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Abstract

On the rectangle D = [a, b] X [c, d], the problem on the existence and uniqueness of a nonnegative solution of the characteristic
initial value problem for the equation

82u(t, x)
dt 0x

is considered, where £ : C(D; R) — L(D; R) is a linear bounded operator and ¢ € L(D; R4).
© 2007 Elsevier Ltd. All rights reserved.

=Lu)(t,x)+q(t, x)
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1. Introduction

On the rectangle D, we consider the linear partial functional—differential equation of hyperbolic type

0%u(r, x)
at 0x
where £ : C(D; R) — L(D; R) is a linear bounded operator and g € L(D; R). By a solution of the equation (1.1) a
function u € C*(D; R)! is understood satisfying the equality (1.1) almost everywhere on the set D.

Various initial value problems for the equation (1.1) are studied in the literature (see, e.g., [2,5,11,12] and references
therein). We will consider the so-called characteristic initial value problem. In this case, the values of the solution u

=L(u)(t, x)+q(t, x), (1.1)
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of (1.1) are prescribed on both characteristics ¢t = a and x = c, i.e., the initial conditions are

u(t,c) = @) fort € la,b], (1.2)
u(a,x) =y(x) forx € [c,dl], (1.3)

where ¢ : [a, b] - Rand ¥ : [c, d] — R are absolutely continuous functions such that ¢(a) = ¥ (c).

In this paper, we suggest a new approach to the problem considered which allows us to establish results
guaranteeing that the problem (1.1)—(1.3) has a unique solution and this solution is nonnegative whenever the function
¢q is nonnegative and the functions ¢, ¥ are nonnegative and nondecreasing. In other words, we will give some efficient
conditions for the operator £ € L£(D) under which every solution of the problem

Fu9) - iy, x), (1.4)
arox
u(a,c) >0, (1.5)
du(t, c)
o7 > (0 for almostall ¢t € [a, b], (1.6)
a ’
% >0 for almostall x € [c, d] (L.7)
X

is nonnegative. Recall here that by a solution of the problem (1.4)—(1.7) we understand a function u € C*(D; R)
satisfying the inequality (1.4) almost everywhere on the set D and verifying also the conditions (1.5)—(1.7). The
results obtained in this paper will be further used in the study of the question on the unique solvability of the problem
(1.1)—(1.3).

Note also that some analogous results for the first and the second order “ordinary” functional-differential equations
are established in [4,7], respectively.

To simplify the formulation of the main results we introduce the following definition.

Definition 1.1. We will say that an operator £ € L(D) belongs to the set S, (D) if every solution of the problem
(1.4)—(1.7) is nonnegative.

It is proved in [8] (see also [9]) that the problems (1.1)—(1.3) have the so-called Fredholm property, i.e., the
following theorem is true.

Theorem 1.2. The problem (1.1)—(1.3) has a unique solution if and only if the corresponding homogeneous problem

FuC ) _ gy, 0, (1.1p)
dt 0x

u(t,c) =0 fort €la,b], (1.2¢)

u(a,x) =0 forx elcd] (1.3p)

has only the trivial solution.

Remark 1.1. Let £ € S,.(D). Then it is clear that the homogeneous problem (1.19)—(1.3p) has only the trivial
solution. Therefore, the problem (1.1)—(1.3) is uniquely solvable for every ¢, ¢, and 1. Moreover, if the function g is
nonnegative and the functions ¢, 1 are nonnegative and nondecreasing then the solution of the problem (1.1)—(1.3) is
nonnegative.

2. Notations and definitions

The following notations and definitions are used throughout the paper.
R is the set of all real numbers, Ry = [0, +o0].
N is the set of all natural numbers.
If x € R then
lx| + x lx| — x

) s [x], = > .

[x]+ =
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D =la,b] x[c,d], where —c0 <a < b < +ooand —o0 < ¢ < d < +00.
C(D; R) is the Banach space of continuous functions u : D — R equipped with the norm

lullc = max{|u(t, x)|: (t,x) € D}.

C(D;A) ={ueCD;R):u(t,x) € Afor(t,x) € D}, where A C R.
L(D; R) is the Banach space of Lebesgue integrable functions p : D — R equipped with the norm

lplic :// |p(t, x)|dedx.
D

In what follows, the equalities and inequalities with integrable functions are understood to hold almost everywhere.
L(D; A)={p e L(D;R): p(t,x) € Aforalmostall (¢, x) € D}, where A C R.
L(D) is the set of linear bounded operators £ : C(D; R) — L(D; R).
c ([a, B1; A), where A C R, is the set of absolutely continuous functions « : [«, 8] — A.
C*(D; A), where A C R, is the set of functions v : D — A admitting the representation

t X
v(t, x) = v(t) + va(x) +/ / h(s,n)dnds for (t,x) € D,

where v; € C([a, b]; R), va € C([c,d]; R), and h € L(D; R).
Cl”z)c([a, b[x[c,d[; A), where A C R, is the set of function u € C(D; A) such that u € C*([a, by] X [c, dp]; A) for
every by €la, b[ and dy €]c, d[.

Remark 2.1. It can be verified (see, e.g., [2,3,10]) that v € C*(D; R) if and only if the function v satisfies the
following conditions:

1. v(,x) € 5([a, b], R) for every x € [c,d], v(a, ) € 5([c, d], R);
2. v(t,-) € C([c, d], R) for almost all ¢ € [a, b];
3. vy € L(D; R).

Using Fubini’s theorem, it is clear that the order of the integration can be changed in the integral representation of the
function v € C*(D; R) and thus the conditions 1-3 stated above can be replaced by the symmetric ones:

1. v(-,¢) € C(la, b],R), v(t, -) € C([c, d], R) for every € [a, b];
2. ve(, x) € C([a, b], R) for almost all x € [c, d];
3. vy € L(D; R).

Remark 2.2. Note also that the set C*(D; R) coincides with the class of functions of two variables, which are
absolutely continuous on D in Carathéodory’s sense (see e.g., [1,3,6,11]).

Definition 2.1. An operator £ € L(D) is said to be nondecreasing if it maps the set C(D; R.) into the set L(D; R).
The set of nondecreasing operators we denote by P (D). We say that an operator £ € L(D) is nonincreasing if
—L e P(D).

