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CMB anisotropies due to cosmological magnetosonic waves

Tina Kahniashvili"*>* and Bharat Ratra""’

]Department of Physics, Kansas State University, 116 Cardwell Hall, Manhattan, Kansas 66506, USA
2CCPP, Department of Physics, New York University, 4 Washington Place, New York 10003, USA
3National Abastumani Astrophysical Observatory, 2A Kazbegi Ave, GE-0160 Thilisi, Georgia, USA

(Received 7 November 2006; published 10 January 2007)

We study scalar mode perturbations (magnetosonic waves) induced by a helical stochastic cosmological
magnetic field and derive analytically the corresponding cosmic microwave background (CMB) tem-
perature and polarization anisotropy angular power spectra. We show that the presence of a stochastic
magnetic field, or an homogeneous magnetic field, influences the acoustic oscillation pattern of the CMB
anisotropy power spectrum, effectively acting as a reduction of the baryon fraction. We find that the scalar
magnetic energy density perturbation contribution to the CMB temperature anisotropy is small compared
to the contribution to the CMB E-polarization anisotropy.
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L. INTRODUCTION

A promising explanation for observed uniform magnetic
fields in galaxies is that they are the amplified remnants of
a seed cosmological magnetic field (for reviews see
Refs. [1]) generated in the early Universe [2,3]. A seed
magnetic field may have an helical part [4]. Magnetic
helicity plays an important role in magnetohydrodynami-
cal processes in the primordial plasma as well as in cos-
mological perturbation dynamics; In particular, magnetic
helicity influences the inverse cascade mechanism—when
energy is transferred from small to large scales—[5], and
as a result affects large-scale magnetic field formation [6].

The average energy density and helicity of the magnetic
field must be small to be consistent with the observed
large-scale spatial isotropy of the Universe. In this case
the linear theory of gravitational instability can be used to
study perturbation dynamics [7-10]. A cosmological mag-
netic field induces scalar, vector and tensor perturbations
[9]. At linear order each mode evolves separately. (At
second order the modes are coupled and this results in
non-Gaussian effects [11]).

The vector (vorticity) and tensor (gravitational waves)
perturbation modes induced by a cosmological magnetic
field have attracted a lot of interest [12—20]. This is
partially because they give rise to a B-polarization CMB
anisotropy signal, which vanishes for density (scalar mode)
perturbations at linear order. Any cosmological signature
of a primordial magnetic field is a potential probe (for a
short review see Ref. [21]). For example, the limit on
a chemical-potential-like distortion of the CMB Planck
spectrum leads to a limit on a cosmological magnetic
field of order 1078-10"° Gauss on 1-500 kpc length-
scales [22]. Similar limits on a cosmological magnetic field
generated during inflation [3] are obtained from CMB
temperature and polarization anisotropy and non-
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Gaussianity data from vector and tensor perturbation
modes [23].

On the other hand, the scalar mode of magnetically
driven perturbations also has a significant effect on CMB
fluctuations: fast magnetosonic waves shift the CMB tem-
perature anisotropy power spectrum acoustic peaks [24—
26]. In this paper we present a systematic treatment of
scalar magnetized perturbations that complements earlier
work [10,19,24-30]. Using the total angular momentum
formalism [31] and analytical approximation techniques
described in Ref. [14] we obtain analytical expressions for
CMB temperature and polarization anisotropies.

Reference [27] presents numerical computations of sca-
lar CMB temperature and polarization anisotropies in the
case of a stochastic cosmological magnetic field with
magnetic field power spectral indices nz = 1, 2, 3. Here
we consider a general cosmological magnetic field and
contrary to Ref. [27] we account for the Lorentz force
term in the Euler equation for baryons, in accord with the
analyses of Refs. [9,10,19]. The main new results are
approximate analytical expressions for the CMB fluctua-
tions. This analysis allows us to identify two different
effects arising from the magnetic field: (i) a rescaling of
the photon-baryon fluid sound speed (that is responsible for
the shift of the CMB acoustic peaks); and, (ii) effects from
nonzero magnetic anisotropic stress (that is responsible for
the additional CMB E-polarization anisotropy signal).

The rest of this paper is organized as follows. In the next
Section we describe the magnetic field, including the
power spectrum, the anisotropic stress tensor, and its con-
nection with the scalar (longitudial) part of the Lorentz
force. We present analytical expressions for two-point
correlations functions of the magnetic field energy density,
the scalar part of the Lorentz force, and the magnetic field
anisotropic stress. In Sec. III we derive the equations that
govern scalar magnetic perturbations (the Einstein and
matter conservation equations) and discuss general solu-
tions and the initial conditions we adopt. In Secs. IV, V, and
VI we use semianalytical approximations to compute CMB
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temperature and polarization anisotropies (as well as cross-
correlations between temperature and E-polarization an-
isotropies). We conclude in Sec. VII.

II. MAGNETIC FIELD STATISTICAL PROPERTIES

A. Power spectrum

We assume the presence of a Gaussianly-distributed
stochastic helical cosmological magnetic field generated
during or prior to the radiation-dominated epoch, with the
energy density of the field a first-order perturbation to the
Friedmann-Lemaitre-Robertson-Walker (FLRW) homoge-
neous cosmological spacetime model. We neglect fluid
back-reaction onto the magnetic field, therefore the spatial
and temporal dependence of the field separates, B(z, x) =
B(x)/a’. Here a(t) is the cosmological scale factor, nor-
malized to unity at the present time 7y, and B(x) is the
magnetic field at the present time. Since the magnetic field
energy density is first order, the magnetic field is 1/2 order.

Smoothing on a comoving length A with a Gaussian
smoothing kernel « exp[ —x?/A?], we obtain the smoothed
magnetic field with mean squared magnetic field B,% =
(B(x) - B(x))|, and mean squared magnetic helicity
H,?> = A(B(x) - [V X B(x)])|, [16,18]. Corresponding
to the smoothing length A is the smoothing wavenumber
ky = 2m/A. We use

B,(k) = f Pxe® B (x),

dk
Bj(x):f(ZW)3 e~

when Fourier transforming between position and wave-
number spaces. We assume flat spatial hypersurfaces (con-
sistent with current observational indications, e.g.,
Ref. [32]).

We also assume that the primordial plasma is a perfect
conductor on all scales larger than the Silk damping wave-
length Ag (the thickness of the last-scattering surface) set
by photon and neutrino diffusion. On much smaller scales
we model magnetic field damping by an ultraviolet cutoff
wavenumber k, = 277/Ap that is due to the damping of
Alfvén waves from photon viscosity [29,30] (see Eq. (1) of
Ref. [18]); here Ap <K Ajg.

Under these assumptions the magnetic field two-point
correlation function in wavenumber space is

(BX(K)B;(K")) = 2m)* 6% (k — K')[P;;(K)Py(k)
+ i€k Ppy(k)] )

ey

ik-x Bj (k),

Here i and j are spatial indices, i, j € (1,2, 3), 12,- =k;/ka
unit wavevector, P; j(ﬁ) =0, — lé,-léj the transverse plane
projector, €;;; the antisymmetric symbol, and §®(k — k)
the Dirac delta function. The power spectra of the sym-
metric and helical parts of the magnetic field, Pz(k) and
Py(k), are assumed to be simple power laws on large scales
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27\ B3
Pyk) = Pyoks = — =" 224 (\k)ms
2772/\31{2
Py(k) = Pyok™ = ——— "X _(\k)", k<kp,
(k) HOK™ F(nH/2+2)( ) D
3)

and vanish on small scales where k > kp. The spectral
indexes np and ny are constrained by the requirement of
finiteness of mean magnetic field energy density (ng >
—3) and mean magnetic helicity (ny > —4) in the infrared
region at small k. In addition, causality requires Pg(k) =
| Py (k)| (the Schwartz inequality), [33].

