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ON A PERIODIC BOUNDARY VALUE PROBLEM FOR
FOURTH ORDER LINEAR FUNCTIONAL DIFFERENTIAL
EQUATIONS

SULKHAN MUKHIGULASHVILI

Abstract. The unimprovable sufficient conditions are established for the
unique solvability of the periodic problem

3
D) = Y 6@ +at), w0 =uD@) e (G=03)
=0

where ¢; : C([0,w]) — L([0,w]) are linear bounded operators, g € L([0,w])
and ¢; € R.
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INTRODUCTION

Consider the problem on the existence and uniqueness of a solution of the
equation

u®(t) =) " Gu)(t) +q(t) for 0<t<w (0.1)

satisfying the periodic boundary conditions

W0) =u(w) +e; (=03) 0:2)
where ¢; : C([0,w]) — L([0,w]) are linear bounded operators, ¢ € L(][0,w]) and
w>0,c€R.

By a solution of the problem (0.1), (0.2) we understand a function u €
C3([0,w]) that satisfies the equation (0.1) almost everywhere on [0,w] and sat-
isfies the conditions (0.2).

It is well-known that if linear operators ¢; : C([a,b]) — L([a,b]) (i = 0,3)
are strongly bounded, i.e., there exist summable functions 7; : [a,b] — [0, +o0[
such that

[li(x) ()] < m@)|lz]lc for 0<t<w, zeC([a,b]),

then the following theorem on the Fredholm property is valid (see, e.g., [8,9])
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Theorem 0.1. The problem (0.1), (0.2) is uniquely solvable if and only if
the corresponding homogeneous problem

3

o) =) L)), v9(0)=vV(w) (j=0,3) (0.3)

i=0
has only a trivial solution.

In 1972, H. H. Schaefer [16, Theorem 4] proved that there exists a linear
bounded operator ¢ : C([a,b]) — L([a,b]) which is not strongly bounded.
The same (Fredholm) property for functional differential equations with a non-
strongly bounded linear operator had not been investigated till 2000. The first
important step in this direction was made by Bravyi (see, [2]), where the Fred-
holm property was proved for the boundary value problem for functional dif-
ferential equations with a nonstrongly bounded linear operator (see,e.g., [3]).
Those results were generalized for the n-th order functional differential systems
in [5] and with such a generalization Theorem 1.1 is also valid if ¢; (i = 0,1, 2)
are nonstrongly bounded linear operators.

A great deal of interesting work was carried out and many interesting re-
sults obtained on the existence and uniqueness of a solution for a periodic
boundary value problem for higher order ordinary differential equations (see,
e.g., [1,6,7,10-12,15] and the references therein). But an analogous problem
for functional differential equations, even in the case of linear equations remains
little investigated.

Thus, in the present paper, we study the problem (0.1), (0.2) under the
assumptions that ¢, is monotone (see Definition 1.1) and ¢; (¢ = 1,2,3) are
bounded, not necessarily strongly bounded, operators. We establish new non-
improvable, integral, sufficient conditions of the unique solvability of the prob-
lem (0.1), (0.2). On the other hand, these conditions generalize the well-known
nonimprovable results of A. Lasota and Z. Opial (see [11,Theorem 6, p. 88]) for
second order linear ordinary differential equations.

The obtained results are also new if (0.1) is an ordinary differential equation
of the form

u(t) =) " pi(ul (1) +q(t) for 0<t<w, (0.4)

1=0

The method used for the investigation of the considered problem is based on
the method developed in our previous papers (see [13,14]).

The following notation is used throughout:

N is the set of all natural numbers.

R is the set of all real numbers, Ry = [0, 4o00].

C([a,b]) is the Banach space of continuous functions u : [a,b] — R with the
norm ||ul|c = max{|u(t)] : a <t < b}.