Definition 2.2. An operator £ € L(D) is called an (a, c¢)-Volterra operator if, for arbitrary rectangle [a, #] X [c, x9] €
D and function v € C(D; R) such that

v(t,x) =0 for (¢, x) € [a, to] x [c, x0],
the relation
L(v)(t,x) =0 foralmostall (¢, x) € [a, t9] X [c, x0]

holds.
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3. Main results

In this section, we establish efficient conditions for the validity of the inclusion £ € S, (D). Theorems formulated
below can be referred to as theorems on functional-differential inequalities. One can say also that £ € S,.(D) if and
only if some kind of maximum principle holds for the problem (1.1)—(1.3).

Theorem 3.1. Let £ € P (D). Then £ € S,.(D) if and only if there exists a function y € C*(D; 10, +00[) such that

3%y (t, x)
at 0x
and either
ay(t, c)
at

>L(y)(t,x) for(t,x)eD 3.1

>0 fort€la,b] (3.2)
or

ay(a, x)

>0 forxelcd]. (3.3)
0x

Choosing suitable functions y in Theorem 3.1, we can derive several sufficient conditions under which the inclusion
£ € S,.(D) is true.

Corollary 3.2. If £ € P(D) then each of the following statements guarantees the inclusion £ € S,-(D):
(a) there exist k,m € N and a €]0, 1[ such that m > k and

om(t,x) <oapr(t,x) for(t,x) €D, (3.4
where

p1=1, pi+1 =0(p;)) fori €N, (3.5)
and

t X
o)1, x) & / f ¢) (s, ndnds  for (t, x) € D; (3.6)
(b) there exists € € P(D) such that
b opd b pd
/ / £(1)(s, n) exp </ / L) (1, Sz)d&dél) dnds <1 3.1
a Jc K n

and the inequality

LOW))(t, x) — L(1)(t, x)0(V)(t, x) < L(v)(t,x) for (t,x) €D (3.8)

holds on the set {v € C(D; Ry) : v(-,c) =0, v(a, -) = 0}, where 0 is defined by (3.6).

Remark 3.1. The assumption o €]0, 1[ in Corollary 3.2(a) cannot be replaced by the assumption o €]0, 1] (see
Example 6.1).

Remark 3.2. It follows from Corollary 3.2(a) (for k = 1 and m = 2) that £ € S,.(D) provided that £ € P(D) and

b pd
/ / £(1)(s, n)dnds < 1.

Proposition 3.3. Let £ € P(D) be such that

b d
//Z(l)(s,n)dnds:l. (3.9)

Then £ € S,:(D) if and only if the homogeneous problem (1.19)—(1.3¢) has only the trivial solution.
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Proposition 3.4. Let £ € P(D) be an (a, c)-Volterra operator. Then £ € S;.(D).

Theorem 3.5. Let —¢ € P(D), £ be an (a,c)-Volterra operator, and let there exists a function y €

C*

loc

([a, b[x[c, d[; Ry) satisfying

3%y (t, x)
dt 0x
y(,x) >0 for(t,x) € la,b[x[c,d|,
ay(t,c)
ot

=ty), x) for(t,x)eD,

<0 fort €la,bl,

and

ay(a, x)

<0 forxelcdl.
0x

Then the operator £ belongs to the set S0 (D).

(3.10)
(3.11)

(3.12)

(3.13)

Remark 3.3. The assumption (3.11) in Theorem 3.5 is essential and cannot be omitted. Indeed, if there exists a
function y € Cy ([a, b[x[c, d[; Ry) such that the conditions (3.10), (3.12) and (3.13) hold and y (9, xo) = O for

some (g, xg) €la, b[x]c, d[, then it can happen that £ & S,.(D) (see Example 6.2).

Corollary 3.6. Let —¢ € P(D), £ be an (a, c)-Volterra operator, and

b rd
fflﬁ(l)(s,n)ldndsfl.

Then £ € S,;.(D).

Remark 3.4. The inequality (3.14) in Corollary 3.6 cannot be replaced by the inequality

/b/d £ (s. mldnds < 1+,

o« Je

no matter how small ¢ > 0 would be (see Example 6.2).

Theorem 3.7. Let £ = £y — £1, where £y, €1 € P(D) and ¢y is an (a, c)-Volterra operator. If
Ly € Sac(D), —L1 € S4c(D)

then the operator £ belongs to the set S,-(D).

Remark 3.5. The assumption (3.16) in Theorem 3.7 cannot be replaced neither by the assumption
(1 = &)y € Suc(D), =Ly € Suc(D)

nor by the assumption
o € Sac(D), —(1 =)ty € Suc(D),

no matter how small ¢ > 0 would be (see Examples 6.3 and 6.4).

(3.14)

(3.15)

(3.16)

Remark 3.6. It is proved in [9] that if a nonincreasing operator belongs to the set S,.(D) then it is necessarily an
(a, ¢)-Volterra operator. Therefore, in Theorems 3.5 and 3.7, the assumptions on the operators £ and £1, respectively,

to be (a, c)-Volterra ones are necessary.
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4. Proofs of the main results
To prove the statements formulated in Section 3 we will need the following lemmas.

Lemmad.l. Letv e C*(D;R)anda <tj <th <b,c <x1 <xp <d. Then

2 Ju(s, c) 2 Jv(a, ’7)
d
a5 s +/ on dn

/ /"2 9% (s, n)d ds +/ /"2 82v(s 7}) dnds
2 9u(s, c) /"2 v(a, n)
=/ ds + dn
ds o
*2 82v(s 77) ¥ 92y(s, 77)
/ / T dnds +/ / Saadnds 4.1)

Proof. Since v € C*(D; R), the function v admits the representation

! 2
U(t,x):v(a,c)—}—/ avéss’ c)ds+/ 8v(a 7)) / / 88v(sanr))

for (7, x) € D. Therefore,
29 x2 52
v(tz,xz)—v(tl,xz)zf U(S ) 4s / / U(S n) dnds.
n

On the other hand,
2 Jv(a, *2 32y (s
v(ty, x3) —v(ty, x1) = / ( n)d +/ / J dnds.
x1 as an
Consequently, the first equality in (4.1) holds. The second equality in (4.1) can be proved analogously. [

v(fp, x2) —v(ty, x1) = /

Lemma 4.2. Let (tg, xo) € D, —¢ € P(D), £ be an (a, ¢)-Volterra operator, and let u be a solution of the problem
(1.4)—(1.7) satisfying

u(ty, x9) < 0. 4.2)
Then

max{u(t, x) : (t,x) € a, to] X [c, x0l} > O. 4.3)

Proof. Obviously, 7y # a and xg # ¢. Assume that, on the contrary, (4.3) is not true. Then
u(t,x) <0 for (¢t,x) € Dy,

where Dy = [a, f] X [c, x0]. Since £ is an (a, ¢)-Volterra operator and —¢ € P (D), it follows from (1.4) that
U (t, x) > L(u)(t,x) >0 for (¢t, x) € Dy.