B. Anisotropic stress-energy tensor

We consider the effects of a cosmological magnetic field
on the CMB at high redshift when the Universe is hot and
the plasma a good conductor. As a result the magnetic field
lines are dragged by the matter fluid and this generates a
weak “frozen” electric field E = —v X B, where v is the
perturbed (first order) 3-velocity of the fluid. We neglect
this weak electric field in what follows since the energy
density of this electric field contributes at third order in the
perturbation expansion. At the current time, the space-
space part of Maxwell stress-energy tensor for the mag-
netic field is

“B(x, 7o) = [B (x)B;(x) - ai,Bz(xq, @)

where 7 is the current value of conformal time n =
[ dt/a(t). The energy density and the anisotropic trace-
free part of the space-space components of the stress-
energy tensor of the magnetic field at the current time are

1
pr(X, M) = —Bz(X) —7"(x, 99), )

1
0 m) = | BB — 5 5,5%) |
1
= Tgf)(x, 79) — 3 8,7 (X, M), (6)
where 7 = 6,]7'83). Both pg(x, 9) = pp(x, n)a* and

(A)(X 1) = T(A)(X, n)a* are quadratic in the magnetic
ﬁeld and their Wavenumber—space transforms are convo-
lutions of the magnetic field

1 d*p

2y B,(p)B,(k — p),

)

ppk, o) = —7"(k, 99) =
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1 &
75’;‘)(k, No) = yp #[Bi(p)Bj(k -p)
- %BijBl(p)Bl(k - p)} ®)

We assume that Eq. (6) is a first-order perturbation and
decompose it into scalar, vector, and tensor parts, Tﬁ?)(x) =

1 (x) + M (x) + {7 (x) [7,28]. This decomposition
is more conveniently done in wavenumber space. We use
projection operators and find Hg;/)(k) = [Pl-b(lA()lgj +
ij(ﬁ)lgi]lgafah(k) (for the vector part) [14,18] and
D (k, 10) =[Piu(R)P 5 (k) = Py (K)P 5 (K) /2175 (K, mo)
(for the tensor part) [14,16]. The scalar parts of pp and rj.f )

determine the scalar part of the magnetic source. The scalar

(S) . A A
part I1;7’ (k) has to be proportional to k;k; — §;;/3 [7], so
we define
%) =2 (B, - L5, JTO®K) 9)
ij >\ Kiki ~ 39 :

Here the scalar I19(k, ) = II®)(k, n,)/a* is associated
with the anisotropic stress of the magnetic field. (At lead-
ing order the isotropic pressure has the same time depen-
dence, pg(x, n) = pg(x, ny)/a*, and is related to the
magnetic  field energy density by pp(x,m) =
ps(x, m)/3.) It is straightforward to determine IT)(k)

by applying &,k,, — 8,,/3 on Tim(K), i..,

IO (K) = &,k im(K), (10)

where we use 5,,,,,7'5,’3,), = 0. Our IIY(k, 710) is related to
the 7¥(k, n,) of Ref. [11] through ¥ (k, n,) =
3119 (K, 10)/2.

The scalar IT1¢ is related to the scalar part of the Lorentz
force L(x, ny) = —[B(x) X (V X B(x))]/(47) and the
isotropic pressure pg(x, o). We introduce a scalar LS
defined by L9 (x, 7o) = V;,LO(x, 1), where L' is the
scalar part of the Lorentz force. Using the Maxwell equa-
tion V - B = 0, the Lorentz force is

Litx o) = 7= BB~ VB0 | an

and the corresponding scalar part is derived through the
scalar

VZL(S)(X, 7]0) = viLE'S)(Xr T’O)
— [ (ViB,00)9B,00) - ;VZB%«)}
(12)

where V2 = V,V, is the Laplace operator and we have
used V - B = 0. In position space Eq. (10) reads
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VIO (x, mg) = 1 [ V.9, 8:005,0x0) - §v232<x>}
(13)

and comparison with Eq. (12) results in
menw=&§§@+L®mn@ (14)

the analog of Eq. (5.44) of Ref. [10].

Since we consider a stochastic magnetic field we present
here various correlations and averages of the magnetic
source for scalar perturbations. The wavenumber-space
scalar two-point correlation function is

(IO (k, 1) IO, 7)) = 2)* [Tk, 7o) 2
X 8% (k — k'), (15)

where the power spectrum |IT¢)(k, 5,)|? depends only on
k = |K|. (The vector and tensor two-point correlation func-
tions are given in Refs. [14,16—18].) Two-point correlation
functions of the magnetic field energy density and the
scalar part of the Lorentz force are defined in a similar
manner,

<P§(k, 10)pp(k’, m9)) = (277)3|P3(k’ 770)|25(3)(k — k'),
(16)

(L™ (k, ) LO(K', m0)) = @) ILO (K, 7o)
X 6G)(k — K/). (17)

Note that L®(x, n) is related to F(x, 5) of Ref. [9]
through V2LO(x, ) = F(x, )/(4m), so K*LO(k, n) =
—F(k, )/ (@)

The scalar power spectra [I1®)(k)[%, |pg(k)|?, and
|[LO)(k)|? are determined by the symmetric part of the
magnetic field power spectrum Pg(k) and do not depend
on the magnetic helicity spectrum Py(k) (also see
Ref. [11]),

1
|H(S)(k)|2=Wfd3p1)3(p)PB(|k _P|)

X[9(1—=yH)(1 =B —6(1+yuB—y*— B

+(1+u?)] (18)
s = e [ & pPy(p)Py(lk — p)(1 + 12),
(19)
LW = f & pPy(p)Py(Ik — pl)
X [4yB(yB — w) + (1 + u?)] (20)
Here y= k- p, B=k-(k—p)/klk —pl), and

uw=p-(k—p)/(plk —pl). The relations to the two-
point correlation functions given in Ref. [11] are
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(T*(K)7(k") = (p5(K)pp(k") and (T(k)75(k')) =
WME* (k)T (k)/4; 7(k) and 75(k) are given in
Egs. (2.15) of Ref. [11].

