001)):

� couple = nQ� m
_�; (6.34)

� couple = �H (� m + � � ); (6.35)

where n =
p

8�G ; � and Q are the dimensionless constants. According to the Planck 2015

data, Ref. (Ade et al. (2016)), Q < 0:1.

The coupling mo dels of the matter and dark energy are divided into two typ es.

6.4.1 Coupling First Typ e

The coupled mo dels of the matter and dark energy of the �rst typ e are characterized by the

exp onential p otential and the linear interaction determined by the interaction co e�cient,

which is presented in Eq. (6.34), Ref. (Amendola (2000)).

The coupled quintessence scalar �eld equation is:

•� + 3H _� �
@V(� )

@�
= � nQ� m

_�; (6.36)

where V(� ) = V0e� n��
is a scalar �eld p otential and � is a mo del parameter.

The coupled continuity equation for dark energy:

_� � + 3H (� � + p� ) = � nQ� m
_�: (6.37)
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The matter energy density evolves as:

_� m + 3H� m = nQ� m ) � m = � m0a� 3enQ� : (6.38)

6.4.2 Coupling Second Typ e

For the second typ e of the coupled mo dels, the p otential and the dynamics of the interaction

b etween the matter and dark energy are constructed under the ful�llment of the requirement

� m=� DE =const, Ref. (Zimdahl & Pavon (2001)).

The coupled equation, Eq. (6.33), is equivalent to:

_�
h

•� + 3H _� �
@V(� )

@�

i
= � � couple: (6.39)

The coupling co e�cient is de�ned as:

� couple = � 3H � m = 3H � � ; (6.40)

� m = � � � =
� m � �

�
(
 � � 1); (6.41)

where 
 � = p� + � �

� �
=

_� 2

� �
and � = � m + � � .

The continuity equations for the matter and dark energy have the form:

_� m + 3H (� m + � m) = 0 ; (6.42)

_� � + 3H (� � + p� + � � ) = 0 : (6.43)

The form of the scalar �eld p otential is constructed as follows:

V(� ) =
1

6�G

�
1 �


 �

2

� 1 + r
(
 � + r )2

1
t2

)
@V(� )

@�
= � �V (� ); (6.44)

where r �
� m

� �
= const and � =

q
24�G


 � (1+ r ) .

From Eq. (6.44) it follows that the p otential has the exp onential form:

V(� ) = V0e� � (� � � 0 ) : (6.45)

The signi�cant drawback of this mo del is the absence of the convincing explanation for the

onset of the interaction of dark energy and the matter at the transition ep o ch from the
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decelerated to accelerated expansion of the universe.

6.5 Chevallier-Polarsky-Linder Parametrization

The EoS parameters in the time-dep endent mo dels of dark energy are mo deled as: p = w(a)� .

This typ e of parametrization is called the w CDM parametrization

9

. This parametrization

has no physical motivation. The application of the w CDM parametrization is typically used

as an ansatz in data analysis for the quantifying of the time-dep endent dark energy mo dels.

The parametrization of the EoS parameter, w(a) , is used to distinguish the di�erent dark

energy mo dels. In particular, this approach can b e used to distinguish the � CDM mo del

from the other dark energy mo dels at the present ep o ch.

The time-dep endent EoS parameter in the dark energy mo dels is often characterized by

the Chevallier-Polarsky-Linder (CPL) w0 � wa parametrization, Refs. (Chevallier & Polarski

(2001), Linder (2003)):

w(a) = w0 + wa(1 � a); (6.46)

here w0 = w(a = 1) and wa = ( dw=dz)jz=1 = � a� 2(dw=da)ja=1 =2 . Although this parametriza-

tion is very simple, it is �exible enough to accurately describ e the EoS parameters in the most

dark energy mo dels. The CPL parametrization cannot describ e the arbitrary dark energy

mo dels with go o d accuracy (up to the several p ercent) in a wide redshift range, Ref. (Linder

(2003)).

The normalized Hubble parameter, expressed through the CPL parametrization of the

EoS parameter, w(a) , can b e written as:

E(a) = (
 r0a� 4 + 
 m0a� 3 + 
 � a� 3(1+ w0+ wa )e� 3wa (1� a))1=2: (6.47)

9

Dark energy is sometimes characterized only by the EoS parameter and the corresp onding cosmological

mo dels are called the w CDM mo dels, Ref. (Barger et al. (2007)).
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Chapter 7

Dynamics and Growth Rate in the

Ratra-Peebles � CDM Mo del

This chapter is based on the results of the research presented in the pap ers, Ref. (Avsa jan-

ishvili et al. (2014)) and Ref. (Avsa janishvili et al. (2017)).

In this chapter, the Ratra-Peebles inverse-p ower-law p otential, V(� ) / 1=� �
, is inves-

tigated in detail. This p otential was �rst considered by Jim Peebles and Bharat Ratra in

1988, Refs. (Ratra & Peebles (1988 b ), Ratra & Peebles (1988 a )). The scalar �eld mo del

with the Ratra-Peebles p otential is the simplest quintessence scalar �eld � CDM mo del of

the freezing typ e. This mo del was prop osed to solve the �ne-tuning problem in the standard

� CDM mo del.

7.1 Basic Equations

The Ratra-Peebles p otential has the form:

V =
�
2

M 2
pl �

� � ; (7.1)

here � is a p ositive mo del parameter. The value of this parameter a�ects the steepness of

the p otential, thereby determining the shap e of the p otential. In our studies, we consider the

values of the � parameter in the range of 0 < � � 0:7. This range corresp onds to mo dern

cosmological observations, Ref. (Samushia (2009)). For the value of the mo del parameter,

� =0, the � CDM Ratre-Peebles mo del is reduced to the � CDM mo del. The p ositive �

parameter

1

is de�ned by the parameter � .

1

The calculation of the � parameter is presented b elow.
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The parameter � relates to the mass scale of the particles, M � , as:

M � �
� �M 2

pl

2

� 1
� +4

: (7.2)

We consider a �at and isotropic universe, which is describ ed by the spacetime FLRW metric:

ds2 = dt2 � a(t)2dx2: (7.3)

The Klein-Gordon equation of motion in the Ratra-Peebles mo del has the form:

•� + 3H _� �
1
2

��M 2
pl �

� (� +1) = 0: (7.4)

The energy density, the pressure and the EoS parameter in the Ratra-Peebles mo del are

de�ned, resp ectively, as:

� � =
M 2

pl

32�

�
_� 2 + �M 2

pl �
� �

�
; (7.5)

p� =
M 2

pl

32�

�
_� 2 � �M 2

pl �
� �

�
; (7.6)

w� =
_� 2 � �M 2

pl �
� �

_� 2 + �M 2
pl � � �

: (7.7)

From Eq. (7.7) it follows that the requirement for the ful�llment of the condition, w0 ' � 1,

the following restriction imp oses,

_� 2=2 � V(� ) . The Ratra-Peebles � CDM scalar �eld mo del

has the tracker solutions. This means that the scalar �eld energy density, � � , at the early

ep o chs of the universe evolution, �rst tracks the radiation energy density and then the matter

energy density, while remaining a sub dominant. Only in late times the energy density of the

scalar �eld, � � , b ecomes dominant.

The value of the EoS parameter for the scalar �eld Ratra-Peebles mo del at the radiation

domination ep o ch or at the matter domination ep o ch can b e approximately de�ned as,

Ref. (Zlatev et al. (1999)):

w� �
�
2 wbac � 1

1 + �
2

; (7.8)

where wbac is the background EoS parameter at the radiation domination ep o ch or at the

matter domination ep o ch. For the radiation domination ep o ch wbac = 1=3 and for the matter

domination ep o ch wbac = 0 . The approximation, which is presented in Eq. (7.8), is true for

� bac � � � , where � bac is a value of the background energy density.
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The scalar �eld mo del with the Ratra-Peebles p otential has b oth the tracker solutions and

the attractor solutions

2

. This means that the evolution of the scalar �eld energy density, � � ,

in the Ratra-Peebles mo del is insensitive to the initial conditions, ( � in ,

_� in ), and the solutions

for the wide range of the initial conditions converge into the same common solution at the

present ep o ch.

The energy density parameter and the �rst Friedmann's equation for the Ratra-Peebles

p otential are de�ned, resp ectively, as:


 � (a) =
1

12H 2
0

�
_� 2 + �M 2

pl �
� �

�
; (7.9)

E(a) =
�


 r0a� 4 + 
 m0a� 3 +
1

12H 2
0

�
_� 2 + �M 2

pl �
� �

�� 1=2
: (7.10)

7.1.1 Calculation of the Mo del Parameter � and the Initial Condi-

tions

The calculations of the � parameter and the initial conditions are based on: Ref. (Faro o q

(2013), Sec. 3.6.3,) and Ref. (Avsa janishvili et al. (2014), App endix À).

In the scalar �eld equation, Eq. (7.4), we represent the scale factor, a(t) , and the scalar

�eld, � (t) , in the form of the p ower law:

a(t) = a?

� t
t?

� n
; � (t) = � ?

� t
t?

� p
; (7.11)

here a? � a(t?) and � ? � � (t?) are the values of the scale factor and the scalar �eld at time,

t = t? , resp ectively. A parameter, p, is asso ciated with the parameter, � , by the following

expression, p = 2=(2 + � ) .

As a result:

� � +2
? =

(� + 2) 2

4(6n + 3n� � � )
��M 2

pl t
2
?: (7.12)

Using the equations, Eq. (7.11), Eq. (7.12), Eq. (7.5) and Eq. (7.10), we �nd:

� =
3n
8�

� Mpl

t?

� 2 � 2
?

� (� + 2)

� t
t?

� � 2�
� +2

; (7.13)

� n
t

� 2
=

8�
3M 2

pl

�; (7.14)

where � � � � is the dark energy density that dominates in the universe at the moments of

2

An attractor is a set of the numerical values toward which a system tends to evolve for a wide variety

of the starting conditions of this system.
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time, t < t ? . Assuming � (t) = � ?(t=t?)�
, we get � = � 2�= (� + 2) . On the other hand,

considering that the dominant dark energy comp onent is represented as � ? , at the moment

of time a = a? :

� = � ?

