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Abstract. In the paper effective sufficient conditions are obtained for
unique solvability and correctness of the mixed problem and of the Dirichlet
problem for second order linear singular functional differential equations.
Some of these conditions are nonimprovable and some of them generalize
results which are well known for ardinary differential equations.
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MAIN NOTATION

R =]—o00,+oc[, RT =]0,+o0].
Let ao € R.
[a] is the integral part of the number «,
o]+« o] -«
o] = 22 gy el

C(]a,b]) is the space of continuous and bounded functions u :]a, b[— R
with the norm
lullc = sup{|u(t)| : a <t < b}.

Choc(Ja, b)) is the set of the functions u :]a, b[— R absolutely continuous
on each subsegment of |a, b].

51'“( Ja,b[) is the set of the functions u : ]a, b — R absolutely continuous
on each subsegment of Ja, b[ along with their first order derivatives.

L(Ja,b]) is the space of summable functions « : [a,b] — R with the norm

b
Jullz = / fu(s)ds.

Lo (Ja, b]) is the space of essentially bounded functions u :]a, b — R with

the norm
|lu|| = esssup|u(t)].
t€la,b]

Lipc(Ja, b)) (Lioc(]a, b])) is the set of the measurable functions v : Ja, b[ — R
(u :]a,b] — R), summable on each subsegment of |a, b[ (]a, b]).

Let z,y :]a, b[—]0, +o0o[ be continuous functions.

Cyx(Ja,b]) is the space of functions u € C(]a, b[) such that

Ju(®)]

c@:sup{—: a<t<b}<+oo.

(t)

Ly([a,b]) is the space of the functions u € L(]a, b[) such that

[[ul

b
lullzy = / y(5)[u(s)|ds < +oo.

L(Cy; Ly) is the set of the linear operators h : Cy(]a, b]) — Ly ([a, b]) such
that
sup {|h(u) ()] : |[ullc.e <1} € Ly([a,b]).
o Lioc(]a, b]) — 6100(](1, b[) is the operator defined by

o) = eso ([ o) o a<r

a+b

2



where p € Lioc(]a, b]).
If o(p) € L([a, b]), then we define the operators o1 and oy by

t b
1
o)) = o / 7(p)(5)ds / o(p)(5)ds,
1 t

o2(p)(t) = /a(p)(s)ds for a <t <b.

a

a(p)(t)
Let f, g € C(Ja,b]) and ¢ € [a,b]. Then we write

f)=0(g(t)) (f(t)=07(g(1)) as t—c,
if

OL 1 s VO o)

/()] L
lim sup < 40 (0 < lim inf msup 7—— < +00
t—e " [g(d)] t—e  |g(t)] t—e " |g(t)]

Let A and B be normed spaces and let U : A — B be a linear operator.
Then we denote the norm of the operator U as follows:

U] a—B-



INTRODUCTION

During the last two decades the boundary value problems for functional
differential equations attract the attention of many mathematicians and are
intensively studied. At present the foundations of the general theory of
such kind of problems are already laid and many of them are investigated
in detail (see [1], [2], [19]-[23], [44] and references therein). Despite this fact,
there remains a wide class of boundary value problems on the solvability of
which not much is known. Among them are the two-point boundary value
problems for linear singular functional differential equations of second order,
and we devote our work to the investigation of these problems.

It should be noted that the present monograph is tightly connection with
the works of I. T. Kiguradze [17], L. B. Shekhter [23] and A. G. Lomtatidze
[27] in which for singular ordinary differential equations we developed the
method of upper and lower Nagumo’s functions in the case of boundary value
problems and found the conditions under which Fredholm’s alternative is
valid in the case of linear equations. We introduced and described the set
Vo,; (see Definition 1.1.2).

In the present work we consider the equation

u(t) = po(t)u(t) + p1(t)u'(t) + g(u)(t) + pa(t) (0.0.1)
under the boundary conditions
u(a) =c1, u(b) =co (0.0.2)
or
u(a) =c1, u'(b—) = co, (0.0.22)
and separately for the case of homogeneous conditions
u(a) =0, wu(b) =0,
u(a) =0, u'(b—)=0,
where ¢1, c2 € R, pj € Lige(Ja,b]) (7 =0,1,2) and g : C(]a,b]) — Lioc(]a, b])

is a continuous linear operator. In studying these problems the use is made
of the auxiliary equation

u”(t) = po(t)u(t) + pr(t)u'(t) — h(u)(t),

where h : C(Ja,b]) — Lioc(Ja, b]) is the nonnegative linear operator.

The question of the unique solvability of problems (0.0.1), (0.0.2;) is
studied in Chapter I. We introduced sets of two-dimensional vector functions
(po,p1) :Ja, b[— R2, V; 5(]a, b; h), B € [0,1] (see Definitions 1.1.3 and 1.1.4),
which were found to be useful for our investigation. In Section 1.1, in terms
of the sets V; g(]a, b[; h) we established theorems for the unique solvability
of problems (0.0.1), (0.0.23;). The question on the unique solvability of
problems (0.0.1), (0.0.2,9) in the space with weight Cj(Ja,b]) is studied
separately. In the same chapter we can find corollaries of basic theorems



and and also the effective sufficient conditions for the unique solvability
of the above-mentioned problems. Among them there occur unimprovable
conditions and those which generalize the well-known results for ordinary
differential equations.

In Chapter II we consider the question dealing with the correctness of
problems (0.0.1), (0.0.2;) under the assumption that (pg,p1) € V; g(]a, b[; h).
The effective sufficient conditions guaranteeing the correctness of the above-
mentioned problems are presented.

Everywhere in our work, special attention is given to the case, when the
operator g in equation (0.0.1) is defined by the equality

g(W)(t) = D ge(t)ulmu(t)),
k=1

where gx € Lioe(]a, b)), 7 : [a,b] — [a,b] (k = 1,...,n) are measurable
functions.