Consequently, according to (1.5)—(1.7) and Lemma 4.1, we get
u(to, x0) = u(a, c) = 0,

which contradicts (4.2). [

Lemma 4.3. Let £ € P(D). Then £ € S,;.(D) if and only if the problem

azv(t,x)
dt dx
v(t,c) =0 fort € la,b], v(a,x) =0 forx € [c,d] 4.5)

= t)(z, x), (4.4)
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has no nontrivial nonnegative solution.”

Proof. If £ € S, (D), then it is clear that the problem (4.4), (4.5) has no nontrivial nonnegative solution.
Now suppose that the problem (4.4), (4.5) has no nontrivial nonnegative solution and let u be a solution of the
problem (1.4)—(1.7). We will show that the function u is nonnegative. Put

t X
a(t, x) =/ / L([u]-)(s, n)dnds for (¢, x) € D.

It is clear that « € C*(D; R),

oy (t, x) = £([u]-)(t, x) for (¢,x) € D, (4.6)
a(t,c) =0 fort € [a,b], a(a,x) =0 forx € [c, d], 4.7

and
a(t,x) >0 for(t,x) eD.
By virtue of (1.4), (1.6), (1.7), (4.6), (4.7), and the assumption £ € P (D), we get

Wy (£, %) = L + [u]-)(#, x) = €([u]l+)(#, x) =0 for (s, x) € D,
wy(t,c) >0 fort € la,b], wy(a,x) >0 forx e [c, d],

where
w(t,x) =u(t,x)+oa,x) for(t,x)eD.
Consequently, in view of (1.5), Lemma 4.1 yields
w(t,x) > w(a,c) >0 for(t,x) e D
and thus
[u(t,x)]- <a(t,x) for(t,x) €D 4.8)
because the function « is nonnegative. Now, from (4.6) we get
o (t, x) < L(a)(t,x) for (¢t,x) € D.

We have proved that « is a nonnegative solution of the problem (4.4), (4.5). Therefore, « = 0 and the condition (4.8)
yields u(¢, x) > 0 for (¢, x) € D.Hence £ € S,.(D). O

Lemma 4.4. Let f € L (D; R) be such that

b pd
f f S(s,mdnds < 1. (4.9)

Then there exists (by, dy) €la, blx]c, d] such that

topx
/ / fG,mdnds <1 for (t,x) € Dy, (t,x) # (bo, do), (4.10)

and
f@,x)=0 for (t,x) € D\ Dy, 4.11)
where Do = [a, bg] x [c, do].

2 Recall here that by a solution of the problems (4.4), (4.5) a function v € C*(D; R) is understood satisfying the inequality (4.4) almost
everywhere on the set D and verifying also the conditions (4.5).
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Proof. If the inequality (4.9) is strict, then the assertion of lemma holds for by = b and dy = d. Therefore, suppose

that

b pd
//f(s,n)dnds:l.

b prx
dozmin{xe[c,d]://f(s,n)dnds:l}.

Put

It is clear that dy > ¢ and

b pdo b px
/ / f(s,p)dnds =1, / / f(s,mdnds <1 forx € [c, dyl.

Further, we put

t do
bozmin{te[a,b]:// f(s,n)dnds:l}.

Obviously, by > a and

by do t do
/ f(s,p)dnds =1, / f(s,ndnds <1 fort € [a, byl.
a c a

c

Let Dy = [a, bo] % [c, dp]. It is easy to verify that the condition (4.10) holds and

// £(t, x)dtdx = 0.
D\Dy

Hence (4.11) is also satisfied because the function f is supposed to be nonnegative.

Now we are in a position to prove the main results given in Section 3.

4.12)

Proof of Theorem 3.1. First suppose that there exists y € C*(D; ]0, +o0[) satisfying the conditions (3.1) and (3.2)
(resp. (3.1) and (3.3)). Let u be a solution of the problems (1.4)—(1.7). We will show that the function u is nonnegative.

Put
A={reR;: Ay, x)+u(t,x)>0for (¢t,x) € D}.

Since y is a positive function, we have A # . Let
Ao = infA.

Now we put
w(t,x) = Aoy (t,x) +u(t,x) for(¢,x) eD.

It is clear that Ao > 0, w € C*(D; R), and
w(t,x) >0 for (t,x) e D.

Therefore, by virtue of (1.4), (3.1), and the assumption £ € P (D), we get
Wi (t, x) > L(w)(, x) >0 for (¢t,x) € D.

Assume that

Xo > 0.

Then, it follows from (1.5)—(1.7), (3.2) (resp. (3.3)), and (4.18) that

w(a,x) >0 forx e [c,d], wy(t,c) >0 fort € la,b]

(resp. w(t,c) >0 fort € [a,b], wy(a,x) >0 forx € [c,d]).

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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Hence, in view of (4.17), Lemma 4.1 yields

w(t,x) > w(a,x) >0 for(t,x)eD
(resp. w(t,x) > w(t,c) >0 for(¢,x) € D).

Consequently, there exists ¢ €]0, Ag] such that
w(t,x) >e¢ey(t,x) for(t,x) eD,

ie.,
(M—8&)yt,x)+u,x)>0 for(s,x)eD.

Hence, by virtue of (4.13), we get Ao — € € A, which contradicts (4.14).
The contradiction obtained proves that Ao = 0. Consequently, (4.15) and (4.16) yield

u(t,x) =w(,x) >0 for(t,x)eD

and thus £ € S, (D).
Now suppose that £ € S,-(D). Then, according to Remark 1.1, the problem

Pyt x)
W —E(y)(t,x), (419)
y(t,c)=1 fort € [a,b], y(a,x) =1 forx € lc,d] (4.20)

has a unique solution y and
y(t,x) >0 for(t,x)eD.
By virtue of the assumption £ € P (D), the equation (4.19) implies
Vex (£, x) >0 for (¢,x) € D.
Therefore, by virtue of (4.20) and Lemma 4.1, we get
y(t,x)>vy(a,c)=1 for(t,x)eD.
Consequently, y € C*(D; ]0, +o0[) and it satisfies the inequalities (3.1)-(3.3). O
Proof of Corollary 3.2. (a) It is not difficult to verify that the function
m k
y(t,x) = Z,oj(t,x) — aij(t,x) for (r,x) € D
j=1 j=l1

belongs to the set C*(D; 0, +ool) and satisfies (3.1)—(3.3). Therefore, Theorem 3.1 guarantees £ € S, (D).
(b) According to (3.7), there exists € > 0 such that

b pd b pd b pd
£ exp (/ / L()(s, n)dndS) +f / £(1)(s, n) exp </ / 5(1)($1,$2)d$2d$1> dnds < 1. 4.21)
a Jc a Jc K n
t X
y(t,x) = gexp </ / £(1) (s, n)dnds)

t px t px
+/ / Z(l)(s,n)eXp(f / E(l)(&,éz)dézd&)dnds for (z,x) € D.
a Jc s Ui

Put

It is not difficult to verify that y € C*(D; R4 ) and, in view of the assumption £ € P (D), we get