Using the power law magnetic field power spectrum of
Eq. (3), we can obtain expressions for the power spectra
ITIS k)2, |pp(k)|?, and |[LO(k)|? in the semianalytical
approximation where we divide the integration range into
p <k and p > k parts and consider two limiting ranges
p K kand p > k [14,16,18]. In particular, the magnetic
energy density correlation power spectrum is

3(kpA)?s+303 B
322ng + 3)P2(ng/2 + 3/2)
ng k \2nz+3

X1+ — . 25

[ ng +3 (kD> } *
For ny > —3/2 this expression is dominated by the cutoff
scale kp, and for large kp, it does not depend on &, while for
ng <3/2 we get |pg(k, n)|* = k53, It can be shown
[14] that |pg(k, mo)l* = IILS) (k, mo)I*/8 = |L'S (k, mo)I?
and |pp(k, o) = 9L (k, no)|? /4.2

Increasing magnetic helicity reduces the vector part of
Wy
1

lpp(k, mo)* =

Lorentz force two-point correlation function (LE-
([9,18]; this reduces parity-even CMB fluctuations
[16,18]), but leaves the scalar part unchanged (JL|? is
independent of magnetic helicity). In contrast,
Refs. [9,10,27] neglect the Lorentz force for a maximally
helical magnetic field. They argue as follows: since (B -
(V X B)) is maximal, the average of the Lorentz force o

"The power spectrum |pg(k)[* is related to the two-point
correlation function of the energy density of the magnetic field.
By definition the r.m.s. magnetic field energy density pE™ is

[P%ms(ﬂo)]z = (pp(x)pp(x)) = # jooo dkk2|PB(ky 770)|2-

€2y

Replacing the upper limit of integration by the cutoff scale kp
and using Eq. (25) below, we find

n + 6B3(kpA)st3
8v2(n + 3wl (ng/2 + 3/2)

ps(ng) differs from the average magnetic energy density g
(pp) which is determined by the power spectrum Eg(k)
k*Py(k)/

P (o) = (22)

1 1 0
p 5(no) = —(B/(x)B(x)) = — dkEp(k), (23)
8 87 Jo
which, using the cutoff scale kp, gives

B%\(kD/\)nB-FS .
47(ng + 3)(ng/2 +3/2)°
forng = —3, pp(no) = B3/(87). We note, in particular, that the
average Lorentz force vanishes but the r.m.s. Lorentz force is not
zero.

It may be shown that L) = —2/2p,/3 =~ —pj and 11 =
—2p3/3.

P 5(n0) = (24)
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(B X (V X B)) for a such field is minimal or even zero—
this is a valid approximation for a homogeneous field, and
results in the force-free approximation [9]—nbut this is not
applicable for a stochastic field. In the case of a stochastic
field the average Lorentz force is zero (as is the average
magnetic field itself) but the Lorentz force two-point cor-
relation is nonzero (see footnote 2 above). This affects
stochastic peculiar motions (vorticity perturbations) of
charged particles [18], and, as we show below, the dynam-
ics of density perturbations also. In the stochastic field case
the force-free approximation should be used with caution.

III. SCALAR MAGNETIC PERTURBATIONS

In this section we study the dynamics of linear magnetic
energy density perturbations about a spatially-flat FLRW
background with scalar metric fluctuations. The metric
tensor can be decomposed into a spatially homogeneous

background part and a perturbation part, g,, =

gﬁ% + 0g,,; Greek letters are used for spacetime indices,

u, v € (0, 1,2, 3). For a spatially-flat model, and working
with conformal time, the background FLRW metric gﬁ% =
a*n,,, where 7, = diag(—1,1,1,1) is the Minkowski
metric tensor. Scalar perturbations are gauge dependent
because the mapping of coordinates between the perturbed
physical manifold and the background is not unique. We
work in Newtonian (longitudinal) gauge in which the
metric tensor is shear free [8]. Scalar perturbations to the
geometry are then described by two scalar gravitational
potentials ¥ and ® where
8gg)) = —2a°V, ngf) = 2a2CI>8,-j. (26)
In this gauge, neglecting vector and tensor fluctuations, the
line element ds? = a*(n)[—(1 +2¥)dn? + 5,;(1 +
2®)dx'dx/].
Matter perturbations are described by the perturbation of
the complete stress-energy tensor, 67}, which is the sum of
the perturbed fluid and electromagnetic stress-energy ten-

Sors, 57/’1 = Zf(STJ’ﬁM + Tf,f)y. The subscript f denotes the
three different matter components we consider, photons
(), baryons (b), or cold dark matter (c), which we model
as fluids. A magnetic field influences perturbations without
changing the background metric which is determined by
the photon, baryon, and cold dark matter background
densities. For simplicity we ignore neutrinos;
Refs. [9,10,23] account for the effects of these relativistic
weakly interacting particles. Since we focus on dynamics
at large redshift we also ignore a possible cosmological
constant or dark energy. We decompose perturbations into
plane waves o exp(ik - x) and in what follows equations
are presented in wavenumber space.

The magnetic field source affects the motion of baryons.
Before recombination the photon-baryon plasma is domi-
nated by photons and has the relativistic equation of state
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p = p/3. The baryon-photon momentum density ratio
R(n) = 3p,(n)/(4p,(n) = 3aLdy,/(4L)y,), where p,
and p, are the energy densities of photons and baryons,
Qy, and (), are the photon and baryon density parameters
measured today, ie., Qo = pr(n9)/pe, Where po =
87G/(3H}) is the critical Einstein-de Sitter density and
H, is the Hubble constant. At early times R < 1; at the
last-scattering surface when photons and baryons decouple
Rgec = 0.35.

We consider a primordial magnetic field and assume that
the stress-energy of the magnetic field is not compensated
by anisotropic stress in the fluid. That is, we have nonzero
initial gravitational potentials but vanishing initial fluid
energy density and velocity perturbations. This is possible
for a magnetic field generated during inflation [3,28]. This
will limit the spectral index of the magnetic field, np < 0.3

In Secs. I A and LI Bbelow we present the linear
perturbation theory equations for the metric and matter
perturbations. In Sec. III C we discuss the speed of sound
rescaling in the presence of a magnetic field, while in
Sec. III D we consider initial conditions.

A. Metric perturbations

In zero-shear (Newtonian) gauge, part of Einstein’s
equation for scalar metric perturbations become two
Poisson equations [7,8], which in wavenumber space are

_ a (s)
27)

BV + ®) = —4wGa2[2prH§.s) + pp + 3L<S)}
f
(28)

Here 04 is the f-th fluid density perturbation, v.(fs) is the
scalar part of the f-th fluid velocity perturbation v(fs) =
ﬁv(fs), Hl(fs) is the scalar part of the anisotropic f-th fluid
stress-energy tensor, H(fs) = (lgilgj — 6;;/3)74,;, and an
overdot represents a conformal time derivative 9/9 7. For
economy of notation we do not explicitly show the wave
vector (k) or time (1) dependence of the variables in these
and following equations. (For instance, the magnetic field
energy density pg(n) = pg(ny)/a*, the Lorentz force
L®(n) = L®(ny)/a*, and the anisotropic stress of the
magnetic field I1(n) = I1®)(n,)/a*.) Note that the
combination on the r.h.s. of Eq. (27),

*This limit on the magnetic field spectral index was obtained
for a magnetic field generated through coupling of the inflation
and hypercharge during inflation [3]. Ref. [34] argues for the
same result while Ref. [35] relaxes the limit to np < 2.
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a
. (8)
a Uy

(where w; = p/p; is the equation of state parameter for
the f-th fluid) corresponds to the gauge-invariant total
(magnetic-field-induced) f-th fluid energy density pertur-
bation [36].

To derive Eq. (27) we use the Einstein equation for o 7'6,
which is

. a
~ &+ =W =47Ga®> (p; + pv} [k
; 7Ga > (py pf)vf / (30)

As a consequence of the high conductivity, o >> 1, of the
primordial plasma, the 0i component of the magnetic field
stress-energy tensor, < E - B, being suppressed by 1/,
does not contribute to the r.h.s. of Eq. (30). The energy
density of the electric field, = E?, is suppressed by 1/0?
and does not contribute to the r.h.s. of Eq. (27).