CHAPTER

UNIQUE SOLVABILITY OF TWO-POINT BOUNDARY
VALUE PROBLEMS FOR LINEAR SINGULAR
FUNCTIONAL DIFFERENTIAL EQUATIONS

§ 1.1. STATEMENT OF THE PROBLEM AND FORMULATION OF BASIC
RESuLTS
In this chapter we consider the linear equation
u”(t) = po(t)u(t) + pr(t)u'(t) + g(u)(t) + p2(t) (1.1.1)
under the boundary conditions
u(a) =1, u(b) =co (1.1.29)
or
u(a) =c1, u'(b—)=co, (1.1.25)
where pg, p; € Lioc(]a,b]), ¢; € R (j =1,2) and ¢ : C(Ja,b]) — Lioc(]a, b])

is a continuous linear operator.
The equation (1.1.1) will also be studied separately in the weighted space
C,s(]a, b]) under the homogeneous boundary conditions

u(a) =0, u(b)=0 (1.1.210)
u(a) =0, u'(b—)=0, (1.1.290)

where 4 €]0,1] and

(%) :/tU(pl)(s)ds(/ba(pl)(s)ds)Q_i for a<t<b.

When considering the problems (1.1.1), (1.1.21) and (1.1.1), (1.1.241¢), it
will always be assumed that
Dy S LIOC(]a7bD (] = 0) 172);
o(p1) € L([a,b]), po € Loy (py) ([a, b]),

and when considering the problems (1.1.1), (1.1.22) and (1.1.1), (1.1.24)
we will assume that

(1.1.31)

pj € LIOC(]avb]) (] = 0; 172)a
o(p1) € L([a,b]),  po € Loy (py)([a, b]).

Introduce the following definitions.

(1.1.3,)



Definition 1.1.1. Let i € {1,2}. We will say that w € C(]a, b[) is the lower
(upper) function of the problem (1.1.1), (1.1.2;) if:

(a) w’ is of the form w'(t) = wo(t) + wi(t), where wy :]a,b[— R is
absolutely continuous on each segment from ]a, b[, the function w; :]a, b[—
R is nondecreasing (nonincreasing) and its derivative is almost everywhere
equal to zero;

(b) almost everywhere on |a, b[ the inequality

w" () > po(H)w(t) + p1(L)w' (t) + g(w)(t) + pa(t)
(w”(t) < po(t)w(t) +pr(t)w'(t) + g(w)(t) + p2(t))

is satisfied:
(c) there exists the limit w’(b—) and
w(a) < e, wY(b=) < ey (w(a) > ¢, w D (h—) > c2).
Definition 1.1.2. Let i € {1,2}. We will say that a two-dimensional vector

function (po,p1) :]a, b — R? belongs to the set V; o(]a,b[) if the conditions
(1.1.3;) are fulfilled, the solution of the problem

W"() = po(Hyu(t) + pr (' (1), (1.1.4)

u(a) =0, lim w(t)

oo ®

has no zeros in the interval Ja, b[ and u(~1 (b—) > 0.

Note that this definition is in a full agreement with that of the set
Vio(Ja,b[) given in [23] as the set of three-dimensional vector functions
(po,p11,P12) :a,b[— R if p11(t) = p1a(t) = p1(t) almost everywhere on
Ja,b[.

Definition 1.1.3. Let ¢ € {1,2} and h : C(Ja,b[) — Lioc(Ja,b]) be a con-
tinuous linear operator. We will say that a two-dimensional vector function
(po,p1) :]a, b — R? belongs to the set V; o(]a, b[; k) if the conditions (1.1.3;)
are satisfied and the problem

u”(t) = po(t)u(t) +p1(O)u'(t) — h(u)(t)
u(a) =0, wVb-)=0
has a positive upper function w on the segment [a, b].

Definition 1.1.4. Let ¢ € {1,2}, § €]0,1] and h : C(]a,b[) — Lioc(]a,b])
be a continuous linear operator. We will say that a two-dimensional vector
function (po, p1) :]a, b[ — R? belongs to the set V; 5(]a, b[; h) if

(po,p1) € Vi,()(]a; b)),



there exists a measurable function ¢g :]a, b[ — [0, +oo[ such that

b
/wmﬂ%@@:owﬂm

ast —a,t —bifi=1,and ast — b if i = 2, where GG is Green’s function
of the problem (1.1.4), (1.1.2;9) and

b

mwjamxgw</a@xgw)2imragtga

and the problem

u”(t) = po(t)u(t) + pr (W) (t) — h(u)(t) — ga(t),
u(a) =0, uV(b-)=0

on the interval ]a, b[ has a positive upper function w such that
w(t) = O* (z°(t))

ast —a,t—bifi=1landast —aifi=2.

1.1.1. Theorems on the Unique Solvability of the Problems (1.1.1), (1.1.2;)
(i =1,2).

Theorem 1.1.1;. Let i € {1,2},

D2 € Lai(pl)([a,b]) (1.1.50

and let the constants a, B € [0,1] connected by the inequality

at+pf<1 (1.1.6)
be such that
(po,p1) € V; 5(]a,bl; h), (1.1.7,)
where
he £(Cori Lo )N L(C; Lup) (1.1.8;)

is a nonnegative operator and

t

x(t) = /o(pl)(s) ds(/ba(pl)(s) ds)Qi for a<t<b. (1.1.9;)

a
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Let, moreover, a continuous linear operator g:C(]a,b[)—Le, ) ([a,b]) be
such that for any function v € C(Ja,b]) almost everywhere in the interval
la, b| the inequality

lg(u)(®)] < h(lul)(t) (1.1.10)

is satisfied. Then the problem (1.1.1), (1.1.2;) has one and only one solu-
tion.

Theorem 1.1.1;9. Leti € {1,2} and let the constants o € [0,1[, 8 €]0, 1]
connected by the inequality (1.1.6) be such that

p2 € La-5 ([a, b]) (1.1.11)

o(p1)

and the functions po, p1 :]a,b][— R satisfy the inclusion (1.1.7;), where
heL(Cps; L _so) (1.1.12)

a(p1)

is a nonnegative operator and the function x :]a,b[— RT is defined by the

equality (1.1.9;). Let, moreover, a continuous linear operator g:Cys(]a, b[) —

L s ([a, b)) be such that for any function u € Cys(Ja,b]) almost everywhere
o(pP1

in the interval ]a,b| the inequality (1.1.10) is satisfied. Then the problem
(1.1.1), (1.1.20) has one and only one solution in the space Cys(]a,bl).