Yex (, x) = €(1)(t, x)y (¢, x) + €(1)(t,x) = 0 for (¢t,x) € D, 4.22)
y(t,c) =¢ fort € |a,b], y(a,x) =¢ forx €[c,d]. (4.23)
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Hence, by virtue of (4.21)—(4.23), Lemma 4.1 yields
0<y(a,c)<y(t,x)<yb,d) <1 for(t,x)eD.
Now from (4.22) we get
Vix (£, x) = €)1, x)y (1, x) + £(y)(1,x) for (1, x) € D,
and thus, by virtue of Theorem 3.1, we find
€ € Suc(D), (4.24)

where

Tw)(t, x) Lo, vyw(r, x) + Lw)(r, x)  for (1, x) € D. (4.25)

According to Lemma 4.3, to prove the corollary it is sufficient to show that the problem (4.4), (4.5) has no nontrivial
nonnegative solution. Let v be a nonnegative solution of the problem (4.4), (4.5). We will show that v = 0. Put

u(t,x) =0w)(,x) for(t,x)eD, (4.26)
where 0 is defined by (3.6). Obviously,
U (t, x) = L(V)(t, x) > vy (¢, x) for (¢,x) € D,
u(t,c)=0 fort € la,b], u(a,x) =0 forx € lc, d]. “4.27)
Consequently, in view of (4.5), Lemma 4.1 yields
u(t,x) >v(,x) >0 for(t,x) eD. (4.28)
On the other hand, by virtue of (3.8), (4.25)—(4.28), and the assumptions £, £ € P(D), we get
Ure(t,x) = L()(t, x) <L), x)ult,x) + L), x) — L)@, x)u(t, x)
= LD, x)u(t, x) + £ (O () (1, x) — £(1)(7, x)0(v)(z, x)
=L@, 0ult, x) + L), x) < L)@, x)ut, x) + Lu)(, x)
= L(u)(t,x) for(t,x) e D.

Now, by (4.24), (4.27), (4.28), and Lemma 4.3, we obtain u = 0. Consequently, (4.28) implies v = 0, i.e., the problem
(4.4), (4.5) has no nontrivial nonnegative solution. [

Proof of Proposition 3.3. Suppose that (3.9) holds and the homogeneous problem (1.19)—(1.3¢) has only the trivial
solution. We will show that £ € S;.(D). According to Theorem 1.2, the problem (4.19), (4.20) has a unique solution
y. Put

yo = min{y(z,x) : (t,x) € D} (4.29)

and choose (ty, x9) € D such that y (t9, x0) = yo.
Assume that

y0 <0. (4.30)
Then, in view of (4.20), Lemma 4.1 yields
o X0
y (to, x0) = 1 +/ / £(y) (s, n)dnds.
a C

Therefore, on account of (3.9), (4.29), (4.30), and the assumption ¢ € P (D), we get

b d
o= 14 yo/ f ¢ (s, mdnds = 1+ .
a C

a contradiction.
The contradiction obtained proves that Yy > 0. Consequently, Theorem 3.1 guarantees the inclusion £ € S, (D).
The converse implication is trivial. [
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Proof of Proposition 3.4. It is not difficult to verify that the assumptions of Corollary 3.2(b) are satisfied with £ = 0

because the operator £ is supposed to be an (a, c)-Volterra one. [J

Proof of Theorem 3.5. Let u be a solution of the problem (1.4)—(1.7). We will show that the function u is nonnegative.

Assume that, on the contrary,
min{u(t, x) : (t,x) € D} < 0.
Then there exists (tg, xo) €la, b[x]c, d[ such that
u(to, xo) < 0.
Put Dy = [a, ty] X [c, x¢] and
A={rAeRy:Ay(t,x) —u(t,x) > 0for (¢, x) € Dy}.
Since the function y is positive on Dy, we have A # . Let
Ao = inf A.
Now we put
w(t, x) = Aoy (t,x) —u(t,x) for (¢,x) €D.
It is clear that w € C*(Dy; R) and
w(t,x) >0 for (¢, x) € Dy.
Moreover, according to (4.32)—(4.34) and Lemma 4.2, we get
Ao > 0.
From (1.4), (3.10), (4.35) and (4.37) we obtain
weye (£, x) < L(w)(t,x) for (t,x) € D.
Since £ is an (a, c)-Volterra operator, —¢ € P (D), and (4.36) holds, the last inequality implies
wee(t,x) <0 for (¢, x) € Dy.
Further, from (1.6), (1.7), (3.12), (3.13), (4.35) and (4.37) we get
we(t,c) <0 fort € [a,ty], wy(a,x) <0 forx € [c, xp].
Hence, by virtue of (4.32), Lemma 4.1 yields
w(t, x) > w(ty, xg) > 0 for (¢, x) € Dy.
Consequently, there exists ¢ €]0, Ag] such that
w(t,x) >ey(t,x) for(t,x) € Dy,
ie.,
(A —8)yt,x) —u(,x) >0 for(t,x) € Dy.

Hence, in view of (4.33), we get Ao — € € A, which contradicts (4.34). U

Proof of Corollary 3.6. According to Lemma 4.4, there exists a point (bg, dp) €la, b]x]c, d] such that

I opx
/ / [L(1)(s, n)|dnds < 1 for (t, x) € Dy, (t,x) # (by, dp),

and

£(1)(t,x) =0 for (t,x) € D\ Dy,

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)
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where Dy = [a, bg] X [c, dp]. Put

t X
yx=1= [ [T1e mians for r.x) € Do
a c
Since £ is a nonincreasing (a, c)-Volterra operator, by Theorem 3.5 we get

o € Sac(Do), (4.41)

where £ is the restriction of £ to the space C(Dy; R).
Now let u be a solution of the problem (1.4)—(1.7). We will show that the function u is nonnegative. In view of
(4.41), we find

u(t,x) >0 for (¢t,x) € Dy. 4.42)
On the other hand, the assumption —¢ € P (D) guarantees that the relations

£()(z, x) max{u(s, n) : (s, n) € D} < L(u)(r, x) < £(1)(r, x) min{u(s, n) : (s, n) € D}
hold for (¢, x) € D and thus, by virtue of (4.40), we get

Lu)(t,x) =0 for (¢t,x) € D\ Dy.
Consequently, (1.4) implies

urx(t,x) >0 for (¢t,x) € D\ Do. (4.43)
Let (t9, x0) € D \ Dy be an arbitrary point. Put

t; = min{zg, by}, x1 = min{xg, do},
and

D* =[a, to] x [¢, x0] \ [a, 11] X [c, x1].