� a?

a

� 2
n
; (7.15)

where n = 1=2 and n = 2=3 are the values of the parameter n for the radiation domination

ep o ch and the matter domination ep o ch, resp ectively.

In order to get an expression for, � 2
? , we �nd 1=t2 from Eq. (7.14). Substituting Eq. (7.15)

into Eq. (7.13), assuming a = a? and � = � ? . Comparing the obtained result with Eq. (7.12),

we �nd:

� =
32�

3nM 4
pl

� 6n + 3n� � �
� + 2

�
[n� (� + 2)]

�
2 � ?: (7.16)

Plugging Eq. (7.16) into Eq. (7.12) and using Eq. (7.14), we get:

� ? = [ n� (� + 2)]
1
2 ; (7.17)

� = [ n� (� + 2)]
1
2

� a
a?

� 2
n ( � +2)

: (7.18)

Substituting the value of n = 1=2 into Eq. (7.18) and assuming a? = a0 , we can obtain

the equations for the initial conditions at the radiation domination ep o ch, Eq. (7.22) and

Eq. (7.23).

Plugging Eq. (7.18) into Eq. (6.21):

� =
4n

M 2
pl t2

?

� 6n + 3n� � �
� + 2

�
[n� (� + 2)] �= 2: (7.19)

Since Eq. (7.16) must b e true for an arbitrary moment of time, t? , we assume t? = M � 1
pl .

As a result, for the values n = 1=2 and n = 2=3, we get:

� (n = 1=2) =
� � + 6

� + 2

�h 1
2

� (� + 2)
i �= 2

; (7.20)

� (n = 2=3) =
8
3

� � + 4
� + 2

�h 2
3

� (� + 2)
i �= 2

: (7.21)

7.1.2 Initial Conditions

We numerically integrated the system of the equations, Eq. (7.4) and Eq. (7.10). The initial

conditions were established at the radiation domination ep o ch, for the moment ain = 5 �10� 5
.

The calculations were carried out to the present ep o ch, a0 = 1 . Despite the fact that
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the Ratra-Peebles p otential has an attractor solution, for the b est numerical convergence

we chose a sp eci�c solution at the radiation dominated ep o ch with the following initial

conditions:

� in =
�

1
2

� (� + 2)
� 1=2

t
4

� +2
in ; (7.22)

_� in =
� 8�

� + 2

� 1=2
t

2� �
2+ �
in : (7.23)

The value of the � parameter was obtained from Eq. (7.20). In our calculations, we applied

the current values of the matter energy density parameter and the dark energy density pa-

rameter, the reduced Hubble parameter, resp ectively: 
 m0 = 0:315, 
 � 0 = 0:685, h = 0:673.

These results were obtained by the Planck 2013 collab oration, Ref. (Ade et al. (2014 c )).

7.2 Dynamics and Energy in the Ratra-Peebles � CDM

Mo del

We analyzed the dep endence of the scalar �eld, � , and its time derivative,

_� , dep ending

on the mo del parameter � . The results of this analysis are presented in Fig. (7.1) and in

Fig. (7.2). In the � CDM mo del, a larger value of the � parameter induces a stronger time

Figure 7.1: Left panel: dep endence of the scalar �eld, � (a) , on the value of the parameter

� . Right panel: dep endence of the time derivative of the scalar �eld,

_� (a) , on the value of

the parameter � .

dep endence of the EoS parameter w and its scale factor derivatives, dw=da. As exp ected, in

the � CDM mo del the value of w is equal to minus one and the values of � ,

_� and dw=da are

equal to zero.
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Figure 7.2: Left panel: dep endence of the EoS parameter, w(a) , on the value of the parameter

� . Right panel: dep endence of the scale factor derivative of the EoS parameter, w0(a) , on

the value of the parameter � .

We applied the CPL parametrization to the e�ective EoS parameter, w(a) , in the Ratra-

Peebles � CDM mo del, Eq. (6.46). This parametrization provides a go o d approximation in

the scale factor range, a 2 (0:98; 1), see Fig. (7.3) (left panel). We investigated the evolution

Figure 7.3: Left panel: the EoS parameter, w(a) , for the di�erent values of the parameter �
along with the predictions computed from the CPL parametrization with the corresp onding

b est �t values for w0 and wa . Right panel: the normalized Hubble expansion rate, E(a) , for

the di�erent values of the parameter � .

of the normalized Hubble parameter, E(a) , which determines the expansion rate of the

universe for the di�erent values of the � parameter in the � CDM mo del. The results of

this study are presented in Fig.(7.3) (right panel). With an increase in the value of the �

parameter, the universe is expanding faster. The slowest expansion rate corresp onds to the

� CDM mo del.

The relationship b etween the dynamics and the energy comp onents in the universe in
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Figure 7.4: Left panel: the second derivative of the scale factor, •a, for the di�erent values of

the parameter � . Right panel: the matter energy density parameter, 
 m(a) , (dashed lines)

and the scalar �eld density parameter, 
 � (a) , (solid lines) as functions of the scale factor for

the di�erent values of the parameter � .

the � CDM mo del is shown in Fig. (7.4). With the same value of the � parameter, the dy-

namic dominance of dark energy b egins earlier, see Fig. (7.4) (left panel), than the energetic

dominance, see Fig. (7.4) (right panel). With an increase in the value of the � parameter,

the energetic dominance of dark energy b egins earlier, see Fig. (7.4) (right panel).

7.3 Structure Growth in the Ratra-Peebles � CDM Mo del

The evolution of the matter density �uctuations dep ends on the given cosmological mo del

of dark energy. The in�uence of dark energy on the large-scale structure evolution in the

universe is due to its in�uence on the expansion rate of the universe, E (a). In turn, the

expansion rate of the universe a�ects the growth of the matter density �uctuations. We

investigated the evolution of a large-scale structure in the expanding universe in the Ratra-

Peebles � CDM mo del. To calculate the growth of the matter density �uctuations, we used

the linear p erturbation equation, Eq. (4.31). The evolution of the linear growth rate function,

D(a) = � (a)=� (a0) , dep ending on the � parameter is shown in Fig. (7.5) (left panel). With

an increase in the value of the � parameter the linear growth factor, D (a), b ecomes more

dep endent on time.

As it was discussed earlier, with an increase in the value of the � parameter, the Hubble

expansion o ccurs faster, see Fig. (7.3) (right panel), while the domination of the scalar

�eld energy b egins earlier, see Fig. (7.4) (right panel). The growth of the matter density

�uctuations o ccurs only during the matter dominated ep o ch, Ref. (Frieman et al. (2008)),
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Figure 7.5: Left panel: the linear growth rate, D(a) , for the di�erent values of the parameter

� . Right panel: the growth rate, f (a), (solid lines) for the di�erent values of the parameter

� along with the predictions 
 

m (a) (dashed lines), computed for the corresp onding b est �t

values of the parameter 
 .

therefore, with an increase in the value of the � parameter, less time remains for the growth

of the matter density �uctuations. To achieve the same amplitude of the matter density

�uctuations at present ep o ch, � (a0) , in the scalar �eld Ratra-Peebles � CDM mo del with a

larger value of the � parameter is required a larger initial amplitude for the matter density

�uctuations. Thus, the scalar �eld with the larger value of the � parameter induces a larger

amplitudes of the matter �uctuations at the b eginning of their formation and at the all

subsequent moments of their growth until the present ep o ch.

7.4 Growth Index in the Ratra-Peebles � CDM Mo del

We investigated how well the p ower-law parametrization of the growth rate of the mat-

ter density �uctuations, f (a) , and the fractional matter density parameter, 
 m(a) , which

is describ ed in Eq. (4.35), can b e applied in the Ratra-Peebles � CDM mo del. Provided

that instead of the e�ective growth index, 
 (a) , we applied the value of the Linder 
 -

parametrization, 
 , which is de�ned in Eq. (4.37).

The results of these investigations are shown in Fig. (7.5) (right panel). The value of the

Linder 
 -parametrization, 
 , in the � CDM mo del dep ends on the value of the � parameter,

herewith the value of the Linder 
 -parametrization, 
 , increases with an increase in the value

of the � parameter. The value of the Linder 
 -parametrization, 
 , is slightly higher in the

� CDM mo del than the value of the Linder 
 -parametrization, 
 , in the � CDM mo del, for

which 
 � 0:55.
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The growth rate of the matter density �uctuations o ccurs slower with an increase in the

value of the parameter � , see Fig. (7.5) (right panel). This is a result of the fact that the

Hubble expansion and the growth rate of the matter density �uctuations are interrelated and

opp ositely directed pro cesses. The faster Hubble expansion, which corresp onds to a larger

value of the � parameter, see Fig. (7.3) (right panel), leads to a greater suppression of the

growth rate of the matter density �uctuations.

We explored the applicability of the Linder 
 -parametrization for large redshifts. We

found, that this parametrization can b e applied in the range of redshifts, z 2 (0; 5) and it is

not applicable for the larger values of redshift, see Fig. (7.6) (left panel).

Figure 7.6: Left panel: the growth rate, f (a) , for the di�erent values of the parameter �
(solid lines) along with the predictions 
 


m (dashed lines), computed for the corresp onding

b est �t values of the 
 parameter in the range of redshifts, z 2 (0; 10). Right panel: the 
 (a)
function for the di�erent values of the parameter � in the range of redshifts, z 2 (0; 10).