Remark 1.1.1;. Let ¢ € {1,2} and all the requirements of Theorem 1.1.1;
be satisfied. Then for any function vy € C(Ja,b[) there exists a unique
sequence vy, : [a,b] — R, n € N, such that for every n € N, v, is a solution
of the problem

0" (t) = po(t)vi(t) +p1(t)v'(t) + g(vn—1)(t) + pa(t),

) 1.1.13;
v(a) =c1, Vb)) = ey, ( )

and uniformly on ]a, b]

lim (v, (t) — u(t)) =0, lim o;(p1)()(W],(¢) — /() =0,  (1.1.14)

where u is a solution of the problem (1.1.1), (1.1.2;).

Remark 1.1.1;9. Let ¢ € {1,2} and all the requirements of Theorem 1.1.1;9
be satisfied. Then for any function vy € C,s(]a,b[) there exists a unique
sequence vy, : [a,b] — R, n € N, such that for every n € N, v, is a solution
of the problem

v (t) = po(t)u(t) + pl(t)UfEtl) +9(vn-1)(t) + p2(t), (1.1.13)
v(a) =0, v~ (b—)=0,
and uniformly on ]a, b]
lim Un —ul) _, 0 ) —w'@) =0,  (1.1.15)

e T 2 e o(p)(D)
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where w is a solution of the problem (1.1.1), (1.1.2;).
We can easily give examples of the operator h and the function p; such
that h € E(Cxe;L%) and h & L(C; Ly, (p,))-
o(pP1
Example 1.1.1. Let € > 0, p1(t) = 0, h(u)(t) = [(b — t)(t — a)]727¢ for
a <t <bandlet 7: [a,b] — {a,b} be a measurable function.
Example 1.1.2. Let a = =1, b=1, o = 8 = £, p1(t) = 0 and h(u)(t) =

(1 —t3)Bu(r(t), 7(t) = /1 — (1 —2)10 for —1 < t < 1. Then it is clear

that
olp)®) =1, z@t)=1—1>, z'/5(r@t) =1 —t*)? for —1<t<1

and

1
< —-.
a+f 5

In such a case if uy € C ([-1,1]) it follows from the inequality

luy (7(1))| < 02M/5(7(t)) for —1<t<1,
where
5=SUPH ‘: —1<t<1},
that
1
[ muneas <5 [0 as < 4o,
A Y

i.e., the condition (1.1.11;) is satisfied.
Let now ug(t) = 1. Then ug € C(] — 1,1[) and

/1x(8)h(W)(S)d5 = /1(1 — %) ds,

i.e., owing to the fact that the last integral does not exist, the condition
(1.1.84) is violated.

Consider the case where po(t) = 0, p1(t) = 0, i.e., when the equation
(1.1.1) has the form

u”(t) = g(u)(t) + p2(t). (1.1.16)
Then the following theorem is valid.

Theorem 1.1.2;. Let v € [0, 1],
p2 € Ly([a,b]) (1.1.17)

and

g€ L(C; L) (1.1.18)
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be a nonnegative operator, where
z(t)=(t—a){t—>b) for a<t<b. (1.1.194)

Let, moreover, there exist constants a, 5 € [0, %] such that

0<f<1—n, (1.1.20)
oHrﬂS% (1.1.21)
and
b
/xa(s)g(xﬁ)(s) ds < 2° 176(1 (b - a>2(a+6), (1.1.22)

a

Then the problem (1.1.16), (1.1.21) has one and only one solution.

Remark 1.1.2. Theorem 1.2.2; will remain valid if we replace the condi-
tions (1.1.20) and (1.1.22) respectively by

0<p<l—n, (1.1.23)

and

b

/ma(s)g(xﬁ)(s) ds < 261)

a

16 (b — a)Q(a+ﬁ)

. (1.1.24,)

—a

Theorem 1.1.25. Let v € [0,1] and let a function pa and a nonnegative
operator g satisfy respectively the inclusions (1.1.17) and (1.1.18), where
z(t)=t—a for a<t<hb. (1.1.199)

Let, moreover, there exist constants «, 8 € [0, %] such that the conditions
(1.1.20), (1.1.21) are fulfilled and

b
8 (b—a\ots
«a 16 <
[ oo < (030t
Then the problem (1.1.16), (1.1.22) has one and only one solution.
Theorem 1.1.2;0. Leti € {1,2}, v €[0,1], § €]0,1 —~],
p2 € Ly ([a,b]) (1.1.25)

and let

g € L(Cys; L) (1.1.26)
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be a monnegative operator, where the function x is defined by the equality
(1.1.19;). Let, moreover, there exist constants o € [O,%], 3 €]0, %], such
that

§<B<1—vy (1.1.27)

and the conditions (1.1.21), (1.1.24;) are satisfied. Then the problem
(1.1.16), (1.1.29) has in the space Cps(]a,b]) one and only one solution.

Remark 1.1.3. The condition (1.1.22) is unimprovable in the sense that
it cannot be replaced by the condition

b
/za(s)g(zﬁ)(s) ds < Qﬁ%

a

(bia)Q(awﬁs (1.1.28)

4

with no matter how small ¢ > 0.

Indeed, let
1 1
=0 =0 = —_ b= =
a=0, =0, a=—g, 5
€ 1
= =16\ 1+ ——
A(16+e) M V'@
1 1
642(16p2 — (1 +41)2)~% for te } —g-A g+ A[
1
go(t) = { 64p2(16p> — (1 —48)%)"3% for te€ hﬂ, Z“[ ,
1 1 1 1 1 1
0 for [—gmg=Aul-gHa g ulpa g
1 1
p2(t) =0, 7(t) = 716+Esignt for — 5 <t< 3
and
g(u)(t) = go(t)u(r(t)).
Then the problem (1.1.16), (1.1.219) can be rewritten as
u”(t) = go(t)u(r(t)), (1.1.29)
1 1
u(—a) =0, u(§> = 0. (1.1.30)

Note that for the operator g defined in such a way the condition (1.1.18) is
satisfied for v = 0 and

1

g(1)(s)ds = /go(s) ds =16 + ¢,

|
= \MI»—‘

1
2
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i.e., instead of (1.1.22) the condition (1.1.28) is satisfied. In spite of this
fact we can check directly that the function

t

u(t)c{/ Sgo(n)sign(*n)dndsf (‘”Z)(“%ﬂ

1
2

is for any ¢ € R a solution of the problem (1.1.29), (1.1.30), i.e., the unique
solvability is violated.