Clearly, (11, x1) € Dy and D* € D \ Dy. Then, in view of (1.6), (1.7), (4.42), (4.43), and Lemma 4.1, we get

1o 9 , X0 82
u(to, x0) =u(t1,x1)+/ Jus. ) g / u(@. ")d +// FuG ) an > 0.
f as « 050N

Therefore, we have proved that u (¢, x) > u(t1, x1) for (¢, x) € D \ Dy, which together with (4.42) ensure that the
function u is nonnegative on the set D. Consequently, £ € S;.(D). O

Proof of Theorem 3.7. Let u be a solution of the problem (1.4)—(1.7). We will show that the function u is nonnegative.
According to the inclusion —¢; € S,.(D) and Remark 1.1, the problem

2w(r,

# = — 1 (w)(t, x) — Lo([u]_)(t, x), (4.44)
tox

w(t,c) =0 fort € la,b], w(a,x) =0 forx € [c,d] (4.45)

has a unique solution w and

w(t,x) <0 for (¢, x) € D. (4.46)
In view of (1.4)—(1.7), (4.44), (4.45), and the assumption £y € P (D) we get
2
55 (u(t,x) —w(t,x)) > —L1(u—w)(t,x)+ Lo([ul) @, x) > —€1(u —w)(t,x) for (¢, x)eD,
X

%(u(z‘, c)—w(t,c)) >0 fort e |a,b],

ai(u(a,x) —w(a,x)) >0 forx €lc,d],
X
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and

u(a,c) —wla,c) > 0.
Consequently, the inclusion —¢; € S, (D) yields

u(t,x) > w(,x) for(t,x)eD. (4.47)
Now, (4.46) and (4.47) imply

—[u(t,x)]- > w(,x) for (¢t,x) e D. (4.48)
On the other hand, by virtue of (4.44), (4.46), (4.48), and the assumptions £, £1 € P(D), we obtain

wey (8, x) = Lo(w) (@, x) — L1 (w)(#, x) > Lo(w)(t, x) for (¢t,x) € D.
Hence, the inclusion ¢y € S, (D), on account of (4.45), implies

w(t,x) >0 for(t,x) € D,

which, together with (4.47), guarantees u(¢, x) > O for (t,x) e D. U
5. Operators with deviating arguments

In this section, we will establish the corollaries of the main results for the operators with deviating arguments, i.e.,
for the cases when the operator £ is given by one of the following formulae:

)t 0) S pt, (o, ), o, x))  for (¢, x) € D, 5.1
L), 1) E —g(t, x)v(T1 (1, x), wi(t, x))  for (1, x) € D, (5.2)
L) (t, x) € p(t, 2 (o, x), polt, X)) — g(t, V)v(T1(t, x), (6, x))  for (¢, x) € D. (5.3)

Here we suppose that p, g € L(D,Ry) and t; : D — [a, b], i : D — [c, d] are measurable functions (i = 0, 1).
Throughout this section, the following notations will be used:

7y = ess sup{to(r, x) : (t, x) € D}, ug = ess supfuo(t, x) : (¢, x) € D}.
We first formulate all the statements, the proofs are given later.

Theorem 5.1. Let at least one of the following items be fulfilled:

(a) there exists o €]0, 1] such that

t px T0(s,n)  pro(s,n) t px
/ / ps. ) / / plEL, E2)derdE) ) dnds < a / / p(s.mdnds for (1, x) € D; (54)

b pd b pd
/ / p(s,m(fi(s,n, mo(s, m) + fa(s, 0, s)) exp </ f p(&r, 52)d§2d$1) dnds < 1, (5.5)
a Jc s n

(b)

where

def 1 wt,x) py
filt,x,y) = 5(1 + sgn(7o(t, x) — t))/ / p(s,n)dnds, for (t,x) € D, y € [c,d] (5.6)
t c

and

def 1 t prpo(t,x) '
falt,x,y) = 5(1 + sgn(uo(t, x) — x)) p(s,n)dnds for (t,x) € D, y € [a, b]; 5.7
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b rd b rd
//p(s,n)(fl(s,77,n)+f2(s,n,ro(s,n)))eXp</ / p(€1,§2)d$2d§1>d77ds<1, (5.8)

n
where the functions f1 and f> are defined by (5.6) and (5.7), respectively.

Then the operator £ given by (5.1) belongs to the set S, (D).

Remark 5.1. The assumption « €]0, 1[ in Theorem 5.1(a) cannot be replaced by the assumption a €]0, 1] (see
Example 6.1).

Theorem 5.2. Let one of the following items be fulfilled:

(a)
%R
/ / p(s,mdnds < 1; (5.9
a C
(b)
%o (R
/ [ p(s, n)dnds > 1 (5.10)
a C
and
Tt,x) prx To(r,x)  puo(t,x)
ess sup / / p(s, n)dnds +/ / p(s,n)dnds : (t,x) € D} < v, (5.11)
t c a X
where

y
exp (v [ [ p(s, mdnds) — 1

1
o =sup{—In|y+ y>0¢. (5.12)

Then the operator £ given by (5.1) belongs to the set S, (D).

The following statement can be regarded as a supplement of the previous one.

Theorem 5.3. Let

[ RO
/ / p(s, n)dnds = 1. (5.13)
a C

Then the operator £ given by (5.1) belongs to the set S,.(D) if and only if

LT T0(s,m)  prols,n)
/ / s ) / / P&, E2)dExde, | dnds # 1. (5.14)

Theorems 5.1-5.3 contain some integral conditions for the operator £ defined by (5.1) to belong to the set S, (D).
The following theorem gives a different kind of conditions, the so-called point conditions.

Theorem 5.4. Let the function p be essentially bounded and
ess sup{p(t, x)(to(t, x) —a)(uo(t,x) —c) : (t,x) €e D} < 1. (5.15)
Then the operator £ given by (5.1) belongs to the set S;c(D).