C"([a,b]), where n € N, is the set of functions u : [a,b] — R which are
absolutely continuous together with their first n — 1 derivatives.
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L(]a, b)) is the Banach space of Lebesgue integrable functions p : [a,b] — R
with the norm ||p||, = f; Ip(s)]ds.
If £: C([a,b]) — L([a,b]) is a linear operator, then ||| = sup, <1 [|€(x)]|L-

Definition 0.1. We say that a linear operator ¢ : C([a,b]) — L([a,b]) is
nonnegative (nonpositive), if the inequality

(a)(t) =0 (()(t) <0), a<t<b,

is satisfied for any nonnegative z € C([a, b]).
We say that an operator ¢ is monotone if it is nonnegative or nonpositive.

1. MAIN RESULTS

Theorem 1.1. Let ¢y : C([0,w]) — L([0,w]) be a linear monotone operator,

w

/60(1)(3)615 # 0, (1.1)
0
and
3 3l
1— Z:; i 4] > 0, (1.2)
Y 3 3—i
[1amias< 5 (1 -y ||@||> , (13

0

where dy = 1,dy = 4,dy = 32. Then the problem (0.1), (0.2) has a unique
solution.

Example 1.1. The example below shows that condition (1.3) in Theorem
1.1 is optimal and cannot be replaced by the condition

[1amids< 3 (1 -y _lu&n) te, (6.

0 i=1 37

no matter how small ¢ €]0,1] is. Define the functions W, € C3([0,1]), k € N
on [0,1/4], [1/4,1/2], and [1/2, 1] by the equalities

1 -8 t?
—_ - 2 for 0 <t <1/4—1/8k
27.2 =7 = ’

1 1 2k—1  sinwk(l—4)

t
6 32k sk T 16n2

for 1/4 —1/8k < t < 1/4,

1
s Wk(t) = Wk(l - t) for § S t S 1.

DN | —
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respectively. Let uy(¢ fo Wi(s)ds for 0 <t < 1. Then for any natural k£ > 1
/ ]' " n 1
u(0) =w) (1) (7=0.3), (15)
and there exist constants (3;, [ independent of k, such that
3 1 1 1 G o
— - = -l = -— 4+ =+ = 1.
h (4) h (4) 02 128k e T Y (16)

In view of (1.6), there exist r € N, such that 192 < wu;'(1/4) if kK > r and
hm uk 1(1/4) = 192. Then for arbitrary ¢ > 0, there exist constants ky > r and

)\ > 0 such that

41
0<1——A/| s)|ds, (1.7)

1
1 41
0! (Z) < 192(1— —/| u( ]ds) : (1.8)
0

Now, define the functions 7; : [0,1] — [0, 1] and the operators ¢; : C([0,1]) —
L([0,1]) (5 = 0, 3) by the equalities

1 1/4 for u,(f)(t) >,0
t) = t) = e 13 E07 t) = i
nt)=nt)=,, ) 7o(t) {3/4 for ug) () < 0,
[y (1)

lo(x)(t) = miﬁ(ﬁ)(ﬂ); G(@)(t) = M) (Da(m(1)) (i =1,2,3).

Then it is not difficult to verify that ¢y is a monotone (nonnegative) operator
and

1 1 41\
il + 3]+ 163 = / ) (5)|ds,

1/8ko
1 1
/|fo s)|ds = 4u,, (Z_l) / (sin4mkos) ds = 4u,;01 (Z) .
0

These inequahtles and (1.7), (1.8) imply that all the assumptions of Theorem
1.1 are satisfied except (1.3) and instead of (1.3) the condition (6,.) is fulfilled
with w = 1. On the other hand, from the definition of the operator ¢, and (1.4),
(1.5) and (1.6) follows that

Do @)y Uk (T0(F) (i)
() = by O, 2y = L) (@), D (i) (0) =0
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ie., wu and uy(t) = 0 are different solutions of the problem (0.1),(0.2) with
w =1, ¢(t) =0, which contradicts the conclusion of Theorem 1.1.
Consider, on [0, w]|, the equation with deviating arguments

3

u®(t) =Y pa)u® (xi(t)) + a(0), (1.9)

=0
where ¢,p; € L([0,w]) and 7; : [0,w] — [0, w] are measurable functions.