1.1.2. Effective Sufficient Conditions for the Unique Solvability of the Prob-
lem (1.1.1), (1.1.2;) (i = 1, 2).

Corollary 1.1.14. Let the function x be defined by (1.1.91), the constants
a, 3 € [0,1] be connected by (1.1.6), the functions p; :]a,b[— R (j =0,1,2)
satisfy (1.1.31), (1.1.51),

[po]— € L_se_([a,0]) (1.1.31)

a(p1)

and for every function u € C(]a,b]) almost everywhere on interval ]a, b[ the
inequality (1.1.10) is satisfied, where a nonnegative operator h satisfies the
inclusion (1.1.8;). Let, moreover,

[(/ba(pl)(n)dn) a/t ([po(S)]-:f(Z()sl)):;)h(xﬁ)(s)) (/U(pl)(n)dn)“dH

o fomon) I f o) ]

b
4 Ja(pr)(m)dn, s(a+p)
< = ) for a<t<b (1.1.32)

fb a(p1)(n)dn ?

Then the problem (1.1.1), (1.1.21) has one and only one solution.

Corollary 1.1.15. Let the function x be defined by (1.1.92), the constants
a, 3 € [0,1] be connected by (1.1.6), the functions p; :]a,b[— R (j =0,1,2)
satisfy (1.1.32), (1.1.52), (1.1.31) and for every function u € C(]a,b[) almost
everywhere in the interval ]a,b[ the inequality (1.1.10) be satisfied, where a
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nonnegative operator h satisfies (1.1.82). Let, moreover,

/t ))(J;)h(zﬁ)(s)) (/so(m)(n)dn)adﬁ
+( )’ / 0 M)

b

< </a(p1)(77)d77) e for a<t<b. (1.1.329)

Then the problem (1.1.1), (1.1.22) has one and only one solution.

Corollary 1.1.1;0. Let i € {1,2}, the function = be defined by (1.1.9;),
the constants o € [0,1[, B €]0,1] be connected by (1.1.6), the functions
pj t]a,b[— R (j = 0,1,2) satisfy (1.1.3;), (1.1.11), (1.1.31) and for any
function u € Cys(]a,b]) almost everywhere in the interval |a, b[ the inequality
(1.1.10) be satisfied, where the nonnegative operator h satisfies the inclusion
(1.1.12). Let, moreover, (1.1.32;) be satisfied. Then the problem (1.1.1),
(1.1.250) has in the space Cys(]a,b]) one and only one solution.

Remark 1.1.4. Corollary 1.1.1; remains valid if we replace the conditions
(1.1.8;) and (1.1.32;) respectively by the conditions

h € L(C; Ly (p1))s (1.1.33)

and

/b (lpo(s)] - 7(s) + 2 (s)h(z")(5))

J 7)) e
b 2(a+p)
A [ a(p1)(n)dn
< S (1.1.34;)

b
[ o(p1)(n)dn

for i =1 or by

/b (Ipo(s)]-a*"(s) +z"()h(a?)(s) 4, (/b U(pl)(n)dn)aw_l

(p1)(s) (1.1.345)

a a

for ¢ = 2, where the function z is defined by (1.1.9;).

Remark 1.1.4¢. Corollary 1.1.1,9 remains valid if we replace (1.1.32;) by
(1.1.34;) and reject the condition (1.1.12) at all.
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Consider the case where the equation (1.1.1) has the form

u(t) = po(t)u(t) + p1(t) +ng )) + pa(t). (1.1.35)

Corollary 1.1.24. Let the function x be defined by (1.1.91), the constants
a, f €10,1] be defined by the inequality (1.1.6), the functions p; :]a,b[— R
( = 0,1,2) satisfy the conditions (1.1.31), (1.1.51), (1.1.31), 7% : [a,b] —
[a,b] (k=1,...,n) be measurable functions and

gkxﬁ(rk) S L#al)([a,b]), gk € Lgl(pl)([a,b]) (k’ =1,... ,n). (1.1.361)

Let, moreover,

¢ (fpo()]-27(s) + - lg(s)]a?(s(5)))

(/ “(p”(")d")a/ o) *

a

X </80(p1)(n)dn)ad5+ (/ta(pl)(n)dn)a x

a a

b ([po(s)]-2(s) + 3 lgu(s)la? (7e(s)) , @

< e (/ (’“’1)(”)‘”7) i<

t s
b
4 Jolp (a+B)
< g ) for a<t<b (1.1.37)

fa(pl)(n)dn

Then the problem (1.1.35), (1.1.21) has one and only one solution.

Corollary 1.1.25. Let the function x be defined by (1.1.92), the constants
a, B € [0,1] be connected by (1.1.6), the functions p; :]a, b[—> R (j =
0,1,2) satisfy (1.132), (1.1.52), (1.1.31), 7% : [a,b] — [a,b] (k=1,...,n) be
measurable functions and

9r0”(1) € Lo (08]), gk € Loyipuy(fasB]) (k=1,...,m). (1.1362)

Let, moreover,

()] )+ Z gk (s)|27 (e (s)) ,

j = ([ otwionin) as+

a
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[Po(s)] )+ Z |91 (5)|2” (i (5))

</ 7 d”)/ 7 e

< (/a(pl)(n)dn) e for a<t<hb. (1.1.372)

Then the problem (1.1.35), (1.1.29) has one and only one solution.

Corollary 1.1.2;9. Let i € {1,2}, the function x be defined by (1.1.9;),
the constants o € [0, 1], B €]0, 1] be connected by the inequality (1.1.6), the
functions p; :]a,b[— R (j = 0,1,2) satisfy the conditions (1.1.3;), (1.1.11),

(1.1.31), 7% : [a,b] — [a,b] (k=1,...,n) be measurable functions and
grrP () € Lo ([ab]) (k=1,...,n). (1.1.38)

Let, moreover, the conditions (1.1.37;) be satisfied. Then the problem
(1.1.35), (1.1.20) has in the space Cys(]a,b]) one and only one solution.