We studied the b ehavior of the e�ective growth index function, 
 (a) , was presented in

Eq. (4.36), at large redshifts, see Fig. (7.6) (right panel). We found that in a certain range of

scalar factor values, the function of the e�ective growth index, 
 (a) , is almost indep endent

of the value of the scalar factor. The weak dep endence of the e�ective growth index function

on the value of the scalar factor o ccurs in the range of the values of the scalar factor: in the

� CDM mo del, a 2 (0:25; 1) (or z 2 (0; 3)); in the Ratra-Peebles � CDM mo del, a 2 (0:18; 1)

(or z 2 (0; 5)). Suchwise, with an decrease in the value of the parameter � , the weak

dep endence of the e�ective growth index function ceases later in the � CDM mo del. Thus, in

the � CDM mo del, the applicability of the Linder 
 -parametrization is completed later than

in the � CDM mo del. Comparing Fig. (7.6) (left panel) and Fig. (7.6) (right panel), we see

that the cessation of the Linder 
 -parametrization for the di�erent values of the parameter �

coincides with the termination of the weak dep endence of the e�ective growth index function,
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 (a) , on the scalar factor. Thus, only in the range of the values of the scalar factor at which

the e�ective growth index function almost do es not dep end on the value of the scalar factor,

the Linder 
 -parametrization can b e applied.

7.5 Conclusion

We scrupulously investigated the various prop erties of the Ratra-Peebles � CDM mo del in

comparison with the � CDM mo del. In particular, we studied the dynamics of the Ratra-

Peebles � CDM mo del with dep endence on the mo del parameter � . Since the larger value of

the parameter � increases, the steepness of the p otential and, thereby, it induces the stronger

time dep endence of the scalar �eld, � , its time derivatives

_� , as well as the EoS parameter,

w , and its scale factor derivatives, dw=da.

We showed that the Ratra-Peebles � CDM mo del di�ers from � CDM mo del in numb er

of characteristics. These characteristics are generic to a class of the freezing quintessence

� CDM mo dels, and these characteristics do not dep end on the value of the mo del parameter

� :

� In the � CDM models, the expansion rate of the universe, E(a) , is always greater than

the expansion rate of the universe in the � CDM model.

� The moment of dark energy domination in the � CDM models starts earlier than in the

� CDM model (provided that other cosmological model parameters are �xed).

� The Ratra-Peebles � CDM model and the � CDM model di�er in their predictions for

the growth rate of the matter density �uctuations in the universe: the scalar �eld model

predicts a slower growth rate of the matter density �uctuations than the � CDM model.

� We studied the applicability of the Linder 
 - parametrization in the Ratra-Peebles

� CDM mo del. We found that this parametrization works well in this mo del. The

value of the growth index in the Linder 
 -parametrization in the Ratra-Peebles � CDM

mo del increases with an increase in the value of the mo del parameter � . The value of

the growth index in the Linder 
 -parametrization in the � CDM model is slightly larger

than in the � CDM model.

� We de�ned the b oundaries of applicability in the Linder 
 -parametrization in the

Ratra-Peebles � CDM mo del, z 2 (0; 5). The applicability of the Linder 
 -parametrization

ceases later in the � CDM model than in the � CDM model.
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Chapter 8

Constraints on the Mo del Parameters in

the Ratra-Peebles Mo del

8.1 Constraints on the Mo del Parameters in the Ratra-

Peebles Mo del from the Growth Rate Data

We carried out the constraints on the � and 
 m parameters in the Ratra-Peebles � CDM

mo del using a compilation of the growth rate observations obtained from, Ref. (Gupta et al.

(2012)). These data are presented in Table 8.1:

f obs z �

0:51 0:15 0:11

0:60 0:22 0:10

0:654 0:32 0:18

0:700 0:35 0:18

0:700 0:41 0:07

0:75 0:55 0:18

0:730 0:60 0:07

0:910 0:77 0:36

0:700 0:78 0:08

0:90 1:40 0:24

1:460 3:00 0:29

Table 8.1: Growth rate data, f obs ; redshift z; 1 � uncertainty of the growth rate data.

To get the theoretical values of the growth rate, f th , we numerically solved the linear

p erturbation equation, Eq. (4.31), for a series values of � and 
 m parameters. After that we
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calculated the function � 2(�; 
 obs) as:

� 2(�; 
 obs) =
[f obs � f th (�; 
 m)]2

� 2
; (8.1)

here � is the standard deviation of the growth rate data. We calculated the likeliho o d

function, L f (�; 
 m) , assuming that it ob eys the Gaussian distribution:

L f (�; 
 m) / exp[� � 2(�; 
 m)=2]: (8.2)

The results of these calculations are presented in Fig. (8.1). The 1 � and 2 � con�dence level
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Figure 8.1: 1 � and 2 � con�dence level contours on the parameters 
 m and � in the � CDM

mo del. This constraints are obtained from the growth rate data, Ref. (Gupta et al. (2012)).

contours in the � - 
 m phase space are strongly degenerated with resp ect to the constraint

on the � parameter. Thus, the observations on the growth rate alone cannot simultaneously

restrict b oth parameters, � and 
 m , in the Ratra-Peebles � CDM mo del. However, we found

the constraint on the 
 m parameter in the � CDM mo del and in the Ratra-Peebles � CDM

mo del, using only the growth rate observations. If we �x the ordinate with � = 0 , see

Fig. (8.1), which corresp onds to the spatial �at � CDM mo del, we will obtain the b est �t

value 
 m = 0:278� 0:03. This value is within of the 1� con�dence level of the Planck 2013

data, Ref. (Ade et al. (2014 c )). In the � CDM mo del, the values of 0:18 � 
 m � 0:36 are
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contained at the 2� con�dence level, see Fig. (8.1). In the Ratra-Peebles � CDM mo del, the

values of 
 m < 0:18 are outside of the 2� con�dence level, but the values of 
 m � 0:36 are

still allowed for the large values of the mo del parameter � , see Fig. (8.1).

8.2 Constraints on the Mo del Parameters in the Ratra-

Peebles Mo del from the BAO Data

To eliminate the degeneration b etween the mo del parameters � and 
 m , which was obtained

as a result of applying the constraints from the growth rate data, f (a) , we carried out

the additional constraints using BAO data with small redshifts, which were taken from,

Ref. (Giostri et al. (2012)). We also followed the approach used in the pap er, Ref. (Giostri

et al. (2012)).

We calculated the angular diameter distances:

dA (z; �; 
 m; H0) =
Z z

0

dz0

H (z0; �; 
 m; H0)
(8.3)

and the distance scale (dilaton scale):

DV (z; �; 
 m; H0) = [ d2
A (z; �; 
 m; H0)z=H(z; �; 
 m; H0)]1=3: (8.4)

We constructed a combination of the angular diameter distance, dA (zdec) , and the distance

scale, DV (zBAO ) , Ref. (Eisenstein et al. (2005)):

� (z) � dA (zrec)=DV (zBAO ): (8.5)

The expression in Eq. (8.5) is the BAO/CMBR constraints.

The BÀÎ and ÑÌÂR observations are dep endent on each other. Assuming that these

data ob ey the Gaussian distribution, we calculated the function � 2
B using the following

covariant inverse matrix, C � 1
:

� 2
B = X T C � 1X : (8.6)

We also calculated the likeliho o d function by applying the results from Eq. (8.6):

L B(�; 
 m; H0) / exp(� � 2
B=2); (8.7)
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where X = � th � � obs .

The value of a vector, X , is calculated as:

X =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

dA (zrec)
DV (0:106)

� 30:95

dA (zrec)
DV (0:2)

� 17:55

dA (zrec)
DV (0:35)

� 10:11

dA (zrec)
DV (0:44)

� 8:44

dA (zrec)
DV (0:6)

� 6:69

dA (zrec)
DV (0:73)

� 5:45

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (8.8)

The inverse covariance matrix for the observations, C � 1
, is de�ned as:

C � 1 =

0

B
B
B
B
B
B
B
B
B
B
B
B
@

0:48435 � 0:101383 � 0:164945 � 0:0305703 � 0:097874 � 0:106738

� 0:101383 3:2882 � 2:45497 � 0:0787898 � 0:252254 � 0:2751

� 0:164945 � 2:45497 9:55916 � 0:128187 � 0:410404 � 0:447574

� 0:0305703 � 0:0787898 � 0:128187 2:78728 � 2:75632 1:16437

� 0:097874 � 0:252254 � 0:410404 � 2:75632 14:9245 � 7:32441

� 0:106738 � 0:2751 � 0:447574 1:16437 � 7:32441 14:5022

1

C
C
C
C
C
C
C
C
C
C
C
C
A

:

(8.9)

In the Gaussian distribution, we used the prior value of the Hubble constant, H0 = 74:3� 2:1,

to restrict the H0 parameter in the likeliho o d function, L B
, Ref. (Freedman et al. (2012)).

The likeliho o d function obtained for the growth rate function, L f
, and the likeliho o d function

obtained for BAO/CMBR constraints, L B
, are indep endent of each other, therefore, the

combined likeliho o d function, L , is simply a multiplication of the given likeliho o d functions,

according to the results from Eq. (5.4): L = L f � L B
.

The results of our calculations are presented in Fig. (8.2). After conducting the BAO/CMBR

analysis, we received the new constraints on the 
 m and � mo del parameters. The mo del

parameter 
 m is restricted within 0:26 < 
 m < 0:34 at the 1 � con�dence level. For the

parameter � we got a range of the values, 0 � � � 1:30, at the 1 � con�dence level, see

Fig. (9.1).
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Figure 8.2: 1 � and 2 � con�dence level contours on the parameters 
 m and � in the � CDM

mo del. These constraints are obtained after adding BAO/CMBR measurements of the prior

distances, Ref. (Giostri et al. (2012)).

8.3 Conclusion

To constrain the parameters in the Ratra-Peebles � CDM scalar �eld mo del, we used a

compilation of the observations: the growth rate data and BAO data with the prior distances

from the CMBR. Using only the growth rate data, there is a strong degeneracy b etween the

values of the mo del parameters 
 m and � . It means that the larger values of the parameter �

are allowed with an increase in the value of the parameter 
 m . The degeneracy is eliminated

after combining the constraints on the growth rate data with the constraints on the distance-

redshift ratio of the BAO data and the prior distance from the CMBR.

As a result, we received the constraints on the mo del parameters in the Ratra-Peebles

� CDM mo del: 
 m = 0:30� 0:04 and 0 � � � 1:30 at the 1 � con�dence level. The b est �t

value for the parameter � is � = 0:00.
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Chapter 9

Constraints on the Mo dels Parameters

in the Quintessence and Phantom

� CDM Mo dels

This chapter is based on the research, which was carried out in the pap er, Ref. (Avsa janishvili

et al. (2018)).