Corollary 1.1. Let

0 < opo(t) #0, (1.10)
where o € {—1,1}, dy =1, dy =4, dy = 32, and
3 3l y
-y /\pi(s)]ds -0, (1.11)
=1 0
768 3 w3’i /
/|p0 Jlds < _(1_ = A/|pi(s)|ds). (1.12)
=1 07"y

Then the problem (0.4), (0.2) ((1.9), (0.2)) has a unique solution.

Remark 1.1. For the two term equation

uW(t) = po(t)ulr(t) + q(t), (1.13)
Corollary 1.1 implies that the problem (1.13),(0.2) is uniquely solvable if (1.10)

and the inequality
768
/|p0 Jids < 198 (1.14)

hold. On the other hand, for T(t) = t, in [6] (see [6], Proposition 1.1) it was
proved that only the condltlon (1.10) with 0 = —1 guarantees the unique solv-
ability of the problem (1.13), (0.2). However if 7(¢) # ¢, then for the unique
solvability of the problem (1.13), (0.2), the condition (1.14) is not only essential
but also cannot be replaced by

I 768
/!po(S)!ds < —+¢ (1.15)

no matter how small € € |0, 1] is. Indeed, let € € |0, 1], w = 1, the functions wuy,
and 79 be defined as in Example 1.1, po(t) = |ug, ()]u;,' (1/4). Then by (1.8) it

is clear that
/]po |d5—4u ( ) < 768 + €.
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Therefore the condition (1.10) is satisfied and instead of (1.14) the condition
(1.15) is fulfilled. On the other hand, from the definition of functions g, 7, and
po it follows that

4 ! . 4 (4 uk()(TO(t))_
k() =y (8)] sign ™ (8) = Ju) (013 S5 = po(B)u ()

Thus wy, is a nontrivial solution of the problem (1.13), (0.2) which, according
to Theorem 0.1, implies that the problem (1.13), (0.2) is not uniquely solvable.

2. PROOFS
Let a € R, and define the functional A : C([a,a +w]) — Ry by the equality
Alz) =max{z(t):a <t <a+w}+max{—z(t):a<t<a+w}  (2.1)

To prove Theorem 1.1 we need two auxiliary propositions; the first is a con-
sequence of more general Theorem 1.1 with n = 3 obtained in [4], while the
second is rather trivial and we omit its proof.

Lemma 2.1. Let z € C3([a,a + w]), and

z(t) # Const, 29 (a) = 2V (a+w) (j=0,3). (2.2)
Then if di = 4,dy = 32,d3 = 192, the estimates
3—i
Az < d—A(z<3)) (i=0,1,2) (2.3)
3—i

are satisfied.

Lemma 2.2. Leto € {—1,1} and ol : C([a,b]) — L([a,b]) be a nonnegative
linear operator. Then for an arbitrary v € C([a,b]) the inequalities

—m|l(1)(t)| < al(v)(t) < ML(1)(t)| for a<t<b
hold, where m = max{—v(t) : a <t < b}, M =max{v(t):a <t < b},

Proof of Corollary 1.1. According to Theorem 0.1, it is sufficient to show that
the homogeneous problem (0.3) has only a trivial solution.

Now, assume the contrary that the problem (0.3) has a nontrivial solution v.
Put

M; = max {v(j)(t) 0<t< w} . my = max{—v(j)(t) 0<t< w} ,
for j = 0,3, a € [0,w] is such that v®(a) = Ms, and
de
Colla,a+w)) Y {z e Ola,a+w]) : 2(a) = z(a + w)}.