Remark 1.1.5. Corollary 1.1.2; remains valid if we replace the conditions
(1.1.36;) and (1.1.37;) respectively by the conditions

Gk € Loy (a,b]) (k=1,....n) (1.1.39)
and
b [po(s)]-z* 7 (s) + a* é:l |91 (s) |27 (7k(5))
a/ 7o) e
b 2(a+pB)
4 Jo(po)(m)dn
<= 3 5 (1.1.404)
Jo(p1)(n)dn
for i =1 or by
b Ipo(s)]-2 () + 27(5) 3 law(s)le? ()
a/ o) e
b a+6—1
< (/a(pl)(n)dn) (1.1.409)

for ¢ = 2, where the function x is defined by (1.1.9;).
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Remark 1.1.5¢. Corollary 1.1.2,9 remains valid if we replace (1.1.37;) by
(1.1.40;) and reject the condition (1.1.38) at all.

Corollary 1.1.31. Let the function x be defined by (1.1.91), the constants
a, B € [0,1] be connected by (1.1.6), the functions gx, p; :]a,b[— R (k =
1,...,n; 7 =0,1,2) satisfy (1.1.31), (1.1.51), (1.1.361), where 7% : [a,b] —

[a,b] (k=1,...,n) are measurable functions and
po(t) >0 for a<t<b. (1.1.41)
Let, moreover, for any m € {1,...,n} the condition
n T b 5
gk\s
— o d o d X
S [ 2L ([ ewman [ o)
k=1 a 75 (s)
s b
(03 [0
< [onman) as( [ o) +
a Tm (t)
n | Tr(s) b 3
D> / L ( / sondn [ o)min) x
RO 7k (8)
b Tm(t) -
X</O’ dn) ds< p1)(77)d77> <
b 2(a+pB)
A Jo(p1)(n)dn
<5 < 5 , a<t<b, (1.1.42)
Jo(p1)(n)dn

be valid. Then the problem (1.1.35), (1.1.21) has one and only one solution.

Corollary 1.1.32. Let the function x be defined by the equality (1.1.92),
the constants o, § € [0,1] be connected by (1.1.6), the functions gy, p; :
Ja,b|— R (k=1,...,n; j =0,1,2) satisfy the conditions (1.1.33), (1.1.53),
(1.1.362), (1.1.41), where 1 : [a,b] — [a,b] (kK = 1,...,n) are measurable

functions. Let, moreover, for any m € {1,...,n} the condition
T (t) Tr(S) s
> | (] 0(p1)(n)dn>ﬁ< [ toon) " as +
2 | Gl

b Tk () Tm (t)

W a a
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< (/a(pl)(n)dn)a+ﬂ_ , a<t<hb, (1.1.425)

be valid. Then the problem (1.1.35), (1.1.23) has one and only one solution.

Corollary 1.1.3;0. Let i € {1,2}, the function x be defined by (1.1.9;),
the constants o € [0,1[, B8 €]0,1] be connected by (1.1.6), the functions g,
pj tla,b[— R (k=1,...,n; j =0,1,2) satisfy (1.1.3;), (1.1.11), (1.1.38),
(1.1.41), where 1% : [a,b] — [a,b] (k = 1,...,n) are measurable functions.
Let, moreover, for anym € {1,...,n} the condition (1.1.42;) be valid. Then
the problem (1.1.35), (1.1.240) has in the space Cs(]a,b[) one and only one
solution.

Remark 1.1.6. The condition (1.1.42;) consisting of n separate inequali-
ties can be replaced by one inequality

Tr(S)

x| for teO, . (1.1.43;)
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b

< (/U(pﬂ(n))a-m_l for te@, . (1.1.43,)

if ¢ = 2, where

n
Orpm = kgl{rk(m a<t<b}.
For clearness we will give one corollary for the equation

u’(t) = go(t)u(r(t)) + pa(t). (1.1.44)

Corollary 1.1.4;. Let i € {1,2}, the constants o, § € [0,1] be connected
by the inequality (1.1.6), 7 : [a,b] — [a,b] be a measurable function and

P2, 90 € Ll‘([aab])a (1'1'45)

where
z(t) = (a—t)(b—1)*"" for a<t<b. (1.1.46)
Let, moreover,

b

/ l9()[[(7(5) = a)(b = 7())*7] " [(s — @) (b — $)>77] “ds <

a

2\ 2(1—a—p)
< (;> (b—a)}a+d)-1, (1.1.47;)

Then the problem (1.1.44), (1.1.2;) has one and only one solution.

Corollary 1.1.4;9. Let i € {1,2}, the constants o € [0,1], 8 €]0,1] be
connected by (1.1.6), 7 : [a,b] — [a,b] a be measurable function,

p2 € Lyi-s([a, b)), (1.1.48)

where the function x is defined by (1.1.46). Let, moreover, the condition
(1.1.47;) be satisfied. Then the problem (1.1.44), (1.1.2,0) has one and only
one solution in the space Cys(]a,b[).

Remark 1.1.7. In the case of the equation
u(t) = go(t)u(t) + p2(t) (1.1.49)

the conditions (1.32;), (1.1.341), (1.1.401), (1.1.421), (1.1.471) will take for
a = 3 =0 the form

b
[l ds < ;7.
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As is known, this condition is unimprovable in the sense that no matter how
small € > 0 is, the inequality

b
4
/|90(8)|d5 N

does not guarantee the unique solvability of the problem (1.1.49), (1.1.21).
This implies that the corollaries corresponding to the above conditions are
unimprovable in the above-mentioned sense.

Corollary 1.1.51. Let the function x be defined by (1.1.91), the constants
a, B € [0, 1] be connected by the inequality (1.1.6), the functions p; :Ja, b[— R
(j =0,1,2) satisfy the conditions (1.1.31), (1.1.51) and for any function u €
C(Ja,b]) almost everywhere in the interval ]a,b] (1.1.10) be satisfied, where
the nonnegative operator h satisfies the inclusion (1.1.81). Let, moreover,
in case B <1,

a(t) (h(xﬁ)(t)
o?(pr)(t) \ z7(t)

and in case B =1,

—po(t)> <28%* for a<t<b, (1.1.50)

z(t)  hz)(t)
t

s o (e )] <2 01sw

be satisfied. Then the problem (1.1.1), (1.1.21) has one and only one solu-
tion.

