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1. STATEMENT OF THE PROBLEM AND MAIN RESULTS
1.1. Statement of the Problem and Basic Notation

Let w be a positive number. On the interval [0, w], we consider the functional-differential equation

u’(t) = f(u)(t) (1.1)

with the periodic boundary conditions
uP(0) = v (w) (1=0,1). (1.2)

Problem (1.1), (1.2) has been studied quite comprehensively (e.g., see [1-11, 13-15] and the
bibliography therein) for the case in which f is a Nemytskii operator, i.e., f(u)(t) = fo (¢, u(t),u/(1)),
and is little studied in the general case.

In the present paper, we use the method of a priori estimates to derive effective sufficient
conditions for the solvability of problem (1.1), (1.2). These conditions are in some sense optimal.
On the one hand, they generalize the well-known Lasota—Opial theorem [14], and on the other
hand, they supplement the results in [12, 16-20] on the solvability of the periodic problem for
functional-differential equations.

We use the following notation: R = ] —oo,+oo[; R. = [0,4+00[; C([a,b]; R) is the space of
continuous functions u : [a,b] — R with the norm [jul|c = max{|u(t)| : a <t < b}; C'([a,b]; R)
is the space of functions u : [a,b] — R continuous together with their first derivatives, equipped
with the norm |jul|or = [Jullc + ||| o; C'([a,b]; R) is the set of functions u : [a,b] — R absolutely
continuous together with their first derivatives; L([a,b]; R) is the space of functions ¢ : [a,b] — R
Lebesgue integrable on [a, b], equipped with the norm ||¢||;, = fab lg(s)|ds. We set [z]. = (Jz|+z)/2
and [z]_ = (Jz| — x)/2 for each = € R.

Throughout the following, we assume that f : C'([0,w]; R) — L([0,w]; R) is a continuous oper-
ator satisfying the condition

sup {|f(z)()| : l[zller <7} e L([0,0]; Ry) if 7 >0.
A solution of problem (1.1), (1.2) is understood as a function u € C’([0,w]; R) satisfying condi-
tion (1.2) and Eq. (1.1) almost everywhere on [0, w].

Definition 1.1. An operator p : C([a,b]; R) — L([a,b]; R) is said to belong to the set P, if
p(z)(t) > 0 almost everywhere on [a, b] for each function z € C ([a, b]; R-.).

Definition 1.2. Let A C [a,b] be a nonempty set. An operator ¢ : C([a,b]; R) — L([a,b]; R)
is said to belong to the set K,,(A) if p(x)(t) = 0 almost everywhere on [a,b] for each function
z € C([a,b]; R) such that z(t) =0 for t € A.
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Remark 1.1. Let A C [0,w] be a nonempty set, and let £(z)(t) = p(t)x(7(t)), where
p € L([0,w];R) and 7 : [0,w] — [0,w] is a measurable function. Moreover, suppose that either
7(t) € Afor 0 <t <wor p(t) =0 for 7(¢) € [0,w]\A. Then ¢ € K,,(A).

Definition 1.3. A function n: R x R, — R. is said to belong to the set M, if n(-,r) belonging
to L ([0,w]; Ry) for 7 € Ry, n(t,-) is nondecreasing for almost all ¢ € [0,w], and

w

lim 1/n(s,r)ds =0. (1.3)

r——+oo T
0

1.2. Statement of the Main Results
For each nonempty set A C R, we set pa(t) = inf{|t—s|: s € A} and o4(t) = 0a(t)+oa(t+w/2).
Theorem 1.1. Suppose that there exist operators
g0 : C'([0,w]; R) — L([0,w]; R), po : C'([0,w]; R) x C([0,w]; R) — L([0,w]; R)
and functions p,g € L ([0,w]; R.) and n € M,, such that the conditions

(f(@)(t) = po(,x)(t) — go(z)(t)' () sgnz(t) > —n (L, |lz[lcr) (1.4)
lgo(@)(D)] < g(t),  polz,1)(t) < p(t) (1.5)

are satisfied almost everywhere on [0,w| for each x € C'([0,w]; R). Moreover, suppose that

w

/po(:c, 1)(s)ds > g for xz € C'([0,w]; R), (1.6)

po(x,-) € Py, N Ko, (A)  for x € C'([0,w]; R), (1.7)

where A C [0,w] is a nonempty set, oy > 0, and

) ezl

d=min{oa(t): 0<t<w/2}.
Then problem (1.1), (1.2) is solvable.

Remark 1.2. The minimum of o4 can readily be computed for some special sets A C [0, w].
For example, if o, § € [0,w], @ < 3, and A = [ov, 3] (or A = [0,a]U[B,w]), then § = [w/2— (5 —a)]+
(respectively, 6 = [w/2 — (8 — a)]-).

Remark 1.3. An example constructed in [18] shows that condition (1.8) is optimal in the sense
that it cannot be replaced by the condition

<1—4 <g)2> /wp(s)ds < 16:€exp —%/wg(s)ds

with a constant £ > 0, however small.
Consider the case in which Eq. (1.1) has the form

u'(t) = L) (t) + f1(u)(t), (1.9)
where ¢ : C([0,w]; R) — L([0,w]; R) is a nonnegative linear operator and
fr: C([0,0]; R) — L([0,w]; R)
is a continuous operator such that sup {|f1(z)(:)| : [|z||lc <r} € L([0,w]; Ry) for r > 0.

DIFFERENTIAL EQUATIONS  Vol. 42 No.3 2006