We studied the quintessence (canonical scalar �elds) and the phantom (non-canonical

scalar �elds) scalar �eld mo dels in the case of �at spacetime. There is still no �nal decision,

which of these mo dels is preferable, Refs. (Suzuki et al. (2012), Novosyadlyj et al. (2013),

Ade et al. (2014 c ), Betoule et al. (2014), Ade et al. (2016)). We applied the predicted

data, calculated for the up coming DESI exp eriment and studied the scalar �elds mo dels

compared to the standard � CDM mo del. Our study is based on the comparison of data on

the expansion rate of the universe, the growth rate of the matter density �uctuations and

the measurements of the angular diameter distance, which will b e obtained from the DESI

exp eriment.

9.1 De�nition of the Mo del Parameters and the Initial

Conditions

We studied the scalar �eld mo dels with 10 quintessential and 7 phantom p otentials, a list

of which is presented in Table 6.1 and in Table 6.2. All the scalar �eld mo dels presented in

these Tables have the same parameters 
 m0 and H0 . In addition to these parameters, each

scalar �eld mo del has its own set of the extra mo del parameters that determine the shap e
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and the strength of the p otential, V(� ) .

For each p otential, we numerically solved the system of the di�erential equations: the

Klein-Gordon equation of motion for the quintessence (the phantom) mo del, resp ectively

Eq. (6.21) (Eq. (6.31)), the �rst Friedmann's equation, Eq. (6.22) and then the p erturbation

equation, Eq. (4.31), for a wide range of the free parameters and the initial conditions ( � 0 ,

_� 0 ) for the matter dominated ep o ch. Due to the fact that for all the p otentials the ranges

of the initial conditions and the mo del parameters are unknown precisely, we develop ed a

metho d for de�ning these ranges. For each p otential, we found the plausible solutions, for

which the following three criteria were simultaneously ful�lled:

1. The transition b etween the matter and dark energy equality ( 
 m = 
 � ) happ ens relatively

recently, a 2 (0:6; 0:8), see Fig. (7.4) (right panel).

2. The growth rate of the matter density �uctuations, f (a) , and the fractional matter density,


 m(a) , are parametrized by the Linder 
 -parametrization, Eq. (4.37).

3. The EoS parameter predicted by the di�erent dark energy mo dels should b e in the agree-

ment with the exp ected current value of the EoS parameter (for the phantom mo dels

w0 < � 1; for the quintessence mo dels � 1 < w 0 < � 0:75, for the freezing typ e wa < 0

and for the thawing typ e wa > 0).

Despite the fact that the Ratra-Peebles p otential has an attractor solution, for the b est

numerical convergence we chose a sp eci�c solution at the matter dominated ep o ch with the

following initial conditions, Refs. (Ratra & Peebles (1988 b ), Faro o q (2013), Avsa janishvili

et al. (2014)):

V0 =
8
3

�
� + 4
� + 2

� h2
3

� (� + 2)
i �= 2

; (9.1)

� in =
�

2
3

� (� + 2)
� 1=2

t
3

� +2
in ; (9.2)

_� in =
�

6�
� + 2

� 1=2

t
1� �
2+ �
in : (9.3)

The initial value of the scale factor, ain / t2=3
in , was chosen at the matter domination ep o ch,

Eq. (2.101). In our calculations, we used the values of the mo del parameter � in the range,

� � 0:7, Ref. (Samushia (2009)).

We applied the aforementioned phenomenological metho d and found the following ranges

for each p otential: the allowed initial conditions and the mo del parameters, which describ e

129



the form and the strength of the p otential. These ranges, along with the general free mo del

parameters 
 m0 and H0 , are presented in Table 6.1 and Table 6.2. We used this data for

each dark energy mo del as the initial conditions for the MCMC calculations.

Quintessence p otentials Free parameters

V(� ) = V0M 2
pl �

� � H0(50 � 90)

 m0(0:25� 0:32)

V0(3 � 5)
� (10� 6 � 0:7)

V(� ) = V0 exp(� ��=M pl )
H0(50 � 90)

 m0(0:25� 0:32)
V0(10 � 103)

� (10� 7 � 10� 3)
� 0(0:2 � 1:6)
_� 0(79:8 � 338:9)

V(� ) = V0(exp(Mpl =� ) � 1)
H0(50 � 90)

 m0(0:25� 0:32)
V0(10 � 102)

� 0(1:5 � 10)
_� 0(350� 850)

V(� ) = V0� � � exp(
� 2=M 2
pl )

H0(50 � 90)

 m0(0:25� 0:32)
V0(10� 2 � 10� 1)
� (4 � 8)


 (6:5 � 7)
� 0(5:78� 10:55)
_� 0(680:6 � 879)

V(� ) = V0(cosh(&�) � 1)g

H0(50 � 90)

 m0(0:25� 0:32)
V0(5 � 8)
&(0:15� 1)

g(0:1 � 0:49)
� 0(1:8 � 5:8)
_� 0(360� 685)

V(� ) = V0(exp(�� ) + exp( �� ))
H0(50 � 90)

 m0(0:25� 0:32)
V0(1 � 12)

� (6 � 12)
� 0(0:014� 1:4)
_� 0(9:4 � 311)

V(� ) = V0(( � � B )2 + A) exp(� �� )

H0(50 � 90)

 m0(0:25� 0:32)
V0(40 � 70)
A(1 � 40)

B(1 � 60)
� (0:2 � 0:9)
� 0(5:8 � 8:45)
_� 0(681� 804:5)

V(� ) = V0 sinhm (�M pl � )

H0(50 � 90)

 m0(0:25� 0:32)
V0(1 � 10)
m(� 0:1 � � 0:3)

� (10� 2 � 1)
� 0(0:5 � 2:5)
_� 0(190� 367)

V(� ) = V0 exp(Mpl=� )
H0(50 � 90)

 m0(0:25� 0:32)
V0(102 � 103)

� 0(5:78� 10:55)
_� 0(680:6 � 879)

V(� ) = V0(1 + exp(� � � ))
H0(50 � 90)

 m0(0:25� 0:32)
V0(1 � 102)

� (10 � 102)
� 0(0:01� 0:075)
_� 0(9:4 � 32)

Table 9.1: The list of the dark energy quintessence p otentials and the free parameters.
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Phantom p otentials Free parameters

V(� ) = V0� 5
H0(50 � 90)

 m0(0:25� 0:32)
V0(10� 3 � 10� 2)

� 0(3:37� 3:94)
_� 0(523� 563:6)

V(� ) = V0� � 2
H0(50 � 90)

 m0(0:25� 0:32)
V0(30 � 50)

� 0(2:83� 5:15)
_� 0(471:4 � 600)

V(� ) = V0 exp(�� )
H0(50 � 90)

 m0(0:25� 0:32)
V0(1 � 20)

� (0:08� 0:3)
� 0(0:2 � 9:14)
_� 0(79:8 � 830:9)

V(� ) = V0� 2
H0(50 � 90)

 m0(0:25� 0:32)
V0(1 � 20)

� 0(0:67� 2:8)
_� 0(191� 450)

V(� ) = V0(1 � exp(� 2=� 2))
H0(50 � 90)

 m0(0:25� 0:32)
V0(5 � 30)

� (5 � 30)
� 0(0:67� 2:8)
_� 0(191� 450)

V(� ) = V0(1 � cos(�=� ))
H0(50 � 90)

 m0(0:25� 0:32)
V0(1 � 4)

� (1:1 � 2)
� 0(2:3 � 3:37)
_� 0(420� 500)

V(� ) = V0(cosh( � )) � 1
H0(50 � 90)

 m0(0:25� 0:32)
V0(10� 3 � 102)

 (10� 3 � 1)
� 0(1:4 � 2:3)
_� 0(310� 420:7)

Table 9.2: The list of the dark energy phantom p otentials and the free parameters.

9.2 MCMC Analysis for Study of the Dark Energy Mo d-

els

We calculated the values of the normalized Hubble parameter for all the dark energy mo dels,

the angular diameter distance and the growth rate in the redshift range, z 2 (0:15; 1:85).

� The normalized Hubble parameter, E (z)

We calculated the values of the normalized Hubble parameter, E (z), from Eq. (6.22).

� The angular diameter distance, dA (z)

We computed the angular diameter distances using the equation:

dA (z) =
1

H0(1 + z)

Z z

0

dz0

E(z0)
: (9.4)

This equation is a sp ecial case for the �at universe, it was obtained from Eq. (3.48).

� The combination of the growth rate of the matter density �uctuations and the matter

power spectrum amplitude, f (a)� 8(a)

The value of the growth rate of the matter density �uctuations was found from Eq. (4.34).
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The matter p ower sp ectrum amplitude can b e determined through the function � 8(a) �

D(a)� 8 , where � 8 � � 8(a0) is the rms linear �uctuation in the mass density distribution

on the scale 8h� 1
Mp c. We �xed the value of � 8 to its current b est �t � CDM value

of � 8 = 0:815 from the Plank 2015 data, Ref. (Ade et al. (2016)).

Since the observations for the expansion rate of the universe, H (z) , the growth rate of

the matter density �uctuations, f (a)� 8(a) , and the angular diameter distances, DA (z) , are

dep endent on each other, we calculated the covariant matrices for these measurements. We

followed the standard approach for calculating the Fisher matrices, prop osed in Ref. (Font-

Rib era et al. (2014)). We assumed 14000 sq. deg. of sky coverage and the wavenumb ers up

to kmax = 0:2 Mpc=h. Our variances matched the numb ers in Table V of Ref. (Font-Rib era

et al. (2014)). We also accounted for the covariances b etween the measurements within

the same redshift bin. The DA (z) and H (z) measurements are negatively correlated by

approximately 40%, while the correlations with f (a)� 8(a) are b elow 10% for all the redshift

bins.