Remark 1.1.8. The condition (1.1.51) is unimprovable in the sense that
the validity of Corollary 1.1.5; is violated if we replace it by the condition

wt) @) 2
st [ Coon@ e~ P0)] <2 L)

Indeed, let A(u) =0, p; =0, po = 0. Then
op1)(t) =1 and z(t) = (b—t)(t —a) for a <t <b
and the condition (1.1.52) will take the form

etses]s%}[) (= (=t)(t—a)po(t)) <2. (1.1.53)
If )
po(t) = —

G-Di—a)

then the condition (1.1.53) is satisfied in the form of the equality, and at
the same time, for any ¢ € R the function ¢(b—¢)(¢ — a) is a solution of the
equation

u(t) = — ult), (1.1.54)

(b—1)(t—a)
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that is, the uniqueness of solution of the problem (1.1.54), (1.1.2;9) is vio-
lated although the condition (1.1.52) along with the other requirements of
Corollary 1.1.57 is satisfied.

Corollary 1.1.55. Let the function x be defined by (1.1.92), the constants
a, B € [0,1] be connected by (1.1.6), the functions p; :]a,b]— R (j =
0,1,2) satisfy (1.1.32), (1.1.52) and for any function w € C(]a,b[) almost
everywhere in the interval ]a,b[ the inequality (1.1.10) be satisfied, where a
nonnegative operator h satisfies the inclusion (1.1.82). Let, moreover,

Vz[m(t) (hg&()t) po(t))] <B1-8), (1.1.509)

ast L7 P10
2P
W[@OL € Loo([a,b]) (1.1.55)
if0< B <1 and
0 <po(t) —h(1)(t) for a<t<b (1.1.515)

if B = 0 be satisfied. Then the problem (1.1.1), (1.1.22) has one and only
one solution.

Remark 1.1.9. In the case 8 = 1, the condition (1.1.55) follows automat-
ically from the condition (1.1.503).

Corollary 1.1.51¢. Let the function x be defined by (1.1.91), the constants
a € [0,1], B €]0,1] be connected by (1.1.6), the functions p; :]a,b[— R (j =
0,1,2) satisfy (1.1.31), (1.1.11) and for any function u € C,s(]a,b]) almost
everywhere on the interval |a,b| the inequality (1.1.10) be satisfied, where
the nonnegative operator h satisfies the inclusion (1.1.12). Let, moreover,
in case 0 < B < 1 the condition (1.1.501) and in case B = 1 the condition
(1.1.514) be satisfied. Then the problem (1.1.1), (1.1.219) has in the space
C,e(]a,b]) one and only one solution.

Corollary 1.1.52¢. Let the function x be defined by (1.1.92), the constants
a € [0,1], B €]0,1] be connected by (1.1.6), the functions p; :]a,b[— R (j =
0,1,2) satisfy (1.1.32), (1.1.11) and for any function u € C,s(]a,b]) almost
everywhere on the interval |a,b| the inequality (1.1.10) be satisfied, where
the nonnegative operator h satisfies the inclusion (1.1.12). Let, moreover,
the conditions (1.1.502) and (1.1.55) be satisfied. Then the problem (1.1.1),
(1.1.290) has one and only one solution in the space Cys(]a,b[).

Corollary 1.1.61. Let the functions 7 : [a,b] — [a,b] (k=1,...,n) b
measurable and the functions p;, pr € Lioc(]a,b]) (k=1,...,m;j=0,1,2
as well as the constants A, €]0,+0[, Bm € [0,1] (I,m = 1,2), ¢ €]a, b] be
such that the conditions (1.1.31), (1.1.51) are satisfied,

—

gk € Loy (py)([a, b)) (1.1.56,)
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and

ds - (c—a)t=h
A11 + A2s + s? 1-6

(1.1.57,)
ds - (b— )t
A21 + Aaas + s2 1— (s

O\-é— o\-é—

Let, moreover,

(t = ) [po(t) = Y lgn(®)]] = ~Aus,

k=
(t—a)™ [pl(t) TR D lgrO(i(t) - t)} > =12

for a<t<e,
n (1.1.584)

6= 1% [p1(0) 2 = S Ol() ~ )] <
k=1
for ¢ <t<b.

Then the problem (1.1.35), (1.1.21) has one and only one solution.

Corollary 1.1.62. Let the functions 7y : [a,b] — [a,b] (K =1,...,n) be
measurable and the functions p1, p;j, gr € Lioc(Ja,b]) (K =1,...,n;j =
0,1,2) as well as the constants A\, €]0,+o00[, (I,m = 1,2), G, € [0,1]
(r=1,2,3), c €| max(a,b—1);b], € > 0 and the dependent on them constant
a € [0,1] be such that the conditions

o(p1) € L([a,b]), pjo2(p1) € L([a,b]) (5 =0,2),

- 1.1.56
Gos () € L(ab]) (k=1,....n) (1.1.565)
and
—+o00
/ ds - (c—a)t=h
A1+ dgs + 82 1-6
. (1.1.572)

/ ds - (b— )t
21 + Aggs + 52 1— 0
0
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are satisfied. Let, moreover,

NE

(t —a)* [po(t) - ng(t)l} > — i1,

1

P S @l -] =
k

=1

3
Il

(t—a)* [ () +

for a<t<e,

. (1.1.582)
(b= 1) [po(t) = D lgw(®)l] > —adar,
k=1
0= 0[R2 - S lakOl0) -] 2 2
B for c<t<b.
Then for any function p1 € Lige(]a,b]) such that
p1(t) > pi(t) for a<t<b, (1.1.59)

the problem (1.1.35), (1.1.22) has one and only one solution.
Consider now corollaries of Theorems 1.1.2; and 1.1.2;¢ for the equation

u"(8) = gr(t)ulTi(t) + pa (D). (1.1.60)
k=1

Corollary 1.1.74. Let v € [0,1[, the function pa :]a,b]— R satisfy the
inclusion (1.1.17),

gk € Ly-([a,b]) (k=1,...,n) (1.1.61)
and
ge(t) >0 (k=1,...,n) for a<t<b, (1.1.62)
where
z(t)=0b—-t)(t—a) a<t<b. (1.1.634)

Let, moreover, there exist constants a, 8 € [0, %] such that

1
0<f<l-7 a+f<y (1.1.64)

and

n b
5 [ b= s () ~ (0= )" (s — ) ds <

k=1

<28

16 (b — a)Q(a+ﬁ)

(7 (1.1.65)
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Then the problem (1.1.60), (1.1.21) has one and only one solution.