Remark 5.2. The strict inequality (5.15) in the previous theorem cannot be replaced by the nonstrict one (see
Example 6.5).
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Theorem 5.5. Let

gt,x)(t1(t,x) —1) <0 for(t,x) €D, (5.16)
glt, x)(ui(t,x) —x) <0 for (t,x) € D, (5.17)
and
b pd
/ f g(s,mdnds < 1. (5.18)

Then the operator £ given by (5.2) belongs to the set S, (D).

Remark 5.3. The constant 1 on the right-hand side of the inequality (5.18) cannot be replaced by the constant 1 + ¢,
no matter how small ¢ > 0 would be (see Example 6.2).

Theorem 5.6. Let the conditions (5.16) and (5.17) be satisfied and let

ess sup{g(t, x)y (r1(¢t, x), u1(¢t,x)) : (t,x) e D} < 1, (5.19)
where

yt,x)=b—-—a)d—c)—({t —a)(x —c) for(t,x)eD. (5.20)
Then the operator £ given by (5.2) belongs to the set S;-(D).
Remark 5.4. The inequality (5.19) in the previous theorem cannot be replaced by the inequality

ess sup{g(z, x)y (t1(z, x), p1(r, %)) : (t,x) € D} < 1 +¢,

no matter how small ¢ > 0 would be (see Example 6.6).

Theorem 5.7. Let the functions p, 1o, o satisfy one of the items (a)—(c) in Theorem 5.1 or the assumptions of
Theorems 5.2 or Theorem 5.4 or the conditions (5.13), (5.14), whereas the functions g, Ty, |1 satisfy the conditions
(5.16), (5.17), and either the inequality (5.18) or (5.19) is fulfilled. Then the operator £ given by (5.3) belongs to the
set Suc (D).

Proof of Theorem 5.1. Let the operator £ be defined by (5.1). Obviously, £ € P(D).
(a) According to (5.4), we have

p3(t, x) < apy(t, x) for (z,x) € D,

where py and p3 are given by (3.5). Therefore, the assumptions of Corollary 3.2(a) are satisfied.
(b) For (¢, x) € Dand v € C (D; R), we put

- def 1 To(t,x) pho(t,x)
L), x) = = p(t, x) 5(1 + sgn(to(t, x) —r))[ / (s, Mv(to(s, 1), wo(s, 7))dnds
t c
1 tpuo(tx)
+ 5(1 + sgn(uo(t, x) — x))/ / p(s, Mv(to(s, ), wo(s, n))dnds | .
It is clear that £ € P(D) and
To(t,x)  prolt,x)
O, x) — LY (E, D)O)(E, %) = p(;,x>/ / (5. 1)0(ea 6, 7). 105, m)dnds

t X
—p(t,x)/f p(s, Mv(to(s, n), ko(s, n))dnds

To(t,x)  puo(t,x)
= p(t, x) / f p(s, Mu(o(s, n), no(s, n))dnds
t c
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o(t,x)
+ / / p(s, Mv(to(s, n), pos, n))dndS}

< L()(t,x) for(t,x) € D,v e C(D;R,),

where 6 is given by (3.6). On the other hand, by virtue of (5.5), the inequality (3.7) holds. Hence, the assumptions of
Corollary 3.2(b) are satisfied.
(c) The proof is analogous to the previous case but the operator ¢ is defined by

_ of 1 T0(t,x) x
)t x)E = p(t. x) [5(1 + sgn(to(, x) — 1)) f / (s, mv(to(s, n), fto(s, n))dnds
t c

1 To(t,x)  pro(t,x)
+ 5(1 + sgn(uo(t, x) — X))/ / p(s, Mv(zols, n), po(s, n))dnds

for (t,x) e Dandv € C(D; R). O
Proof of Theorem 5.2. Let the operator £ be defined by (5.1). Obviously, £ € P(D).
First suppose that (5.9) holds. Let
£ (v)(t, x) p(t x)v(to(t, x), no(t, x)) for (¢, x) € D*, ve C(D*;R), (5.21)

where D* = [a, 75] x [c, ug]. In other words, £* is the restriction of £ to the space C (D*, R). According to (5.9) and
Remark 3.2, it is clear that £* € S,.(D*). However, by Lemma 4.1, it can be easily verified that £ € S,.(D), as well.

Now suppose that (5.10) and (5.11) are satisfied, where the number w™* is given by (5.12). Then there exist yp > 0
and ¢ € [0, 1[ such that

70(,X) To(t,x)  puo(t,x)
/ / p(s, n)dnds+/ / p(s, n)dnds

Yo€
< — ln Yo+
Y0 exp (yo f;7 2 ps. nydnds) —

Consequently, the inequality

) prot.r) PR 1 Yo €Xp (yO fato(t,x) fC/Lo(t,x) (s, n)dnds)
/ / p(s, nydnds — / / p(s,mdnds < —In To(t,x) (t,x)
g . a Je Y o \exp (yo S L s, n)dndS) -

for (¢, x) € D.

(5.22)
holds for (¢, x) € D. Put

t X
y(t,x) = exp (y()/ / p(s, n)dnds) —¢& for(t,x) eD.

Obviously, y € C*(D; 10, +o0[) and, in view of (5.22), y satisfies the inequalities (3.1)—(3.3). Therefore, by virtue
of Theorem 3.1, we get £ € S,.(D). O

To prove Theorem 5.3 we need the following lemma.

Lemma 5.8. Let D* = [a, 1§] % [c, u3l, p € L(D*; Ry) be such that (5.13) holds, and let u € C*(D*;R) be a
function satisfying
ure(t, x) = p(t, X)u(ro(t, x), uo(t, x)) for (t,x) € D, (5.23)
u(t,c) =0 fort e la, 5], u(a,x) =0 forx € [c, ugl. (5.24)

Then the function u does not change its sign.
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Proof. Assume that, on the contrary, u changes its sign. Put
M = max{u(t, x) : (¢, x) € D*}, m = —min{u(t, x) : (t, x) € D*}, (5.25)

and choose (tp7, xp1), (tn, Xxm) € D* such that

u(ty, xm) = M, u(ty, Xm) = —m. (5.26)
Obviously,
M > 0, m > 0, 5.27)

and without loss of generality we can assume that #,, < #)7. It is also clear that either
Xm < XM (5.28)
or
Xm = XM (5.29)
First suppose that (5.28) holds. According to (5.23) and (5.24), Lemma 4.1 yields

tm XM
M(tMst) _M(tmaxm) = / / P(Sv ’7)”("50(37 77)1 MO(S9 U))dnds

1374 XM
+ / / p(s, mu(to(s, n), no(s, n))dnds.
tm c

Hence, in view of (5.25)—(5.27), we get

Im XM 1374 XM 'L’aF pfé
M+m< M/ / p(s, n)dnds + Mf / p(s, mdnds < M/ / p(s, n)dnds,
a Xm tm c a c

which, on account of (5.13), contradicts (5.27).
Now suppose that (5.29) is satisfied. According to (5.23) and (5.24), Lemma 4.1 implies