After conducting the MCMC analysis, we found that the values of the parameters cor-

resp onding to the maximum probability are within of the prior ranges of these parameters

presented in Table 9.1 and Table 9.2. We found that there is no need to adjust the prior

ranges of the mo del parameters. The examples of the MCMC constraints for the quintessence

Ratra-Peebles, the Golden-Wang-Steinhardt and the phantom pseudo-Nambu-Goldstone b o-

son p otentials are shown in Figs. (9.1-9.3).

9.3 Bayesian Statistics

To assess the quality of the di�erent mo dels and to distinguish them from each other, we

applied the Akaike information criterion ( AIC ), Ref. (Akaike (1974)) and the Bayesian (or

Schwarz) information criterion ( BIC ), Ref. (Schwarz (1978)). The AIC and BIC infor-

mation criteria are the functions of the numb er of estimated mo del parameters, N . The

information, which is obtained by these criteria, complement each other.

The AIC and BIC are de�ned resp ectively as:

AIC = � 2 lnL max + 2k (9.5)

and

BIC = � 2 lnL max + k ln N; (9.6)
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Figure 9.1: The 2 � con�dence level contour plots for various pairs of the free parameters ( � ,


 m0 , h ), for which the � CDM mo del with the Ratra-Peebles p otential V(� ) = V0M 2
pl �

� �
is

in the b est �t with the � CDM mo del.

where L max / exp(� � 2
min =2) is the maximum value of the probability function, k is the

numb er of observations.

We also conducted the Bayes evidence analysis. The Bayes evidence for the mo del with

a set of the parameters, p , is determined by the integral:

E =
Z

d3pP(p); (9.7)

where P is the p osterior likeliho o d, which is prop ortional to the lo cal density of the MCMC

p oints. The b oundaries of the integration are given by the prior on the extra parameters,

i.e. , from the previously found ranges of the mo del parameters shown in Table 6.1 and Table

6.2.

The mo dels with the higher values of the Bayes evidence are preferable to the mo dels

with the lower values of the Bayes evidence.
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Figure 9.2: The 2 � con�dence level contour plots for various pairs of the free parameters

( V0 , 
 m0 , h , � 0 ,

_� 0 ), for which the � CDM mo del with the Zlatev-Wang-Steinhardt p otential

V(� ) = V0(exp(Mpl=� ) � 1) is in the b est �t with the � CDM mo del.

Figure 9.3: The 2 � con�dence level contour plots for various pairs of the free parameters ( k ,


 m0 , h , V0 , � 0 ,

_� 0 ), for which the � CDM mo del with the phantom pseudo-Nambu-Goldstone

b oson p otential V(� ) = V0(1 � cos(�=� )) is in the b est �t with the � CDM mo del.
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Quintessence p otentials AIC BIC Bayes factor

V(� ) = V0M 2
pl �

� �
10 18.7 0.5293

V(� ) = V0 exp(� ��=M pl ) 12 22.4 0.0059

V(� ) = V0(exp(Mpl =� ) � 1) 10 18.7 0.0067

V(� ) = V0� � � exp(
� 2=M 2
pl ) 14 26.2 0.0016

V(� ) = V0(cosh(&�) � 1)g
14 26.2 0.0012

V(� ) = V0(exp(�� ) + exp( �� )) 14 26.2 0.0053

V(� ) = V0(( � � B )2 + A) exp(� �� ) 16 29.9 0.0034

V(� ) = V0 sinhm (�M pl � ) 14 26.2 0.0014

V(� ) = V0 exp(Mpl=� ) 10 18.7 0.0077

V(� ) = V0(1 + exp(� � � )) 12 22.4 0.0024

Table 9.3: The list of the dark energy quintessence p otentials with the corresp onding values

of AIC , BIC and Bayes factor.

Phantom p otentials AIC BIC Bayes factor

V(� ) = V0� 5
10.0 18.7 0.0921

V(� ) = V0� � 2
10.0 18.7 0.0142

V(� ) = V0 exp(�� ) 22.4 12.0 0.0024

V(� ) = V0� 2
10.0 18.7 0.0808

V(� ) = V0(1 � exp(� 2=� 2)) 12.0 22.4 0.0113

V(� ) = V0(1 � cos(�=� )) 12.0 22.4 0.0061

V(� ) = V0(cosh( � )) � 1
12.0 22.4 0.0056

Table 9.4: The list of the dark energy phantom p otentials with the corresp onding values of

AIC , BIC and Bayes factor.

We investigated how tight the prior on the extra mo del parameters should b e for the

comp etitiveness of the dark energy mo dels (in the sense of the Bayes evidence) with the

standard � CDM mo del. We checked that the priors ranges of the mo del parameters include

the values of the mo del parameters from the p osterior ranges.

We numerically integrated the p osterior probability for all the mo dels, the results of this

integration are presented in Table 9.3 and Table 9.4. All these numb ers are normalized

relative to the �ducial � CDM mo del.
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9.4 � CDM Mo dels in the CPL Phase Space

To check how well the CPL parametrization approximates the dark energy mo dels, how

these mo dels are consistent with the � CDM mo del and how they di�er from each other, we

presented a set of the p ossible values of the EoS parameters, w0 and wa , for each dark energy

p otential in the CPL - � CDM phase space.

The mapping of the dark energy mo dels on the w0 � wa plane is shown in Fig. (9.4)

for the quintessence mo dels and in Fig. (9.5) for the phantom mo dels. In these �gures, the

curves represent the maximum ranges of the values of the EoS parameters, w(a) , for each

dark energy mo del in the w0 � wa plane. These CPL- � CDM contours at the 1 � , 2 � , and 3 �

con�dence levels were obtained by �tting the data H (z) , dA (z) and f (a)� 8(a) for each dark

energy mo del under study and for the � CDM mo del of the CPL parametrization.

In order to check how well the CPL parametrization, Eq. (6.46), describ es the dark energy

mo dels, we �nd the b est �t e�ective values of w0 � wa for a range of the free parameters

for each mo del. For an easy visual representation of this information, we chose a parameter

with resp ect to which the b est �t w0 and wa values are the most sensitive and plotted these

ranges within priors. These results are presented in Fig. (9.4) for the quintessence mo dels

and in Fig. (9.5) for the phantom mo dels.

In Fig. (9.4) we show that some of the dark energy mo dels are lo cated very close to the

� CDM mo del for a wide range values of the EoS parameter within our priors. The range

of the values of the EoS parameters for the Ferreira-Joyce, the inverse exp onent and the

Sugra p otentials is very small, it almost coincides with the value of the EoS parameter for

the � CDM mo del, ( w0 = � 1; wa = 0 ), therefore, these mo dels are absolutely imp ossible

to distinguish from the � CDM mo del. The values of the EoS parameter for the Chang-

Scherrer, the Ur�ena-L�op ez-Matos, and the Barreiro-Cop eland-Nunes p otentials are inside of

the 3 � con�dence levels of the CPL - � CDM contours. Thus, these p otentials cannot b e

distinguished from the standard � CDM mo del to day. The values of the EoS parameter for

the Ratra-Peebles, the Zlatev-Wang-Steinhardt, the Albrecht-Skordis, and the Sahni-Wang

p otentials are b eyond of the 3 � con�dence levels of the CPL - � CDM contours. This means

that dep ending on the value of the EoS parameter at the present ep o ch, these mo dels can

either b e distinguished or they cannot b e distinguished from the � CDM mo del to day.

The results obtained for the phantom p otentials are presented in Fig. (9.5). Obviously,

the values of the EoS parameter for the phantom quadratic p otential are outside of the

3 � con�dence levels of the CPL - � CDM contours, so this p otential cannot imitate the
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� CDM mo del to day. The EoS parameter curves for the pseudo-Nambu-Goldstone b oson,

the inverse hyp erb olic cosine, the exp onent, the Gaussian, the inverse square p ower p otentials

are partially at the 3 � con�dence levels of the CPL - � CDM contours and partly outside

of these b oundaries. Thus, these mo dels either can mimic the � CDM mo del to day or they

can also manifest themselves as the dark energy mo dels with a faster change of the EoS

parameter over time than the EoS parameter in the � CDM mo del. The curve of the EoS

parameter for the �fth p ower phantom p otential is within the 3 � con�dence levels of the

CPL - � CDM contours, so this mo del cannot b e distinguished from the � CDM mo del to day.

For each p otential we investigated whether a change in the value of one of the mo del

parameters (provided that the values of the other mo del parameters and the values of the

initial conditions are �xed) or a change in the values of the initial conditions (provided that

the values of the mo del parameters are �xed) leads to the maximum range of the values

of the EoS parameter. The result of this study is that we can divide all the considered

p otentials into two typ es: into the p otentials whose evolution dep ends on the values of the

initial conditions and into the p otentials whose evolution do esn't dep end on the values of the

initial conditions, i.e. , such p otentials have the attractor solutions. The �rst typ e includes

the following quintessence p otentials: the Zlatev-Wang-Steinhardt, the Sahni-Wang, as well

as the following phantom p otentials: the quadratic, the Gaussian, the �fth p ower, the inverse

square p ower. The second typ e includes the following quintessence p otentials

1

: the Sugra,

the Ur�ena-L�op ez-Matos, the Albrecht-Scordis, the Chang-Scherer, the Barreiro-Cop eland-

Nunes, as well as the following phantom p otentials: the pseudo-Nambu-Goldstone b oson,

the inverse hyp erb olic cosine, the exp onent.

9.5 Conclusion

Applying the phenomenological metho d develop ed by us, we reconstructed the dark energy

mo del of a scalar �eld, listed in Table 6.1 and in Table 6.2. Thus, we found the prior ranges

for the initial conditions and the mo del parameters. The results are summarized in Table

9.1 and in Table 9.2.

The constraints on the dark energy mo dels were obtained by comparing H (z) , dA (z) ,

f (a)� 8(a) data with the corresp onding data generated for the �ducial � CDM mo del. The

examples of the constraints for the Ratra-Peebles, the Zlatev-Wang-Steinhardt quintessence

1

The Ratra-Peebles p otential is in the privileged p osition in comparison with the other p otentials, since

for this p otential we considered a solution with the �xed initial conditions, Eq. (9.1). Thus, this p otential

was not considered in this study.
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Figure 9.4: The comparison of the p ossible w0 and wa values for the quintessence dark energy

p otentials with the CPL- � CDM 3 � con�dence level contours.

p otentials and for the inverse hyp erb olic cosine phantom p otential are shown in Figs. (9.1-

9.3).