Remark 1.1.10. Corollary 1.1.7; remains valid if for 5 €]0,1 — [ we re-
place the condition (1.1.65) by the following one:

b

D [ ()b —i()) (ri(s) — @)’ (b — 5)*(s — a)*ds <

k=1

< 9B 16 (b—a)Q(aJrﬁ).
~— b—al\ 4
Corollary 1.1.75. Let v € [0,1], the functions pa, pi :]a,b[— R (k =
1,...,n) satisfy the conditions (1.1.17), (1.1.61), and (1.1.62), where

(1.1.66,)

z(t)=t—a for a<t<hb. (1.1.632)

Let, moreover, there exist constants «, 8 € [0, %] such that the conditions
(1.1.64) and

n

b
Z/gk(s)(rk(s) —a)f(s —a)’ds < bfa(b;afw (1.1.665)

k=17,

are satisfied. Then the problem (1.1.60), (1.1.22) has one and only one
solution.

Corollary 1.1.7;0. Let i € {1,2}, v € [0,1[, § €]0,1 — 7],
p2 € sz([a,b]), gkl'é(’rk) € Lz’*([aab]) (k = 17 < -an)a

and the condition (1.1.62) be satisfied, where the function x is defined by
(1.1.63;). Let, moreover, there exist constants o € [0, 1], B €]0, 3] such that
the conditions

1
5<A<1-7, a+fs<s
and (1.1.66;) are satisfied. Then the problem (1.1.60), (1.1.2;9) has in the
space Cys (Ja,b]) one and only one solution.
§ 1.2. AUXILIARY PROPOSITIONS

1.2.1. Statement of Auxiliary Problems and Some of Their Properties. Let
us consider the linear equations

v"(t) = po(t)v(t) + pr(t)V(t) — h(v)(t) + p2(2), (1.2.1)
V(1) = po(t)olt) + P (8 (£) — h(v)(2) (1.2.1)
under the boundary conditions

u(a) =1, u(b) = ca, (1.2.21)
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or
u(a) =c1, u'(b—)=co, (1.2.25)
as well as under the conditions

v(a) =0, wv(b) =0, (1.2.210)
U(a) =0, ’Ul(b—) =0, (12220)

where ¢1, c2 € R and h : C(]a,b[) — Lioc(]a,b]) is a continuous linear
operator and

Pj € Lioe(Ja, b)) (7 = 0,1,2), o(p1) € L([a,0]), po€ Lo, (py)([a,0])  (1.2.31)
or
p; € Lioe(Ja,b]) (j =0,1,2), o(p1)€L(la,b]), po€Lgyp)([a,b]). (1.2.32)
For this purpose we will need the homogeneous equation
o (£) = po(t)o(t) + pr () (2) (1.2.4)

under the initial conditions

v'(t)

v(a) =0, lim P =1, (1.2.5)
_ vit)

v(b) =0, lim O -1, (1.2.51)
v(b)=1, '(b—)=0. (1.2.55)

The facts mentioned in the remarks below or their analogues have been
proved in [23], pp. 110-158.

Remark 1.2.1. Let measurable functions pg, p1 :]a,b[— R satisfy the
conditions (1.2.31) and the functions v; and ve be respectively solutions
of the problems (1.2.4), (1.2.5) and (1.2.4), (1.2.51). Then any linearly
independent with v;, (j = 1,2) solution v of the equation (1.2.4) satisfies
the condition

v(a) #0 for j=1
and

v(b) #0 for j=2.
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Remark 1.2.2. Let i € {1,2} and

(po,p1) S V@Q(]LL,Z)D. (1.2.60
Then the problem (1.2.4), (1.2.2,0) has only the trivial solution and the
unique Green’s function GG can be represented as:

,M for a<s<t<b

G(t,s) = “215;‘()50)%’11(%3) (1.2.7)

————-— for a <t<s<hb,
va(a)o(p1)(s)
where v; and vy are respectively the solutions of the problems (1.2.4), (1.2.5)
and (1.2.4), (1.2.5;), and

G(t,s) <0 for (¢,s)€la,b]x]a,b[, (1.2.8)
G(a,s) =0, G(b,s)=i—1 for a<s<b. (1.2.9))
Remark 1.2.3. Let i € {1,2} and the inclusion (1.2.6;) be satisfied. Then

there exist constants c,, d, € Rt such that the estimates

d < - v1(t) <e. do<— va(t) <o (1210)
Jopi)(s)ds (J otpr)(s) ds)>
for a<t<b,
[0} (8)] /
s =TT / [po(s)[o2(p1)(s) ds,

(1.2.11,)

o(p1)(t a(p1)(s

b b ;
o4 (8) | &)l (], s
jeive, )</ (m)(n)dn) a

S

for a<t<bd

are valid, where v; and vy are respectively the solutions of the problems
(1.2.4), (1.2.5) and (1.2.4), (1.2.5;), and

e <

S e onmpT V= b2 for (s) Easblxa, b (t#5). (12.12:)

Remark 1.2.4. Let i € {1,2}, the conditions (1.2.3;) be satisfied and the
problem (1.2.4), (1.2.2;) have lower wy and upper ws functions such that

wi (t) <wsq(t) for a<t<h.
Then the problem (1.2.4), (1.2.2;) has at least one solution v such that

wy(t) <o(t) <ws(t) for a<t<b.
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Remark 1.2.5. Let i € {1, 2} and the inclusion (1.2.6;) be satisfied. Then
every upper function w of the problem (1.2.4), (1.2.2,0) is nonnegative in
the interval |a, b[; moreover, if

w(a) +w "V (b=) £0,
then w is positive on the interval ]a, b].