The trace of the space-space part of the Einstein equa-
tion gives an additional constraint equation. Since this
equation is for the trace 7! [9,27], it does not have a
contribution from magnetic anisotropic stress (but iso-
tropic pressure does contribute),

a\2

i) +g(2q'> - W) + K;) — 2%}\? +%2(~1f + P)

- —47TG612<ZC§’fpf5f + %) (31)
f

Here cg’f =dpy /dp 1 is the square of the speed of sound in
the f-th fluid.

Egs. (27), (28), and (31) govern the evolution of the
scalar metric perturbations ® and W, if the density, veloc-
ity, and anisotropic stress perturbations for each f-th com-
ponent are known. For unmagnetized perturbations, the
energy density and anisotropic stress of the magnetic field,
ps(k, ) and I1¥(k, ), vanish. In this case Eq. (28)
results in the simple relation ® = —W. The presence of
collisionless particles, such as neutrinos, induces aniso-
tropic stress [23,31]. Even through we neglect neutrinos,
in our case a stochastic magnetic field induces anisotropic
stress and so violates the condition ® = —W.

Using Eq. (28), setting p, = 0 = p., and neglecting
neutrinos, Eq. (31) becomes

b+ 00— ) + [(g)z - 23}@/

a

L 4wGa’p, (8 B 3L(S)> _a <5 3 3L(S)>
3 T by ooy )
(32)

2a®
where the last step uses the zeroth-order Friedmann equa-
tion in the radiation-dominated model. Egs. (27) and (28)
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may be combined together,

3LO

QD + V) = 477Gaz[p),<67 — —) + ppd, + p.oS,
Py

+ 3iZ(p + pvY | (33)
ak . f A

We show below that the combination 6,0, — 3L on the
r.h.s. of this equation also appears in the equations for
matter perturbations and reflects an effective temperature
rescaling (induced by the presence of the Lorentz force).
Using Eq. (14), Egs. (27) and (28) may be rewritten as

K® = 477Ga2[3H(5) +> psdy—3L°
f

a ()
+ 3%;@ + pot } (34)

(P + d) = —127Ga2[§zpfr1§§> + H<S>}. (35)
f

These equations show that we should take note of two
effects, one a consequence of anisotropic stress, the other
arising from nonzero energy density and peculiar velocity
perturbations.

B. Matter perturbations

The first-order energy conservation equations for pho-
tons, baryons, and the CDM fluid are

. 4 .

5, + gku@ +4d =0, (36)
8, + kvl +3d =0, (37)
$.+ kvl +3db =0 (38)

The Lorentz force directly modifies only the Euler equa-
tion for the baryons, since only baryons are charged. The
Euler equation for the CDM fluid is identical to that in a
model without a magnetic field. Prior to decoupling, pho-
tons are tightly coupled to baryons and they move together.
Since the Lorentz force affects the motion of baryons, the
presence of a cosmological magnetic field also influences
the evolution of photons. The first-order Euler or momen-
tum conservation equations in the tight coupling regime
(prior to last scattering) for photons, baryons, and CDM are
[9,24]

r 2k
v — 70y — kv @) —v)) + 5 05 =0, 39)

. . kL(S)
o + Lo w9 - o) + 2o, a0y
a R Pb
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oS+ 24 — v =, (41)
a

In Eq. (39) ®(25) = SH(yS) /12 is the quadrupole moment of
the photon temperature fluctuation and reflects the aniso-
tropic nature of Thomson-Compton scattering. The photon
density fluctuation is related to the temperature monopole

moment, 6, = 4®(()S), and the perturbed photon velocity is

the dipole term v(ys) = @%S) . In Egs. (39) and (40) 7 is the
differential visibility function; ¥ = n,x,ora where n,(z)
is the charged particle number density, x,(z) is the plasma
ionization fraction, and oy is the Thompson cross section.
In Eq. (40) the term < 7 (the so-called “‘baryon drag force”
term) reflects the coupling between photons and baryons,
and so determines the velocity difference between the
photon and baryon fluids. In the lowest order of the tight
coupling approximation the i-(vﬁ,s) - vf)) terms in
Egs. (39) and (40) vanish since vf) =~ vg).

At early time the hydrodynamical description for pho-
tons is a reasonable approximation due to their strong
interaction with baryons and short mean free path. In this
case H(ys) = 0 and so ®(25) = 0. Subtracting Eq. (40) from
Eq. (39), multiplying by R, and using Eq. (37), the velocity
difference between the photon and baryon fluids, Av., =

v(ys) — Ug}s)’ obeys

k <3L<S>

RAwy, + (1+ Ryih,, = (2 —+ R5y>

Py

— @(Sb + 3d), (42)
ka

where Av,, = v(y” - vﬁf). R x a, so at early times it is

very small, and at these times Eq. (42) results in*

3kLS)
A'U p = " . (44)
4 47p,

For modes with wavelengths larger than the Hubble radius,
the difference between photon and baryon fluid velocities
is significantly suppressed by the k/7 factor in this
equation.

To derive an equation that describes the photon-baryon

L. . . . . ©S)
fluid in the tight coupling approximation, where v’ =~

v(yS) = 1, we multiply Eq. (40) by R and add Eq. (39)
to get

“*For a model without a magnetic field Av,,, obeys

. . ko a . .

RAU'yh + (1 + R)TA‘U,},[, = R|:Ty - k—a(ﬁb + 3@)], (43)
and so for R << 1 Aw,, vanishes. In the presence of a magnetic
field the Lorentz force term is responsible for a nonzero velocity
difference at early times.
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J k 3L
_ ®1="=
G L0+ BT =4 (5y ) 1 (1 + RV, (45)

Y

Here we have made use of the relation a/a = R/R.
Equation (45) is valid over a limited range of times prior
to decoupling. After decoupling photon evolution must be
described by the Boltzmann transport equation and 7 is not
large enough to ensure the equality of the photon and
baryon fluid velocities, i.e., v(ys) * v;s), so Eq. (45) is not
valid. Also, after decoupling it is no longer possible to
ignore the photon anisotropic stress term (i.e., the tempera-
ture quadrupole moment H(ys) = 12@)(25) /5) that appears in
Eq. (39).

Using &, = 40 and v}y = ©'", Egs. (36) and (45)
may be expressed in terms of temperature multipoles,

0 - -3 - b, (46)
9 (5) s _ 3LY
1+ RO = k[@o S+ R)‘lf} @7)
am 4p,

The quantity G)BS) + W is usually called the effective tem-
perature, and in a model with a cosmological magnetic
field it obeys the second order differential equation

—[(1 + R)(OF + )] + = (®<S> + W)

=—R_"2qf+—[(1+R)(qf )] + 4L(S).

(48)
y

This equation is derived from Egs. (46) and (47). In addi-
tion to the usual baryon drag force term = Rk*W¥/3 and
gravitational potential time derivative difference term o
(‘1’ - <i>), there is a term on the r.h.s. of this equation, o
LS/ p» which directly reflects the presence of the cos-
mological magnetic field.

