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Unimprovable efficient sufficient conditions are established for the unique solvability
of the periodic problem u”(t) = £(u)(t) + q(t) for 0 < t < w, u?(0) = u’(w) (i=0,1),
where w >0, €: C([0,w]) — L([0,w]) is a linear bounded operator, and q € L([0, w]).

1. Introduction

Consider the equation
u”(t) =€u)(t)+q(t) for0<t<w (1.1)
with the periodic boundary conditions
u?0) = u(w) (i=0,1), (1.2)

where w >0, ¢: C([0,w]) — L([0,w]) is a linear bounded operator and q € L([0,w]).

By a solution of the problem (1.1), (1.2) we understand a function u € (Nf'([O,w]),
which satisfies (1.1) almost everywhere on [0,w] and satisfies the conditions (1.2).

The periodic boundary value problem for functional differential equations has been
studied by many authors (see, for instance, [1, 2, 3, 4, 5, 6, 8, 9] and the references
therein). Results obtained in this paper on the one hand generalise the well-known re-
sults of Lasota and Opial (see [7, Theorem 6, page 88]) for linear ordinary differential
equations, and on the other hand describe some properties which belong only to func-
tional differential equations. In the paper [8], it was proved that the problem (1.1), (1.2)
has a unique solution if the inequality

@ d
J le(1)(s)|ds < 4 (1.3)
0 w
with d = 16 is fulfilled. Moreover, there was also shown that the condition (1.3) is non-
improvable. This paper attempts to find a specific subset of the set of linear monotone

operators, in which the condition (1.3) guarantees the unique solvability of the problem
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(1.1), (1.2) even for d = 16 (see Corollary 2.3). It turned out that if A satisfies some con-
ditions dependent only on the constants d and w, then Kjo,j(A) (see Definition 1.2) is
such a subset of the set of linear monotone operators.

The following notation is used throughout.

N is the set of all natural numbers.

R is the set of all real numbers, R, = [0,+00].

C([a,b]) is the Banach space of continuous functions u : [a,b] — R with the norm
lullc = max{|u(t)|:a <t < b}.

5’([(1, b]) is the set of functions u : [a,b] — R which are absolutely continuous together
with their first derivatives.

L([a,b]) is the Banach space of Lebesgue integrable functions p : [a,b] — R with the

norm [|pllz = [ |p(s)|ds.
If x € R, then [x]; = (|x] +x)/2, [x]- = (|x] — x)/2.

Definition 1.1. We will say that an operator € : C([a,b]) — L([a,b]) is nonnegative (non-
positive), if for any nonnegative x € C([a,b]) the inequality

ex)(t) =0 (e(x)(t)<0) fora<t<b (1.4)

is satisfied.
We will say that an operator ¢ is monotone if it is nonnegative or nonpositive.

Definition 1.2. Let A C [a,b] be a nonempty set. We will say that a linear operator ¢ :
C([a,b]) — L([a,b]) belongs to the set K{,4)(A) if for any x € C([a, b]), satisfying

x(t)=0 forteA, (1.5)
the equality
2(x)(t)=0 fora<t<b (1.6)

holds.
We will say that K, (A) is the set of operators concentrated on the set A C [a,b].

2. Main results

Define, for any nonempty set A < R, the continuous (see Lemma 3.1) functions:
pa(t) =inf {[t—s|:s€ A}, 0a(t) = pa(t) + pa (t+ %) forteR  (2.1)

TaeOREM 2.1. Let A C [0,w], A # @ and a linear monotone operator € € Ko, (A) be such
that the conditions

Lw{,’(l)(s)ds L0, (2.2)

(1-4(%)2> Jw le(1)(s)| ds < l—f (2.3)
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