1374 XM
u(ty, xpm) — ulty, Xpm) = / / p(s, Mu(tols, n), nols, n))dnds,
tm c

Im Xm
”(tma xm) - u(tma -XM) = f / P(Sa U)M(TO(S, T’)v /'LO(Sa U))dnds

Hence, in view of (5.25)—(5.27), we get

tm XM
M —u(ty,xy) < M/ / p(s, n)dnds,
tm c

tm Xm
U(ty, xpy) +m < m/ / p(s, n)dnds.
a XM

tm  Xm M XM
max{M, m} (/ / p(s, n)dnds + / / p(s, n)dnds)
a XM Im c

[
max{M, m}/ / p(s, n)dnds,
a c

which, on account of (5.13), contradicts (5.27). [

Therefore

M+ m

IA

IA

Proof of Theorem 5.3. Let D* = |[a, t(;‘] x [c, /Lg] and the operator £ € L£(D) be defined by (5.1). Let, moreover, £*
be the restriction of ¢ to the space C(D*, R), i.e., £* is given by (5.21). Since

(to(t, x), wo(t, x)) € D* for almost all (¢, x) € D,



A. Lomtatidze et al. / Mathematical and Computer Modelling 47 (2008) 1292—-1313 1309

itis easy to verify that £ € S, (D) if and only if £* € S,.(D*). However, according to Proposition 3.3, £* € S,.(D*) if
and only if the homogeneous problem (5.23), (5.24) has only the trivial solution. Consequently, to prove Theorem 5.3
it is sufficient to show that the problem (5.23), (5.24) has only the trivial solution if and only if the condition (5.14) is
satisfied.

Let u be a solution of the problems (5.23), (5.24). By virtue of Lemma 5.8, we can assume that

u(t,x) >0 for (t,x) € D*. (5.30)
Put

t X
f(t,x)= / / p(s,n)dnds for (z, x) € D*.

Since u satisfies (5.23) and (5.24), Lemma 4.1 yields
LR
u(ty, o) — ult,x) = / / p(s, Mu(zo(s, n), po(s, n))dnds
a X

‘((; x
+/ / p(s, Mu(to(s, n), po(s, n))dnds  for (¢, x) € D*.
t c

Therefore, in view of (5.30), we get

u(t,x) <u(ry, py) for (¢, x) € D (5.31)
and
w(t, 1) — u(t, x) < u(c, 1) (/ /XW‘; ps, mdnds + / / ps, n)dndS>
= u(ry, uo) (f (5. mo) — f(t,x)) for (z,x) € D*. (5.32)
From (5.13) and (5.32) we obtain
u(ry, uo) f(t,x) < u(ry, up)(f(gy, ng) — 1) +u(t,x) =u(t,x) for (¢, x) € D*. (5.33)

On the other hand, on account of (5.23), (5.24) and (5.31), we get

t X
u(t, x) =/ / p(s, Mu(ro(s, n), pols, M)dnds < u(zy, ug) f(t,x) for (z, x) € D*. (5.34)
a C
Now, it follows from (5.33) and (5.34) that

t px
u(t, x) = u(ty, ué)/ / p(s,n)dnds for (z, x) € D*. (5.35)

Finally, on account of the relation (5.35), we obtain

t X
u(t,x)=/ / p(s, Mu(to(s, n), pols, n))dnds

t px T0(s,n)  prols,n)
- / / pisom (g, 1) f / (e, E)dErdE; | dnds

for (z, x) € D* and thus,

T orug wo(s,m)  purols,n)
w(e ) |1 / / P, ) / / p(&1. £2)dErdE) | dnds | = 0. (5.36)

We have proved that every solution u of the problems (5.23), (5.24) admits the representation (5.35) and, moreover,
u(rg‘ , /,L?;) satisfies (5.36). Therefore, if (5.14) holds, then the problems (5.23), (5.24) have only the trivial solution.
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It remains to show that if (5.14) is not satisfied, i.e.,

R
/ / p(s,m) f(tols, n), no(s, n))dnds = 1, (5.37)
a C
then the problem (5.23), (5.24) has a nontrivial solution. Indeed, since

f(o(t, x), no(t, x)) < f(ry, g for (¢, x) € D,

in view of (5.13) and (5.37), we get

t X
0< / f (s (T 1) — F(zo(s, m). o(s, 7))dnds

* l’L*
5/0/ 0p(s, m(f (g, mo) — f(zols, m), rols, n))dnds
oMo
= _/ / p(s,m) f(zo(s, n), pols, m)dnds =0 for (r, x) € D*.
Consequently,

topx
// p(s, m(f(rg. 1g) — f(zols, ), wols, m))dnds =0 for (1, x) € D*,

ie.,

t X
ft,x) = / f p(s,m) f(zo(s, m), po(s, n))dnds  for (¢, x) € D*.
a c
Thus f is a nontrivial solution of the problem (5.23), (5.24). O

Proof of Theorem 5.4. Let the operator £ be defined by (5.1). Obviously, £ € P(D).
According to (5.15), there exists ¢ > 0 such that

p(t, x)((to(t, x) —a)(uo(t,x) —c)+¢e) <1 for(t,x) € D. (5.38)
Put
y(it,x) =t —a)x —c)+¢ for(t,x) € D.