Since L) (n)/ py(n) is time independent, we may use
@E)S) + W —3L09)/ (4p,) as the generalized effective tem-
perature in the case when a cosmological magnetic field is
present. Equation (48), rewritten in terms of ®(S), where
400 =40y —3L9/p, =5, - 3L /p,, is

—[(1 + RO + )] + k;(@)g” + )

= R—kz\lf + —[(1 + R)(¥ — D)) (49)

@E)S) reflects the rescaling of the photon fluid energy den-
sity perturbation in the presence of a magnetic field.

In a model without a cosmological magnetic field, defin-
ing my; = 1 + R, Eq. (48) can be rewritten as (also see
Eq. (83) of Ref. [31]),
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9 . K? k?
%(meff@)f)s)) + 3 ®E)S) === mgWV —

9 .
3 P (meffq))'

an
(50)

Equation (50) is the second order differential equation that
governs the dynamics of photon density perturbations

(6, = 4®(()S)). In the absence of gravitational potentials
the r.h.s. of Eq. (50) vanishes. The L.h.s. of Eq. (50) differs
from the equation for an undriven simple harmonic oscil-
lator only by the time-dependent factor m.g. Just like the
case for a harmonic oscillator, Eq. (50) has two indepen-
dent solutions—sine and cosine modes—that depend on
initial conditions. Defining the photon-baryon fluid sound
speed cg = 1//Bmgg, for g /mey < @ where o = cgk
is the oscillation frequency, the JWKB solutions of
Egs. (46) and (47) are [31]

@)5)5) = lmeff *cos(ks + @), G
®(1S) _ Al\/gm;f?M sin(ks + ). (52)

Here A, is the amplitude, s = [cgdn is the acoustic
Hubble radius, and ¢ is the phase. The constants A; and
¢ depend on initial conditions.

We note that baryon pressure has been neglected, p, =
0, in the baryon Euler Eq. (40). Consequently Eq. (48) also
assumes that the baryon pressure vanishes. We discuss this
assumption in the following subsection C. Here we assume
vanishing baryon pressure and study acoustic oscillations
driven by a weak Lorentz force. We again neglect gravita-
tional potentials but now retain the last, Lorentz force, term
on the r.h.s. of Eq. (48). In this case the leading JWKB
terms in the equation are (again under the assumption that
Hiegy/ Megy <K ),

27 (S) (8)
0P + K20y = KL _ dartT (s
4pymeff 4 py
The solutions of Eq. (53) are of a similar oscillatory form
to those in Eqgs. (51) and (52), but now there is a constant

shift of ®8S) — ®(OS) + 3pg/(4p,) (here we have used

L = —p), while ®° = —30'® /k remains unchanged.

C. Acoustic oscillations in the baryon fluid

The propagation of magnetosonic waves and magneto-
hydrodynamical instabilities in the expanding Universe are
discussed in detail in Ref. [37]. The effects on CMB
temperature anisotropies of magnetosonic waves in a ho-
mogeneous magnetic field are studied in Ref. [24], where it
is shown that a homogeneous magnetic field induces three
types of MHD waves (fast and slow magnetosonic and
Alfvén waves) in an expanding Universe.

Fast magnetosonic waves result in a rescaling of the fluid

sound speed, i.e., cg — 4 /cs + vA, where the original fluid
sound speed cg is characterized by the fluid pressure p and
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energy density p, the Alfvén speed v, = By//47(p + p),
and B, is the (unperturbed background) homogeneous

magnetic field strength [38]. Fast magnetosonic waves
require a small inhomogeneous magnetic field B, so we
write the total magnetic field B = By + B, where |B;| <
|Byl. The induction law in this case is

9B,
at

where we work the leading order in the inhomogeneity. For
the case of a homogeneous magnetic field, Adams et al.
[24] consider a zeroth-order (background) magnetic field
B, with zeroth-order energy density, pp o B3, small com-
pared to the energy density of the photon-baryon fluid. In
this case B, is a first-order perturbation. The fluid 3-
velocity perturbation v is also first order and satisfies the
linearized Euler equation, [24,37],
av

p—+vp+i[B0><(V><B1)]=0. (55)
ot dar

=V X [vX By] (54)

Here the pressure gradient V p is related to the sound speed
through Vp = ¢2Vp. In addition, the perturbed magnetic
field obeys the Gauss law V - B; = 0.

Assuming tight coupling between photons and baryons,
multiplying the baryon Euler equation by R and adding the
photon Euler equation,” Adams et al. [24] obtain the Euler
equation for the photon-baryon fluid accounting for a
zeroth-order spatially homogeneous background magnetic
field (also see Eq. (52) of Ref. [39]),

d
5[(1 + R)U] - cé,bk&,

0

+ (1 + RkV¥

__k
4m(p, + p,)

Y

+ BN

[k - {By < (k X B))}], (56)

where cg;, is the baryon fluid (not the photon-baryon fluid)
sound speed.

Compared to the stochastic magnetic field case of
Eq. (45) and (56)—for a homogeneous background mag-
netic field—contains an additional baryon pressure term
on the Lh.s., cgbkb‘b, while the term on the r.h.s. of Eq. (56)
« k - {By X (k X B,)} is the analog of the Lorentz force
term o L® on the r.h.s. of Eq. (45). We emphasize that
Eq. (45) is valid for a stochastic magnetic field and that
here the smoothed amplitude of the magnetic field B, is
1/2 order in the perturbation expansion, while pg( B3)
and L'® are first order. We argue below that at linear order
the additional baryon pressure term (Cg, »k0,) in Eq. (56)
can be neglected. However, we emphasize that even if the
sound speed in the uncoupled baryon fluid vanishes, i.e.,

>The baryon and photon Euler equations are Egs. (11) and (13)
of Ref. [24].
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csp = 0, the effective sound speed in the coupled photon-
baryon fluid is not the same as the sound speed in the
uncoupled photon fluid, Because of the tight coupling
between photons and baryons the photon-baryon fluid
sound speed depends on the baryon fraction, cg =
1/+/3mq [see Eq. (50)] so the coupling between baryons
and photons reduces the sound speed from the 1/+/3 value
for an uncoupled photon fluid.

The last term on the r.h.s. of Eq. (56) induces fast
magnetosonic waves in the presence of a homogeneous
magnetic field. These magnetosonic waves change the
photon-baryon fluid sound speed, increasing it relative to
the case without a magnetic field. In the limit of a weak
magnetic field, the effective sound speed is cg =

/1/(Bmeg) + v3 [24]. The Alfvén speed v, here is that
defined in the photon-baryon fluid, i.e.,

B} _ 3B}
4m(pg +4p,/3) 167(1 + R)p,

vi = 57

For the more realistic case of a stochastic magnetic field,
the Alfvén speed should be defined in the terms of the
smoothed magnetic field B, [18]. Equation (45) is the
analog of Eq. (56) for the case of a stochastic magnetic
field. For this stochastic field case we define the Alfvén
speed squared as 3 = 3pg/(2(1 + R)p,). Here we ne-
glect the baryon pressure, p, = 0. Note that for the case
ng = —3 our definition of the Alfvén speed coincides with
that used in Ref. [24] under the assumption that B, = B,
i.e., vy = 0. The term « L® on the rh.s. of Eq. (45)
ensures that the effective sound speed is rescaled in a
manner similar to that for an homogeneous magnetic field,