We applied the Bayes statistical criteria to compare the mo dels, such as the Bayes factor,

as well as the AIC and BIC information criteria. To this end, we have integrated Eq. (9.7)

within the b oundaries corresp onding to the previously found ranges of the mo del parameters

given in Table 9.1 and in Table 9.2. The calculated values of AIC , BIC and Bayes factor

for all the dark energy mo dels are summarized in Table 9.3 and in Table 9.4. These numb ers

clearly demonstrated that if the � CDM mo del is the true description of dark energy, then

the full DESI data will b e able to strongly discriminate most of the scalar �eld dark energy

mo dels currently under consideration.

We investigated how the dark energy mo dels are mapp ed on the w0 � wa phase space of

the CPL- � CDM contours, see Fig. (9.4) and Fig. (9.5).

We found that the Ferreira-Joyce, the inverse exp onent, the Sugra, the Chang-Scherrer,

the Ur�ena-L�op ez-Matos, the Barreiro-Cop eland-Nunes quintessence mo dels and the �fth
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Figure 9.5: The comparison of the p ossible w0 and wa values for the phantom dark energy

p otentials with the CPL- � CDM 3 � con�dence level contours.

p ower phantom mo del cannot b e distinguished from the � CDM mo del for the present time.

Whilst the Ratra-Peebles, the Zlatev-Wang-Steinhardt, the Albrecht-Skordis, the Sahni-

Wang quintessence mo dels and the pseudo-Nambu-Goldstone b oson, the inverse hyp erb olic

cosine, the exp onent, the Gaussian, the inverse square p ower phantom mo dels can either

b e distinguished or cannot b e distinguished from the � CDM mo del to day. The quadratic

phantom mo del can b e absolutely distinguished from the � CDM mo del at the present ep o ch.

All the studied mo dels can b e divided into two typ es: on the mo dels whose evolution de-

p ends on the values of the initial conditions and into the mo dels whose evolution do esn't de-

p end on the values of the initial conditions. The �rst typ e includes the following quintessence

mo dels: the Zlatev-Wang-Steinhardt, the Sahni-Wang and also the phantom mo dels: the

quadratic, the Gaussian, the �fth p ower, the inverse square p ower. The second typ e includes

the following quintessence mo dels: the Sugra, the Chang-Scherrer, the Albrecht-Skordis, the

Ur�ena-L�op ez-Matos, the Barreiro Cop eland-Nunes, as well as the following phantom mo dels:

the pseudo-Nambu-Goldstone b oson, the inverse hyp erb olic cosine, the exp onent.
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Chapter 10

Mass Varying Neutrino Mo del

The coupled mo dels of dark matter and dark energy were develop ed to resolve the coincidence

problem in the standard � CDM mo del. Based on the essence of this problem, it follows that

dark matter and dark energy interacted with each other during their evolution. At the same

time, the assumed dark matter particles had the mass that varied over time.

One of the candidates for the role of dark matter can b e considered the relic neutrinos.

The neutrinos b elong to the class of leptons and can participate only in the weak gravita-

tional interactions. In addition, the neutrino has the mass. According to Planck 2015, the

value of the sum of neutrino masses at the present ep o ch is

P
m� < 0:23 eV under the

assumption that the � CDM mo del is correct, Ref. (Ade et al. (2016)). Fardon, Nelson and

Weiner elab orated the mechanism of the Varying Mass Particles (VAMPs). They applied

the VAMPs mechanism to the neutrinos, as a result of which the mo del of Mass Varying

Neutrino (MaVaN) was created, Ref. (Fardon et al. (2004)). In this mo del, the fermionic

�eld interacts with the b osonic scalar �eld via the Yukawa coupling. If initially (b efore in-

teraction) the relic neutrino is massless, then interacting with the scalar �eld the neutrino

will acquire the mass, which subsequently varies over time.

The MaVaN mo del is quite comp elling, since the cause of the neutrino mass emergence

is explained in this mo del. In addition, the coincidence problem is resolved in this mo del,

i.e. , the answer to the following question is given: "Why do the neutrinos (dark matter) and

dark energy have the comparable energy scales at the present ep o ch?"

The disadvantage of the MaVaN mo del is the instability of a �uid, which consists of the

neutrinos and dark energy. This instability is a consequence of the negative value of the

square of the sound sp eed in this medium. A negative value of the square of the sound sp eed

arises due to the exp onential growth of the scalar �uctuations, which leads to the exp o-
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nential clustering of the neutrinos, Refs. (Afshordi et al. (2005), Kaplinghat & Ra jaraman

(2007)). To get rid of this problem, the additional complications were intro duced into the

MaVaN mo del, for example, a multicomp onent scalar �eld was considered, Ref. (Takahashi

& Tanimoto (2007)). In the pap er Ref. (Chitov et al. (2011)), the authors studied the stable,

metastable and unstable phases of the MaVaN mo del and found a consistent solution for the

equilibrium condition.

In this work, we consider the inverse-p ower Ratra-Peebles scalar �eld p otential. This

p otential do es not have a non-trivial minimum. The fermionic mass is generated due to the

violation of the chiral symmetry in the Dirac sector of the Lagrangian. It is assumed that the

fermionic mass is obtained from the minimizing the total thermo dynamic p otential. At the

same time, the evolution of the mass is slow enough, so that the coupled system (fermions

and dark energy) to b e in the equilibrium at the temp erature of T(a) .

10.1 Interaction of the Scalar Field and Dirac Field

The Hamiltonian of the b osonic scalar �eld for the FLRW metric and the Euclidean action

of the b osonic scalar �eld are de�ned, resp ectively, as:

HB =
Z

a3d3x
h1

2
_� 2 +

1
2a2

(r � )2 + V(� )
i

(10.1)

and

SE
B =

Z �

0
d�

Z
a(t)3d3x

h1
2

� @�
@�

� 2
+

1
2a2

(r � )2 + V(� )
i

; (10.2)

where

R
d3x = V is a comoving volume; a3V = Vphys is a physical volume; V(� ) is a p otential

of the scalar �eld.

The Dirac Hamiltonian for the FLRW metric and the Euclidean action for the Dirac �eld

are presented, resp ectively, as:

HD =
Z

a3d3x � 
�

�
{
a


 � r + m�

�
 (10.3)

and

SE
D =

Z �

0
d�

Z
a(t)3d3x � (x; � )

�

 o @

@�
�

{
a


 � r + m� � �
 o
�

 (x; � ); (10.4)

where m� is the fermionic mass.
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The grand partition function is de�ned by the Grassmann functional integral:

ZD � Tr e� � (Ĥ � � Q̂) =
Z

D � D e� SE
D : (10.5)

Consider the interaction of the b osonic scalar �eld with the massless fermions via the Yukawa

coupling:

S = SE
B + SE

D

�
�
m � =0

+ g
Z �

0
d�

Z
a3d3x � �  ; (10.6)

where g is the dimensionless Yukawa coupling constant, g = 1 .

The Lagrangian for the Yukawa coupling is de�ned as:

L Yuk = � g � � : (10.7)

The path integral for the partition function in the interaction of the b osonic �eld with the

fermionic �eld:

Z =
Z

D� D � D e�S : (10.8)

The Grassmann �elds can b e formally integrated, Ref. (Chitov et al. (2011)):

Z =
Z

D� e�S (� ) =
Z

D� exp
�

� SE
B + log DetD̂ (� )

�
; (10.9)

where the Dirac op erator is de�ned as:

D̂ (� ) = 
 o @
@�

�
{
a


 � r + g� (x; � ) � �
 o: (10.10)

10.2 Saddle Point Approximation

The thermo dynamic p otential in the coupled mo del of the b osonic scalar �eld and the

fermionic �eld, Eq. (10.6), can b e found in the saddle p oint approximation, minimizing

the path integral, Eq. (10.9). We take into account that the b osonic scalar �eld at the

moment, � = � c , minimizes the action, S. This is the so-called classical �eld value:

� cr = h' i : (10.11)
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In this case, we can precisely determine the value of log detD̂ (� ) , where the fermions acquire

the mass:

m� = g� cr: (10.12)

At the moment � = � cr the partition function has the form:

Z �� = ZF e� �V V (� cr ) : (10.13)

In this case, the total thermo dynamic p otential, V�� (� cr) , is de�ned as:

V�� (� cr) = V(� cr) + V� (� cr); (10.14)

where

V�� = V0 �
1

3� 2

Z 1

0

dp p4

� (p)

�
nF (� + ) + nF (� � )

�
; (10.15)

here V0 is a thermo dynamic p otential for vacuum

1

; nF (x) is a Fermi distribution function:

nF (x) =
1

e�x + 1
: (10.16)

Let's ñonsider the approximation in the saddle p oint, � = � cr . This approximation will b e

a self-consistent if � cr minimizes the free energy. The conditions for the minimum of the

total thermo dynamic p otential, Eq. (10.14), at the saddle p oint (at �xed temp erature and

chemical p otential):

@V�� (� )
@�

�
�
�
�
�;� ;� = � cr

= 0;
@2V�� (� )

@�2

�
�
�
�
�;� ;� = � cr

> 0: (10.17)

Applying the �rst condition in Eq. (10.17) to the total thermo dynamic p otential, Eq. (10.14),

we get:

V 0(� cr) + g� s = 0; (10.18)

where � s is a fermionic density.

� s �
hN̂ i
V

=
@V�
@m

; (10.19)

here N̂ =
R

d3 p
� gx �  .