Obviously, y € C*(D; ]0, 4o0[) and, in view of (5.38), y satisfies the inequalities (3.1)—(3.3). Therefore, by virtue
of Theorem 3.1, we get £ € S,.(D). O

Proof of Theorem 5.5. Let the operator £ be defined by (5.2). It is clear that, in view of the assumptions (5.16)
and (5.17), the operator £ is an (a, c)-Volterra one. Therefore, the validity of the theorem follows immediately from
Corollary 3.6. [

Proof of Theorem 5.6. Let the operator £ be defined by (5.2). It is clear that, in view of the assumptions (5.16)
and (5.17), the operator ¢ is an (a, c¢)-Volterra one. Moreover, by virtue of the assumption (5.19), the function y
given by (5.20) satisfies the inequalities (3.10)—(3.13). Hence, Theorem 3.5 guarantees the validity of the inclusion
Le S, (D). O

Proof of Theorem 5.7. The validity of theorem follows from Theorems 3.7 and 5.1-5.6. [
6. Counter-examples

In this section, we present the counter-examples showing that the results obtained are unimprovable in a certain
sense.
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Example 6.1. Let the operator £ be defined by (5.1), where 79 = b, o = d, and p € L(D; Ry) is such that

b d
/ f p(s, mdnds = 1.
a C

Obviously, £ € P(D) and, for any m > k (m, k € N), the condition (3.4) holds with « = 1, where the functions p;
(i € N) are defined by (3.5) and (3.6). Moreover, the condition (5.4) is satisfied with o = 1.
On the other hand, the function

t X
u(t, x) :/ / p(s,n)dnds for (t,x) € D
a c
is a nontrivial solution of the problem (1.19)—(1.3¢). Therefore, by virtue of Remark 1.1, we find £ &€ S, (D).

Example 6.2. Let (f9, xo) €la, b[x]c,d[ and ¢ > 0. Put D = [t9, b] X [x9, d],

__Ja for(t,x) e D\D;
”(”)_{to for (1, x) € Dy,

and

¢ for(t,x) e D\ Dy
xo for (t,x) € Dy.

Ml(l,X)={

Let the operator £ be defined by (5.2), where g € L(D; Ry) is such that

Io X0 dd e
S, s:—,
//g( ndn T+ //xo

g, x) =0 for (t,x) € [a, to] X [x0,d] U [ty, b] x [c, x0].

Obviously, £ is an (a, ¢)-Volterra operator and the condition (3.15) holds. Further, it is not difficult to verify that the
function y € C*(D; R..), defined by

t X
— - f f g(s,m)dnds for (1, x) € D\ Dy
14+¢ a Je
0 for (¢, x) € Dy,

satisfies the conditions (3.10), (3.12), (3.13), and y (¢, xo) = O.
On the other hand, the function

t X

1-— g(s, n)dnds for (t,x) e D\ Dy

u(t,x) = a 8“ t px
(1 — ) <1 —/ / g(s, n)dnds) for (t, x) € Dy
1+e¢ 0 Jxo

is a solution of the problem (1.4)—(1.7) with u(b, d) = —

vy, x) =

ﬁ <0, and thus € & Suc(D).

Example 6.3. Let ¢ €]0, 1[ and let p, g € L(D; R) be such that

b pd b pd
/ / p(s,ndnds =1+ ¢, / f g(s,n)dnds < 1. (6.1)
a c a c

Let ¢ = £yg — £1, where

Lo(v)(t, x) p(t x)v(b, d), L1(v)(t, x) dﬁcfg(t, x)v(a, c). (6.2)
According to Remark 3.2 and Corollary 3.6, we find
(1 —&)lo € Suc(D), —L1 € S4c(D).
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Note also that the homogeneous problem (1.19)—(1.3¢) has only the trivial solution. Indeed, if u is a solution of the
problem (1.1¢9)—(1.3p) then Lemma 4.1 yields

b pd b pd
uyg(b,d) — ug(a, c) = ug(b, d)f / p(s, n)dnds — uo(a, C)f / g(s, n)dnds. (6.3)

Consequently, in view of (1.2p) and (6.1), we get ug(b, d) = 0. Now, (1.1p) implies % uop(t,x) =0 for (¢t,x) € D
and thus, uo = 0. Therefore, the problem (1.1y), (1.2), (1.3) with ¢ = 1 and ¥ = 1 has a unique solution u.
On the other hand, by virtue of (6.1), Lemma 4.1 yields

b pd
u,d) —ula,c) =1 +e)ub,d) — u(a,C)/ / g(s, n)dnds,
a C
ie.,
b pd
eu(b,d) = / f g(s, n)dnds — 1.
a c

Hence, u is a solution of the problem (1.4)—(1.7) with u(b, d) < 0, and thus £ &€ S,.(D).

Example 6.4. Let ¢ €]0, 1[ and let p, g € L(D; Ry ) be such that

b pd b pd
/ / p(s,n)dnds < 1, / f g(s,n)dnds =1 +¢. (6.4)
a c a c
Let £ = £9 — £1, where £y and ¢ are defined by (6.2). According to Remark 3.2 and Corollary 3.6, we find
Lo € Suc(D), —(1 — &)ty € S4c(D).

Note also that the homogeneous problem (1.1¢)—(1.3p) has only the trivial solution. Indeed, if ug is a solution of the
problem (1.19)—(1.3p) then Lemma 4.1 yields (6.3). Consequently, in view of (1.2¢) and (6.4), we get uo(b,d) = 0.
Now, (1.1p) implies % uop(t,x) = 0 for (¢, x) € D and thus, ug = 0. Therefore, the problem (1.1p), (1.2), (1.3)
with ¢ = 1 and » = 1 has a unique solution u.

On the other hand, by virtue of (6.4), Lemma 4.1 yields

b pd
ub,d) —u(a,c) = u(b, d)/ / p(s,n)dnds — (1 + e)u(a, c),

b pd
u(b, d) (1 —/ / p(s, n)dnds) = —¢.

Hence, u is a solution of the problem (1.4)—(1.7) with u(b, d) < 0, and thus £ € S, (D).

i.e.,

Example 6.5. Let the operator £ be defined by (5.1), where 70 = b, up =d,and p = [(b — a)(d — )L Tt is clear
that

ess sup{p(t, x)(zo(t, x) —a)(uo(t,x) —c) : (t,x) e D} = 1.
Howeyver, the function
u(t,x) =(t—a)(x —c) for(t,x)eD

is a nontrivial solution of the problem (1.1¢9)—(1.3¢) and thus £ & S,.(D).

Example 6.6. Let ¢ > 0 and let the operator £ be defined by (5.2), where 11 = a, u; = c,and g = (1 + &)[(b —
a)(d — ¢)]7 1. Tt is clear that the conditions (5.16) and (5.17) are satisfied, and

ess sup{g(t, x)[(b —a)(d —¢c) — (11(¢t, x) —a)(u1(t,x) —c)] : (t,x) e D} =1 +¢.
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On the other hand, the function
ut,x)=b—-—a)d—c)— A +¢e)t —a)(x —c) for(t,x) e D

is a solution of the problem (1.1¢), (1.2), (1.3) with v = (b —a)(d —¢) and ¢ = (b — a)(d — c). Since
u(b,d) = —e(b—a)(d —c) < 0Owe get£ & S,c(D).
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