1[1/(3meff) + 17124
This rescaling of the sound speed may be formally

described as a baryon energy density fraction change R —
R = R — AR, as follows. We define i, = ¢%/3, then

CS—’C_'S:

o = Megg
1+ 9BY/(167p,)’

(58)

so the rescaling of the sound speed induced by the presence
of a magnetic field (a homogeneous or stochastic field) is
equivalent to a reduction of the baryon fraction, AR =
3v5m2;/(1 + 305 me). Consequently, this increase of
the sound speed (relative to that of a model without a
magnetic field) induces shifts of the CMB anisotropy
angular power spectrum peaks comparable to shifts result-
ing from a reduction of the baryon density p, —
pp — 3(1 + R)B3/(47); here we have used the fact that
v, <K Cg. This was noted, for a homogeneous magnetic
field, from the result of numerical simulations, in Ref. [24];
the analytical results we have derived, for a homogeneous
or a stochastic magnetic field, are new. The reduction of the
baryon fraction reduces the baryon drag force ( * Rk*>W¥)
on the r.h.s. of Eq. (48). As a result there are two effects: a
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shift of the CMB anisotropy angular power spectrum peak
positions and a reduction of the peak amplitudes.

We also note that the Lorentz force in the Poisson
Eq. (34) can be treated as reducing the photon effective
temperature. In particular, photon energy density perturba-
tions (8,) can be compensated by the Lorentz force LS if
8.(n) = 3LY/p. [also see Eq. (53)]. Note that LY /p_, is
time independent.

Ref. [26] (their Eq. 46) considers a modified form of
Eq. (56) for the case of a stochastic magnetic field: they
discard the Lorentz force term. Ref. [27] also neglects the
Lorentz force contribution (their Eq. 13 and App. A). Both
references argue that such a force-free approximation is
justified by the infinite conductivity of the plasma which
results in a vanishing electric field in the metric perturba-
tion equation. We have noted however, at the end of Sec. II,
that the force-free approximation cannot be used in this
manner. Here we point out that the current, o V X B, does
not vanish, and so a Lorentz force term must be present in
the baryon Euler equation.

We have shown that the Lorentz force term in the baryon
Euler equation results in shifts of the CMB anisotropy
angular power spectrum peaks, relative to the case without
a magnetic field.® This result, obtained for a stochastic
magnetic field, generalizes that of Ref. [24] for an homo-
geneous magnetic field; for ny = —3 our estimate repro-
duces the acoustic oscillations shown in Fig. 1 of Ref. [24].
On the other hand this result contradicts Fig. 1 of Ref. [27].
This figure is for the case of a stochastic magnetic field and
it indicates that the magnetic field effectively increases the
baryon fraction (while Ref. [27] considers a magnetic field
with positive spectral index, ng > 0, this cannot explain
the effective increase of the baryon fraction they find).

We note that Ref. [26] retains the baryon pressure term
« ¢ k6, (and argues that 3, is related to the gradient of
the magnetic pressure, Vpp) in the photon-baryon Euler
Eq. (56). Ref. [26] claims that their CMB anisotropy
angular power spectrum peak shifts are similar to those
found in Ref. [24], because of this term. The cé ,ko), term
does induce a rescaling of the sound speed. However, this
term is second order (6, and V py are first order), does not
contribute at linear order, and so can be discarded com-
pared to the Lorentz force contribution which they neglect.

D. Initial conditions

The presence of a cosmological magnetic field modifies
the initial conditions for the monopole ®(OS) and gravita-
tional potential, ® and W, perturbations. A proper treat-
ment in an inflation model requires analysis of quantum
mechanical fluctuations during inflation, see, e.g.,

®Below we discuss the peak shifts related to the baryonic
pressure effect, which are small compared the shifts discussed
here.
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Refs. [40] for the case without a magnetic field. Here we
adopt a more phenomenological approach.

As discussed in Refs. [9,10], there are three different
types of perturbations to consider, depending on conditions
in the radiation-dominated epoch: (i) adiabatic, where the
initial gravitational potentials are large compared to the
magnetic field fraction of the energy density, i.e.,
pg/py <V, and pp/p, < @, so the magnetic field
energy density may be ignored; (ii) quasiadiabatic, where
ps/Py =V, pp/p,=Pi; and, (iii) isocurvature,
where the magnetic field energy density fraction dominates
over the initial gravitational potentials, pg/ py > Vi, and
pB/ Py > cI>in'

Since adiabatic and quasiadiabatic CMB perturbations
have been studied in some detail (for a review see
Ref. [39]), we focus on isocurvature fluctuations induced
by a cosmological magnetic field.

We assume (as is conventional in the case of an isocur-
vature solution) that initial values of all relevant variables
are determined by the magnetic field energy density and
anisotropic stress. Under such an assumption the initial
conditions for the gravitational potentials are obtained
through Eqgs. (27) and (35) (assuming that initial fluid
perturbations are zero),

477G

kz(bin = ,
aizn PB(ﬂo) (59)
12
(@, + V) = — 270 [ (),
a

in

where a;, is the value of the scale factor when the initial
conditions are applied. Adding Eqs. (59) and using Eq. (14)
implies that K>2®;, + Vy,) = —127GLS(n,)/d?,.

Using these initial conditions for the gravitational po-
tentials and assuming a weak magnetic field, one may
obtain solutions for scalar magnetic perturbations with
wavelengths larger than the Hubble radius (i.e., the leading
terms in an expansion in k7 << 1).

IV. CMB TEMPERATURE ANISOTROPIES

In this section we compute the CMB temperature an-
isotropies due to the presence of a cosmological magnetic
field. We assume the existence of a cosmological magnetic
field on scales larger than Hubble radius, thus we assume
that a magnetic field has been generated during inflation
[3]. Our analysis below holds for a magnetic field with
spectral index ny larger than —3.

CMB temperature fluctuations are caused by scalar per-
turbations due to: 1) initial intrinsic inhomogeneities on the
last-scattering surface; (ii) the relativistic Doppler effect
due to the baryon velocity as the photon propagates to the
observer; (iii) the difference in the gravitational potential
between the points of photon emission and the observer
(the usual Sachs-Wolfe effect, SW); and, (iv) changes in
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the gravitational potential as the photon propagates (the so-
called integrated Sachs-Wolfe effect, ISW) [31,39,41].

Using the total angular momentum formalism [31], the
angular power spectrum of the CMB temperature anisot-
ropy measured today is

(60)

0 _ 2 [ 12 0 (19, k) O (1, )
¢ e 20+ 1 20+ 1

Here [ is the multipole index and @E,S)(no, k) is the [-th
multipole moment of the (scalar-sourced) temperature
fluctuation and is determined by the integral solution of
the Boltzmann transport equation [31],

O (0. k) _

M@ ) 4 — d
L ﬁ dneT{HOY + W) + ¥ — b}

X 0 emo — k) + #0i j kg — k)
+ 7P P (ko = k)] (61)

Here PO = (®(2S) — \/EE(ZS) )/10 is the anisotropic (quad-
rupolar) part of the Compton scattering cross section—
which is a source of CMB polarization anisotropies—

where ®(25) and E(ZS) are the temperature and
E-polarization quadrupole moments,” and the radial func-
tions

JiE00) = jew, PG = jy,

JEP () =131 + je)]

where j, is the spherical Bessel function and a prime
represents a derivative with respect to x.