Then define the continuous operators 7 : L([0,w]) — L([a, a+w)), & : C.y([a, a+
w]) — L([a,a + w]) (i = 0,3), and the function vy € C,([a,a + w]) by the
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equalities

x(t) for a <t <w,

2.4
r(t—w) for w<t<a+w, (2.4)

V(@)(t) = {

vo(t) = v(0)(t), (z)(t) =~ (6; (v H2))) (1) for a<t<a+w. (25)
From these definitions it follows that

M; :max{véj)(t) a<t< a—l—w},
| 2.6
m; = max{—vé])(t) ra<t< a—i—w} :

if ¢; is nonnegative (nonpositive). Then ; is also nonnegative (nonpositive),

a+w

[ s = [ tuys)as
a 0
atw w (27>
/ G0 (s)ds = / 4;(vD)(s)ds,
a 0
if = 1,2,3, and in view of (0.3)
3
w6 () =Y GOl (t) for a<t<a+w, (2.8)
i=0
v (a) = v’ (a+w) (j=0,3). (2.9)
From the condition (1.1) and (0.3) we get
o(t) # Const, M; >0, m;>0 (i=1,2,3), (2.10)
and it follows from Lemma 2.2 that
/|fi(v(i))(s)| ds < || 6] (M; +m) = [[6]|A WD), (2.11)
0

where ¢ = 1,2, 3, and the functional A is defined by (2.1). Thus from (2.7),
(2.11) and Lemma 2.1 with ¢ = 1,2 and z(t) = v(t), we obtain

[ B )] as < sl
a ' (2.12)
INCONA

w

d3—;

Gl s)|ds <

if (i = 1,2). On the other hand, from the definitions of vy and a, by (2.6)
and (2.9), it follows that M3 = 083)(a) = v(()?’)(a + w), and also the existence of
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b €]a,a + w[ such that v(()g)(b) = —mg. Thus we get

0< M =v{(a) =vP(a+w), 0<ms=—). (2.13)

3 .
Puta=1->" %H&H Then the integration of (2.8) from a to b and from b
i=1 "

to a + w, respectively, in view of (2.12), (2.13) and (1.2) yields

b
0 < aAv / (vo)(

0 <aA(@w®) < /EO(UO)(s)ds.
b

(2.14)

Now suppose that vy does not change its sign on [a,a + w|. Then obviously,

either —fabzo(vo )(s)ds < 0 or [*0y(ve)(s)ds < 0, which contradicts one of
the inequalities of (2.14). Thus, our assumption is invalid and v, changes its

sign on [a,a + w]. Next, let ¢y ({y) be a nonpositive operator. Then from the
definition of the constants M, and my it is clear that My > 0, mg > 0 and thus,
according to Lemma 2.2, from (2.14) it follows that

b
0 <aA(@®) < MO/

a

f(1)(s)] ds,

0 < aAW®) < mg a/w‘iou)(s)‘ ds.

By multiplying these inequalities and applying the numerical inequality 4AB <
(A + B)?2, in view of (2.7) we get

0 < aA(v (s)|ds. (2.15)

By an analogous reasoning we can see that this estimate is also valid in the case
where £y (¢y) is nonnegative. Then, in view of Lemma 2.1 with i = 0 and 2(t) =
v(t), the inequality (2.15) contradicts (1.3). Consequently, vy cannot change its
sign, i.e., our assumption is invalid and v(t) = 0. O

Proof of Corollary 1.1. Let £;(z)(t) = pi(t)x(m(t)) (Li(x)(t) = pi(t)x(t)) (@ =
0,3). According to (1.10), it is clear that £, is a monotone operator l; (i

1,2,3) are bounded operators, and [i" [po(s)|ds # 0, [|G|| < [ |pi(s)|ds (i =
1,2,3). Then the conditions (1.11) and (1.12) yleld the conditions (1.2) and
(1.3). Thus, all the assumptions of Theorem 0.2 are fulfilled. O
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