1

Henceforth, the values of the p otential, the pressure and the energy density will b e rede�ned with resp ect

to the corresp onding vacuum values as: V�� 7! V�� � F0; P� 7! P� � P0; � s 7! � s � � 0 .
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The fermionic density is de�ned as:

� s =
m
� 2

Z 1

0

dp p2

� (p)

�
nF (� + ) + nF (� � ) � 1

�
: (10.20)

10.2.1 Fermionic Potential

Consider the Dirac fermions, for which the numb er of the fermions and the antifermions

is the same, i.e. , the chemical p otential is zero, � = 0 . The fermions with zero chemical

p otential are describ ed by the Fermi distribution function, Eq. (10.16):

nF (E) =
1

e�E + 1
; (10.21)

where E is a physical fermionic energy, which is de�ned as:

E(p) =
p

m2
� + p2; (10.22)

here p is a fermionic momentum.

The fermionic p otential, V� , is completely determined by the fermionic pressure, p� :

V� = � p� = �
NF

3� 2

Z 1

0

p4dp
E(p)

[nF (E � ) + nF (E+ )];

= �
2NF

3� 2

Z 1

0

p4dp
E(p)(e�E + 1)

; � = 0; (10.23)

where NF is the numb er of the neutrinos sp ecies, NF = 3 ; � = 1=T and T = T� 0=a,

T� 0 = 1:9454 eV is a neutrinos temp erature at the present ep o ch

2

.

In Eq. (10.23), taking into account that E � = E(p) � � , if � = 0 , then nF (E � ) = nF (E+ ) .

Let's intro duce the new variables to the integral, Eq. (10.23): E = �E , dE = �dE , where

E
2

= � 2m2
� + � 2p2

, Eq. (10.22); pdp = E
� dE , p3 = (E

2
� � 2m2

� )3=2

� 3 = (E
2
� ' 2)3=2

� 3 . The new

b oundaries of the integration: for p = 0 , E = �m � = � and for p = 1 , E = 1 .

Eventually, Eq. (10.23) can b e rewritten as:

V� = � p� = �
2NF

3� 2

Z 1

'

(E
2

� ' 2)3=2

� 3E(eE + 1)

E
�

dE = �
2NF

3� 2� 4

Z 1

'

(E
2

� ' 2)3=2

eE + 1
dE: (10.24)

2

The neutrinos temp erature at the present ep o ch can b e obtained from the equation: T� 0 = (4 =11)1=3T
 0 ,

where T
 0 = T0 is a photons temp erature at the present ep o ch.
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10.2.2 Fermionic Energy Density

The total thermo dynamic p otential, V�� , is de�ned as:

V�� = V(� ) + V� (' ) = V� (� ) �
2NF

3� 2� 4

Z 1

'

(E
2

� ' 2)3=2

eE + 1
dE: (10.25)

We examine the Ratra-Peebles p otential for the b osonic scalar �eld:

V(� ) =
M � +4

�

� �
; (10.26)

where M � is a mass scale for the Ratra-Peebles p otential.

From the condition of the minimizing the total thermo dynamic p otential, Eq. (10.18),

we have:

� s =
@V�
@m�

= �
1
g

@V�
@�

: (10.27)

Di�erentiating Eq. (10.24), we obtain the equation for the fermionic density:

� s = �
@V�
@'

=
2NF

3� 2� 4

Z 1

�m �

3
2

2� 2m� (E
2

� (�m � )2)1=2

eE + 1
dE;

=
2NF m�

� 2� 2

Z 1

�m �

(E
2

� (�m � )2)1=2

eE + 1
dE : (10.28)

Eq. (10.28) can b e rewritten as:

� s =
2NF

3� 2� 4

Z 1

�

3
2

2�� 2(E
2

� �
2
)1=2

eE + 1
dE =

2NF �
� 2� 3

Z 1

�

(E
2

� �
2
)1=2

eE + 1
dE : (10.29)

10.3 Mass Equation

Plugging Eq. (10.26) into Eq. (10.18), we get:

�M � +4
�

� � +1
= g� s ) � M �

� +4
g� = � 3�

� +1
� s; (10.30)

here � = �m � = g�
T ; M � � M �

T .

Substituting Eq. (10.29) into Eq. (10.30), we obtain the mass equation:

� M �
� +4

g� = � 3�
(� +1) 2NF �

� 2� 3

Z 1

�

(E
2

� �
2
)1=2

eE + 1
dE ; (10.31)
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�� 2g� M �
� +4

2NF
= I � (� ); I � (� ) = �

(� +2)
Z 1

�

(E
2

� �
2
)1=2

eE + 1
dE : (10.32)

The numerical solutions of Eq. (10.32), which dep end on the parameter � , are shown in

Fig. (10.1).
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Figure 10.1: The solutions of the mass equation, Eq. (10.32), for the di�erent values of the

� parameter.

10.4 Energy Balance in the Universe to the Critical Point

We are considering a �at universe, which implies the equality of the total energy density and

the critical density: � tot = � cr . Namely:

� tot = � 
 0a� 4 + � m0a� 3 + � couple =
3H 2

8�G
: (10.33)

Equally, the total energy density can b e represented as:

� tot =
7� 2NF

60
T4: (10.34)

The energy density for the photons is de�ned as:

� 
 =
� 2

15
T4 =

� 2

15
T4

0 (1 + z)4: (10.35)
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From Eq. (10.35) and Eq. (10.34) we get

3

:

� tot � � 
 + � couple �
� 2

15

�
1 +

7NF

4

�
: (10.36)

Hence, we have:


 couple =
7NF

4 + 7NF
= 0:84; 
 
 =

4
4 + 7NF

= 0:16: (10.37)

The energy density parameters for the photons, the matter and the neutrinos-dark energy

�uid dep ending on redshift are presented in Fig. (10.2). The evolution of the energy density

Figure 10.2: The dep endence of the energy density parameters for the photons, the matter

and the neutrinos-dark energy �uid on redshift. The value of z? denotes the ep o ch of the

matter and dark energy equality.

parameters was calculated from the moment 1 + z = 107
, i.e. , starting with the temp erature

T � 2:35 KeV to the present ep o ch. Thus, the values of the temp erature are lower than the

value of the temp erature at the ep o ch of the electron-p ositron pairs annihilation, the value

of which is Te = 0:5 MeV, see Fig. (10.2).

3

At the high temp eratures, the value of which are in the range, Teq � T < T e , where Teq is the temp era-

ture in the universe at the moment of the matter energy and dark energy equality; Te is the temp erature at

the ep o ch of the electron-p ositron annihilation. We can ignore the contribution of the matter energy density

to the total energy density, since the matter is a sub dominant during this p erio d of time.
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10.5 Joint Solution of the First Friedmann's and the Scalar

Field Equations

10.5.1 Relativistic Neutrino Before the Critical Point

At the values of the scale factor a < acr , the fermionic and b osonic �elds do not interact

with each other, therefore, the neutrinos remain relativistic and, accordingly, the neutrinos

have no mass,

P
m� = 0 .

For this p erio d of time, the total p otential, the energy density and the pressure for the

scalar �eld and the relativistic neutrinos can b e written, resp ectively, as:

V = V� �
2NF

3� 2� 4

Z 1

'�

(E
2

� ' 2� 2)3=2

eE + 1
dE; (10.38)

� =
_� 2

2
+ V� +

2NF

� 2� 4

Z 1

'�

E
2
(E

2
� ' 2� 2)1=2

eE + 1
dE; (10.39)

p =
_� 2

2
� V� +

2NF

3� 2� 4

Z 1

'�

(E
2

� ' 2� 2)3=2

eE + 1
dE: (10.40)

The �rst Friedmann's equation and the scalar �eld equation for the values of the scale factor

a < acr are presented, resp ectively, as:

� _a
a

� 2
= H 2

0

�

 r 0a� 4 + 
 m0a� 3 +

1
� cr

�
V� +

_� 2

2
+

2NF

� 2� 4

Z 1

'�

E
2
(E

2
� ' 2� 2)1=2

eE + 1
dE

��
; (10.41)

•� + 3
_a
a

_� +
@V�
@�

+
2'N F

� 2� 3

Z 1

'�

(E
2

� ' 2� 2)1=2

eE + 1
dE = 0: (10.42)

Taking into account that a < acr :

' = m� = 0 and

Z 1

'

E
2
(E

2
� ' 2� 2)1=2

eE + 1
dE =

Z 1

0

E
3

eE + 1
dE =

7� 4

120
: (10.43)

Therefore, the equations, Eq. (10.41) and Eq. (10.42), can b e rewritten as:

� _a
a

� 2
= H 2

0

�

 r0a� 4 + 
 m0a� 3 +

1
� cr

�
V� +

_� 2

2
+

7� 2NF

60� 4

��
; (10.44)

•� + 3
_a
a

_� +
@V�
@�

= 0: (10.45)
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10.5.2 Neutrino Masses Evolution after the Critical Point

At the critical p oint, the total thermo dynamic p otential reaches its equilibrium and, there-

fore, has a minimum value, as a result of which the neutrinos acquire the mass. After this

p oint, the mass of the neutrinos varies over time. The b ehavior of the neutrinos ob eys the

law of change of the matter dep ending on the scale factor, i.e. , the neutrinos energy density

varies as, � � / a� 3
for a � acr .

The total p otential, the energy density and the pressure for the interaction of the neu-

trinos and the scalar �eld are presented, resp ectively, as:

Vcouple = V� + �� cr

� acr

a

� 3
; (10.46)

� couple =
_� 2

2
+ V� + �� cr

� acr

a

� 3
; (10.47)

pcouple =
_� 2

2
� V� � �� cr

� acr

a

� 3
: (10.48)

The EoS for interaction of the neutrinos and the scalar �eld:

wcouple �
pcouple

� couple
=

_� 2

2 � V� � �� cr

�
acr
a

� 3

_� 2

2 + V� + �� cr

�
acr
a

� 3 : (10.49)

The matter energy density parameter, 
 m , and the dark energy density parameter, 
 � , are

de�ned, resp ectively, as:


 m(a) =

 m0a� 3

E 2(a)
; (10.50)


 � (a) =

_� 2

2 +
M � +4

�

� � + �� cr

�
acr
a

� 3

E 2(a)� cr0
: (10.51)

The �rst Friedmann's equation and the scalar �eld equation are represented, resp ectively,

as:

H = H0

�

 m0a� 3 +

1
� cr0

�
V� +

_� 2

2
+ �� cr

� acr

a

� 3�� 1=2
; (10.52)

•� + 3H _� +
@V�
@�

+ � cr

� acr

a

� 3
= 0: (10.53)
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The mass scale, M � , is calculated as:

M � = ( � � � �� )
� +1
� +4 � � �

cr T
� 3�
� +4

0 ; (10.54)

where � �� is the energy density for the matter and the neutrinos-dark energy �uid at the

present ep o ch; � � � cr = m � (acr )
Tcr

, where � = � + 5=2, m� (acr) is the value of the sum of

neutrino masses at the critical p oint, Tcr is the value of the neutrinos temp erature at the

critical p oint.