Equation (61) includes the four effects responsible for
the CMB temperature anisotropies mentioned above. The
initial photon temperature ( o PY), SW ( (@és) + U)),
and baryon velocity Doppler ( « v,(JS )) effects are present on
the last-scattering surface and so in Eq. (61) they appear
with the factor e 7#; the ISW effect, = (¥ — ®), contrib-
utes from decoupling until today and thus is suppressed by
the factor e™".

We are interested in the large-scale CMB temperature
anisotropy due to a cosmological magnetic field. The con-
tribution from the ISW effect is negligible when compared
to the SW effect. Also, compared to the SW effect, the
Doppler term =« vf) plays a secondary role when 1 + R >
1 [31]. The quadrupole term P o k@)(ls) /7 (see Eq. (90)
of Ref. [31] and the discussion around Eq. (78) in Sec. V
below) is strongly suppressed for kn < 1, and thus we
neglect it on large angular scales. On large angular scales
the largest contribution arises from the ordinary SW effect
so we approximate the temperature integral solution for the

(62)

"The zeroth-order term in the expansion of the photon
Boltzmann transport equation for € = 2 relates ®(2S) and E(2S

as EY = —/60% /4, leading to P = @) /4 [31].
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scalar perturbation as

(8) 7o .
07 (n9, k) =f dne "HOF + W)j (kny — kn).

2¢ + 1 0
(63)

The visibility function 7e™ " is sharply peaked at decou-
pling, so we use the approximation, [41],

®EZS) (10, k)

2w+1 (06 (Muce) + W (maee)lie(kno — k7gec)

1
= - g q)(ndec)j€(kn0)r (64)

where 7. 1s the value of conformal time at decoupling.
This is the familiar SW, ®/3, result. This expression for
the temperature anisotropy multipole moment depends on
D (7 4ec)> SO we must solve for (7).

The gravitational potential ®(7) obeys Eq. (27). To
solve this equation we decompose P as

D(n) = ®(n) + Dy(n), (65)

where the potential @, is due to the magnetic field energy
density and @, is related to the energy density and velocity
perturbations in the fluids (these perturbations in the fluid
are induced by the magnetic field anisotropic stress). From
Eq. (27), the potentials ®;(n) and ®,(7) obey

kZCI)l = 477602[)3, (66)

KD, = 47TGaZZDf, (67)
:

where Dy is the gauge-invariant energy density perturba-
tion in the f-th fluid, Eq. (29).

Mathematically 2); should be obtained through the
solutions for the energy density (8,) and velocity (v(fs))

perturbations of the f-th fluid. 6, and vA(f) obey fairly

complicated second order differential equations (see
Sec. IIIB) that are not straightforward to integrate.
However, since we only consider perturbations arising
from a magnetic field, it is expected that on scales larger
than the Hubble radius the sum of the density and velocity
perturbations in the fluids, Zf Df, should be of order the
magnetic field energy density, while on small scales radia-
tion pressure prevents perturbations from growing [14].
Thus 3, D, = pp.t Using this, Egs. (66) and (67) imply

8We justify this approximation by using the fact that the
evolution of the magnetic-field-induced energy density and
velocity perturbations on large scales must follow the dynamics
of the magnetic source. On the other hand, the homogeneous
solutions of Eq. (27) on small scales (in a model without a
magnetic field) are sound waves (oscillating energy density
perturbations). To obtain solutions of the inhomogeneous equa-
tion we must integrate the product of the source and the homo-
geneous solutions; as a consequence of the oscillation, the
resulting integral will be negligibly small.
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that the maximal value for ® is

D(n,) _ 87Gpg(no)
az(n) a2

With this expression for ®(7), the temperature anisot-
ropy multipole moment, Eq. (64), becomes

@(gs)(”lo, k) o 87G
20 + 1 3k2 Aec

D(n) =

(68)

p5(n0, k) je(knq), (69)

where ag.. is the value of the scale factor at decoupling.
Using this in Eq. (60), the CMB temperature anisotropy
angular power spectrum is given by

o0 — (87TG>f dk|p3(770,k)| 2(kn,). (10)

3adec

Now |pgl|? is given in Eq. (25), so in terms of the Bessel
function Jy4 1/, = 4/2x/mj(x), we find

C@)@(S) _ 277.2GZBA)1\A2n3+6 /’oo dki
¢ 32ng + 32 (ng/2 + 3/2)ak .m0 Jo =~ K
2np+3 np ng
X |:kDB +mk2 +3i|.12+1/2(k’l70) (71)

The integral in Eq. (71) may be evaluated by using
Eq. (6.574.2) of Ref. [42]. For ny < —3/2, when the
magnetic source is dominated by the term proportional to
k273 we find

22"B+1nBF( ZnB)

€2c®®(s) — A(S) €2n3+2’ 72

O T Gy T3y + 172) 00 7

while for ny > —3/2, when the magnetic source is domi-
nated by kn'# ">, we have
1

{ng?@(S) _ 5 (kp 7’0)2;1B+3A(é)9g€71‘ (73)

In these expressions
§ _ 77.2G2B4)1\ AZ”B +6
99 320y + 3)2(np/2 + 3/2)at i

(74)

Egs. (72) and (73) describe the angular power spectrum of
the CMB temperature anisotropy induced by scalar mag-
netic perturbations. The maximum growth rate of the
power spectrum €2>C, with € is €', This occurs for nz >
—3/2. So, as expected, the CMB scalar temperature fluc-
tuations due to a stochastic magnetic field are strongly
suppressed at small angular scales. The suppression is
stronger for an inflation generated magnetic field with
ng— —3 ({2Cy x €%,

V. CMB POLARIZATION ANISOTROPY

In this section we compute the scalar magnetic-field-
induced CMB E-polarization anisotropy angular power
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spectrum. Scalar (density) perturbations only induce elec-
tric type E-polarization anisotropies.

In the total angular momentum formalism [31], the
E-polarization anisotropy angular power spectrum is

CEE®S) — 2 JKR2 E%S)*(”floy k) Equ)(nor k) (75)
¢ T 2041 20417
where E, is the [-th multipole moment of the

E-polarization anisotropy. It is determined by the integral
solution of the Boltzmann transport equation [31],

(S) 0
EC - f " dne PO (m)eld (kg — k).
2¢ + 1 0
(76)

Here P is defined below Eq. (61) and e({s) are the
E-polarization radial functions,

© .y PEF 2)']€(x)
e; (x) = 821 2 (77)

Polarization anisotropies, being connected with the an-
isotropic stress, are determined by shear viscosity. They are
generated during last scattering when the tight coupling is
enhanced by the fast growth of the inverse differential
visibility function 1/7 [31]. In the lowest order of the
k/+ expansion, the set of Boltzmann equation solutions
are given in Eq. (90) of Ref. [31], and for the scalar
perturbation mode,

2k
97

PO =09, (78)
Here ®(15) is the dipole moment of the temperature anisot-
ropy and obeys Eq. (47). A similar equation holds for the
case of scalar magnetic perturbations, see the discussion in
Sec. 3 of the last of Refs. [19]. In this case, in addition to
fluid shear viscosity, there is also a contribution from
magnetic anisotropic stress I1®). Since we focus only on
magnetic-field-induced effects, we consider I1® to be the
dominant source of polarization. Then, according to the
technique used in Secs. IV.B-D of Ref. [31], and using
footnotes 2 and 7, we have

2
PO () = — K e = V2K
3\/27.-.03/0 97 p')’

pr(no, k). (79)

Using these expressions for P and e(es), Egs. (77) and
(79), in Eq. (76), we find

ES  _ N+ 2)(C+ DEE — 1)pp(no, k)
20+ 1 3v2p,0

e -7
ﬂ) dnm ﬁje(lmo kn).  (80)

Here we use again the fact that the visibility function e™ 77
peaks at decoupling and approximate the E-polarization
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integral solution as

EY V€ +2)(€ + DEE — Dpp(no, K)Naec
£ =- ; 2 Je(kmo).
2¢+1 3\/§p707(7]dec)7]0
€29)
To obtain the angular power spectrum CfE(S) we need

7(Ngec). From Eq. (C3) of Ref. [41], and assuming for the
current value of the baryon energy density parameter
O, (ng) = pp/pe = 0.05 and that the redshift at decou-
pling z4.. = 1100, we get

HZgee) = 8.05(9> : (82)
dec

Photon-baryon decoupling occurs during the matter domi-

nated epoch, when a(n) « 92, 50 (d/a)gec = 2/Mdec> and

j-(ndec) = 16. 1/F'?dec-
Using Egs. (25), (81), and (82), the CMB E-polarization

angular power spectrum of Eq. (75) is

CEE®) _ (€ +2)(€ + 1)€(€ — 1)B3 A2 65
¢ 3 X 214Q2ng + 3)P(np/2 + 3/2)p2ym;

X |7 dkk| k2t 4 B pony+3
0 D ng + 3

X ngur]/z(knO)' (83)

To evaluate this integral we consider two cases: ng <
—3/2, when the integral is dominated by the second term
(= k*"5%3); and, ng > —3/2, when the main contribution
to the integral comes from the term o« k%)”BH. In the first
case, for —3 <np < —2, the integral may be exactly

evaluated using Eq. (6.574.2) of Ref. [42),°

2CFES) o ngl'(—ng —2) () p2n5+10
¢ 4m(ng + 3 (—np —3/2)"*F (84)
(=3 <ng<-2).

For —2 = np < —3/2 we may evaluate integral using the
semianalytical approximation of the Appendix of
Ref. [18]. For x> 1 J;/(x) =/2/(7x)cos[x — (I +
1)7/2], Eq. (9.2.1) of Ref. [43], and replacing the oscil-
latory function cos’x by its r.m.s. value of 1/2, we get (see
Eq. (B2) of Ref. [18]) for ny = —2,

k
2CERS) = —21n< D€"0>A§§ge6 (ng = —2), (85)

while for —2 < nz < —3/2,

2 CFES) np (kpmo)2a* A g6
é 2(”3 + 3)(”3 + 2) Dno EE (86)

(—2<ng<-=3/2).

°The magnetic field source is nonzero up to the damping scale
kp. Since the integral is dominated by small wavenumbers we
can replace the upper-cutoff scale kp by oo.

PHYSICAL REVIEW D 75, 023002 (2007)

For the case when nz>—3/2,
o’ dxngﬂ/z(x) = xp/m, we have

: 2np+3
using  xp? 7 X

8

€2C§E(S) ~ 9—7r(kD 170)2”“414%(36 (ng > —3/2).

(87)
In these expressions
(5) BP0

Apg = 14 2 2y F10 2 °

3 X 24Q2ng + 3)(ng/2 + 3/2)my" " " p3,
(88)

Contrary to the temperature anisotropy, the E-polarization
anisotropy angular power spectrum €2C{‘?E grows rapidly
with € (the fastest growth rate is €°). An €° dependence for
E-polarization is also expected in the absence of a mag-
netic field [31].

VI. TEMPERATURE—POLARIZATION
CROSS CORRELATIONS

In this section we compute the scalar magnetic-field-

induced CMB temperature—E-polarization  cross-
correlation anisotropy angular power spectrum [31],
O _ 2 [ g2 O (0. K) B (o, k) (89)
¢ T 204+1  20+1
Using Egs. (25), (69), (81), and (82), we find
COES) 2 V2mGBIA O
¢ 3X219Q2ng + 3)Z(np/2 + 3/2)n3a3..Py0
dk 2ng+3 np n
S EE e Pt
(90)

under the approximations discussed in the two previous
sections.

Evaluating the integral in Eq. (90), we find, for —3 <
ng < —3/2,

npl'(=ng — 1)

€2C®E(S) ~ A(S) €2nB+6’ 91
¢ J(ng + 3)0(—nz — 1/2)" ©F Gb)
while for ng > —3/2,
ECOS = a0, o)
where
A(S) — \/EWGB‘)‘\)@”B-FG”%CC )
OF 3% 21 Q2ng + 3T (np/2 + 3/2)a2 12" pye
93)

As in the case of temperature fluctuations, the tempera-
ture—FE-polarization cross-correlation angular power

spectrum €2CP*® has maximum growth rate = €3 for
n B > _3 / 2
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VII. CONCLUSIONS

We present a systematic discussion of scalar isocurva-
ture magnetic perturbations (magnetosonic cosmological
waves) in a Universe with a stochastic primordial magnetic
field. We derive the complete set of equations that govern
the dynamics of linear magnetic energy density
perturbations.

A stochastic magnetic field shifts the acoustic peaks of
the CMB temperature anisotropy angular power spectrum,
acting in a similar way as a reduction of the baryon
fraction. This result extends the work of Adams et al.
[24] who studied a homogeneous magnetic field. The
second important effect that comes from a stochastic mag-
netic field is a nonzero anisotropic stress which generates a
CMB E-polarization anisotropy.

We obtain approximate analytical expressions for the

CMB anisotropy angular power spectra C?G(S), CfE(S), and

C?E(S). Numerical values of these spectra depend on four
parameters: the cut-off wavenumber kp; the smoothing
length A; the amplitude of the smoothed magnetic field
B,); and, the magnetic field power spectral index ng.

We find that the scalar CMB temperature anisotropy

power spectrum amplitude C?(S) rapidly decreases with
increasing ¢, consequently, the magnetic field energy den-
sity contribution to the total CMB temperature anisotropy
signal is suppressed at large multipole number. On the

other hand, the contribution from the magnetic field aniso-

PHYSICAL REVIEW D 75, 023002 (2007)

tropic stress to the E-polarization anisotropy becomes
large on small angular scales and should be accounted
for when estimating the magnetic field contribution to the
CMB E-polarization anisotropy (it must be added to the
vector CMB E-polarization) [17,18].

Since scalar CMB temperature perturbations induced by
a stochastic magnetic field do not depend on magnetic
helicity, precise measurements of the CMB temperature
anisotropy angular power spectra peak positions and am-
plitudes, combined with a CMB-independent measurement
of the baryon fraction and CMB polarization Faraday
rotation data, should provide information on the symmetric
part of the magnetic field power spectrum, Pg. This deter-
mination of Py together with future CMB B-polarization
anisotropy data (which is sensitive to both power spectra,
P and Pp), could lead to a constraint on cosmological
magnetic helicity.
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