The value of the neutrinos energy density at the critical p oint is de�ned as:

� cr = M 3
� �

� � cr

�

� � +1
; (10.55)

where

� cr =
� p

2
�� 3=2

� � exp� �
� 1

� +4
(10.56)

and

� cr =
� p

2� � e� �

�� 3=2

� 1
� +4

: (10.57)

10.5.3 Results

We numerically integrated Eq. (10.52) and Eq. (10.53). The results of these calculations are

presented in Table 10.1 and in Fig. (10.3).

� acr m� (acr) eV m� (a0) eV

10� 5 0:00440 0:13366 0:13541

10� 4 0:00240 0:23779 0:23853

10� 3 0:00140 0:42491 0:42525

10� 2 0:00070 0:79610 0:79636

10� 1 0:00020 2:44842 2:44891

0:2 0:00010 5:32040 5:32085

0:3 0:00006 10:57513 10:57546

0:4 0:00003 20:02527 20:02550

0:5 0:00002 36:60875 36:60890

Table 10.1: The value of the scale factor at the critical p oint, acr , the value of the sum of

neutrino masses at the critical p oint, m� (acr) , the value of the sum of neutrino masses to day,

m� (a0) , dep ending on the value of the mo del parameter � .

In Table 10.1 we present the values of the scale factor at the critical p oint, acr , the
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Figure 10.3: The evolution of the neutrino masses, m� , for the value of the parameter

� = 0:0001.

values of the sum of neutrino masses at the critical p oint, m� (acr) , the values of the sum of

neutrino masses to day, m� (a0) , dep ending on the value of the mo del parameter, � . With an

increase in the value of the mo del parameter, � , i.e. , with the strengthening of the scalar

�eld p otential: i) the value of the scale factor at the critical p oint, acr , decreases, thus, the

moment of the scalar and fermionic �elds interaction o ccurs at the earlier time; ii) the value

of the initial sum of neutrino masses and, accordingly, the �nal value of the sum of neutrino

masses increases.

The evolution of the neutrino masses for the value of the mo del parameter � = 0:0001

is shown in Fig. (10.3). The evolution of the matter energy density parameter, 
 m , and

the energy density parameter of the neutrinos-dark energy �uid, 
 couple , for the value of

the mo del parameter � = 0:0001 is presented in Fig. (10.4) (left panel). The moment of

the matter and dark energy equality o ccurs at the value of the scalar factor a = 0:75. The

evolution of the EoS parameter in the interaction of the neutrinos and the scalar �eld for

the value of the mo del parameter � = 0:0001 is shown in Fig. (10.4) (right panel). With the

given value of the mo del parameter � , the scalar �eld is very weak. Therefore, after reaching

the critical p oint, the value of the EoS parameter tends to wcouple � � 1.

10.6 Conclusion

Studying the MaVaN mo del:

1. The analysis was carried out and the approximation was found for the p ossible values
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Figure 10.4: Left panel: the evolution of the matter energy density parameter, 
 m , and

the neutrinos-dark energy density parameter, 
 couple , for the value of the mo del parameter,

� = 0:0001. Right panel: the EoS parameter, wcouple (a), dep ending on the value of the scale

factor for the value of the mo del parameter � = 0:0001.

of the matter energy density parameter, the energy density parameter for the photons

and the energy density parameter for the �uid, which consists of the neutrinos and dark

energy.

2. The system of the di�erential equations, which describ es the dynamics of the universe in

the MaVaN mo del, were obtained: i) until the moment of the neutrinos interaction with

the scalar �eld, ii) from the b eginning of the neutrinos interaction with the scalar �eld to

the present ep o ch.

3. We calculated the value of the scale factor and the value of the sum of neutrino masses at

the critical p oint, as well as the value of the sum of neutrino masses at the present ep o ch

dep ending on the value of the mo del parameter � of the Ratra-Peebles p otential.

4. In our future research, we are going to test this mo del using various observational data.
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Chapter 11

Conclusion

This thesis is devoted to the study of the scalar �eld � CDM mo dels. The detailed description

of these investigations is presented b elow.

I. We investigated the various prop erties of the Ratra-Peebles � CDM mo del compared to

the � CDM mo del:

1. We studied the dynamics of the universe in the Ratra-Peebles � CDM mo del dep end-

ing on the value of the mo del parameter � . An increase in the value of the parameter

� causes a stronger time dep endence of the scalar �eld, � , its time derivative,

_� , as

well as the EoS parameter, w , and its derivative with resp ect to the scale factor,

dw=da.

2. We found that the Ratra-Peebles � CDM mo del di�ers from the � CDM mo del in

numb er of characteristics that do not dep end on the value of the mo del parameter,

� . These characteristics are generic to the class of the � CDM quintessence mo dels

of the freezing typ e:

a) In the � CDM mo dels, the expansion rate of the universe is always greater than

the expansion rate in the � CDM mo del.

b) The domination of the dark energy ep o ch in the � CDM mo dels b egins earlier than

in the � CDM mo del (provided that the other cosmological mo del parameters are

�xed).

c) The Ratra-Peebles � CDM mo del and the � CDM mo del di�er in their predictions

for the growth rate of the matter density �uctuations in the universe: the � CDM

mo del predicts a slower growth rate of the matter density �uctuations than in

the � CDM mo del.
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d) The value of the Linder 
 -parametrization in the � CDM mo del increases with

an increase in the value of the mo del parameter � . The value of the Linder


 -parametrization in the � CDM mo del is greater than in the � CDM mo del.

e) We de�ned the b oundaries of the applicability for the Linder 
 -parametrization

in the Ratra-Peebles mo del, z 2 (0; 5). The applicability of the Linder 
 -

parametrization is terminated later in the � CDM mo del than in the � CDM

mo del.

I I. We constrained the 
 m and � mo del parameters in the Ratra-Peebles � CDM scalar

�eld mo del using various observations:

a) Applying only the observations of the growth rate function, there is a strong degen-

eracy b etween the mo del parameters 
 m and � . It means that with an increase in

the value of the parameter 
 m , the larger values of � parameter are allowed. In this

case, it is imp ossible to �nd a constraint on the value of the parameter � .

b) The degeneracy is eliminated after combining the constraints on the observations of

the growth rate function, the constraints on the distance-redshift ratio of the BAO

observations and prior distance from CMBR.

c) As a result, we obtained the constraints on the mo del parameters in the Ratra-

Peebles � CDM scalar �eld mo del: 
 m = 0:30 � 0:04 and 0 � � � 1:30 at 1�

con�dence level. The b est �t value for the mo del parameter � is � = 0:00.

I I I. We studied the scalar �eld � CDM mo dels: ten quintessence mo dels and seven phantom

mo dels:

1. We reconstructed these mo dels using the phenomenological metho d develop ed by us.

Resulting in, for each p otential the following ranges were found: i) the mo del pa-

rameters, ii) the EoS parameters, iii) the initial conditions for di�erential equations,

which describ e the dynamics of the universe.

2. Using the MCMC analysis, we obtained the constraints on the scalar �eld mo dels

by comparing the observations for: the expansion rate of the universe, the angu-

lar diameter distance and the growth rate function with the corresp onding data,

generated for the �ducial � CDM mo del.

3. We applied the Bayes statistical criteria to compare the scalar �eld mo dels. To this

end, we calculated the Bayes factor, as well as the AIC and BIC information criteria.
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The results of this analysis showed that the DESI data cannot uniquely distinguish

b etween the scalar �eld mo dels under the assumption and that the � CDM mo del is

a true dark energy mo del.

4. We investigated the scalar �eld mo dels in the w0 � wa phase space of the CPL-

� CDM contours. We identi�ed the sub classes of the quintessence and the phantom

scalar �eld mo dels, which at the present ep o ch: i) can b e distinguishable from the

� CDM mo del, ii) cannot b e distinguishable from the � CDM mo del, iii) can b e either

distinguishable or indistinguishable from the � CDM mo del.

5. Moreover, we found that all the studied mo dels can b e divided into two classes: the

mo dels that have the attractor solutions and the mo dels whose evolution dep ends

on the initial conditions.

IV. Investigating the MaVaN mo del:

1. The analysis was carried out and the approximation was found for the p ossible

values of the matter energy density parameter, the energy density parameter for

the photons and the energy density parameter for the �uid, which consists of the

neutrinos and dark energy.

2. The di�erential equations, which describ e the dynamics of the universe for the Ma-

VaN mo del, were obtained: i) until the moment of the neutrinos interaction with

the scalar �eld, ii) from the b eginning of the neutrinos interaction with the scalar

�eld to the present ep o ch.

3. The value of the scale factor and the value of the sum of neutrino masses at the

critical p oint, as well as the value of the sum of neutrino masses at the present

ep o ch were calculated dep ending on the value of the mo del parameter � in the

Ratra-Peebles p otential.

155



Chapter 12

Future Pro jects

The future pro jects include:

1. The study of the neutrinos in�uence on the large-scale structure formation of the universe

in the MaVaN mo del. The investigation of the neutrinos clustering in the MaVaN mo del

in the interaction of the neutrinos with the scalar �eld.

2. The investigation of the non-�at in�ationary � CDM scalar �eld mo dels, Refs. (Ratra &

Peebles (1995), Ratra (2017)). Carrying out the Fisher matrix analysis and more ad-

vanced Dali matrix analysis to study these mo dels.

3. The exploration of the mo di�ed gravity mo dels.

4. The investigation of the large-scale structure of the universe in the mo di�ed gravity

mo dels.
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