Remark 1.2.6. Let ¢ € {1,2}, the functions py, p1 :]a,b[ — R satisfy the
conditions (1.2.3;) and

po(t) >0 for a<t<b.
Then the inclusion (1.2.6;) is valid.
Lemma 1.2.1. Let i € {1,2} and
h e L(C; Lo, (py)) (1.2.13;)
where h is a nonnegative operator. Then
Vio(la,b[; h) C V; 0(Ja, b]).

Proof. Let (po,p1) € V,;o(Ja,b[;h). Then the problem (1.2.1p), (1.2.2)
has a positive upper function w which because of the nonnegativeness of
the operator h will at the same time be an upper function of the problem
(1.2.4), (1.2.2;0).

Consider first the case ¢ = 1. For the equation (1.2.4) we pose the
problem

v(a) =0, v(b) =w(b), (1.2.14)

for which 5(t) = 0 and w are respectively lower and upper functions. Then
by virtue of Remark 1.2.4, the problem (1.2.4), (1.2.14) has a solution vg
such that

0<w(t) <w(t) for a<t<b.

If we assume that vg(tg) = 0 for some ty, €la,b[, then we will get the
contradiction with the unique solvability of the Cauchy problem, i.e.,

vo(t) >0 for a<t<b. (1.2.15)

As is seen from Remark 1.2.1 and the conditions (1.2.14) that vy a solution
of the problem (1.2.4), (1.2.51), and vy are linearly dependent, hence by
virtue of (1.2.15),

vi(t) >0 for a<t<b,

i.e., as is seen from Definition 1.1.2, (pg,p1) € V1 (], b]).
Let now ¢ = 2, and for the equation (1.2.4) we pose the initial problem

v(b) =0, V'(b—)=-1
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which, with regard for the conditions (1.2.32), has a unique solution ¥ de-
fined on the whole interval [a,b]. Then we choose ¢ > 0 such that the
inequality

ev(t) <w(t) for a<t<b (1.2.16)

is satisfied; this is possible because the function w is positive. It is clear
from (1.2.16) that
w (t) = w(t) — ev(t)
is an upper function of the problem (1.2.4), (1.2.29) and
wi(b—) >0, wi(t)>0 for a<t<bh.
We consider now for the equation (1.2.4) the problem
v(a) =0, o'(b—)=wi(b-), (1.2.17)

for which 8(t) = 0 and w; are respectively lower and upper functions. Hence
by virtue of Remark 1.2.4, the problem (1.2.4), (1.2.17) has a solution vg
such that

0<w(t) <wi(t) for a<t<b

and
vo(a) =0, wo(b) >0, vj(b—) > 0.
Reasoning in the same way as for ¢ = 1, we see that (po,p1) € Va,0(Ja,b]). O

Along with Lemma 1.2.1 we have proved the following

Lemma 1.2.2. Let i € {1,2}, the functions po, p1 :]a,b|— R satisfy the
conditions (1.2.3;) and, moreover, let the problem (1.2.4), (1.2.2;0) have a
positive upper function. Then the inclusion (1.2.6;) is satisfied.

Lemma 1.2.3. Let i € {1,2}, the functions po, p1 :]a,b[— R satisfy
the inclusion (1.2.6;) and the nonnegative operator h satisfy the inclusion
(1.2.13;). Let, moreover, po € C(]a,b[) such that

po(t) >0 for a<t<b (1.2.18)

and

b
1
sup {po—(t) / |G(t,8)|h(po)(s)ds: a<t< b} <1, (1.2.19)

where G is Green’s function of the problem (1.2.4), (1.2.2;9). Then there
exists a continuous function p : a,b] — RT such that

1

max { o0

b
/|G(t,s)|h(p)(s)ds L a<t< b} <1 (1.2:20)
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Proof. First of all we note that the existence of Green’s function G of the
problem (1.2.4), (1.2.2;9) follows from Remark 1.2.2, and the boundedness
of the integrals in the inequalities (1.2.19) and (1.2.20) for any continuous
function p follows from the estimates (1.2.12;) and the inclusion (1.2.13;).
Consider now separately the case ¢ = 2. By virtue of the equalities
(1.2.92), the inequality (1.2.19) can be satisfied only under the conditions

po(a) >0, po(b) > 0. (1.2.21)
Then (1.2.19) can be rewritten as

b
/|G(t, s)|h(po)(s)ds < po(t) for a <t <b. (1.2.22)

As is seen from the equalities (1.2.92), there exist positive constants r; and
0 such that

b
/|G(t,s)|h(1)(s)d5 —1<0 for a<t<a+$ (1.2.23)

and
b
/|G(t, s)|h(1)(s)ds —1 <ry for a<t<b. (1.2.24)

On the other hand, from (1.2.22) it follows the existence of a constant ry > 0
such that

b
r2 < po(t) —/|G(t,s)|h(p0)(s)ds for atd<t<b (1.2.25)

Then from (1.2.22)—(1.2.25) we obtain

b b
:—j(/IG(t, s)|h(1)(s) ds — 1) SPo(t)—/|G(t, $)|h(po)(s)ds for a<t<b,

which implies the validity of the inequality (1.2.20) for the function p(t) =
€+ po(t), where e = 2.

To complete the proof of the lemma we note that for ¢ = 1, unlike the
case ¢ = 2, the inequality (1.2.19) by virtue of (1.2.9;) can be satisfied also

for
and for

as well.
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In these cases the above lemma can be proved similarly to the case of the
conditions (1.2.21) with the only difference that the inequality (1.2.22) will
be valid for ¢ € [a,b] or ¢ €]a,b], the inequality (1.2.23) for t € [b — J,b] or
t € [a+6; b—0], and the inequality (1.2.25) will be considered for ¢ € [a,b—J]
ort€la+d,b—46[ O

Lemma 1.2.4. Let i € {1,2},

(po,pl) S Vi70(]a,b[; h), (1.2.261')

where the nonnegative operator h satisfies the inclusion (1.2.13;). Then
there ewists a continuous function p : [a,b] — RT such that the inequality
(1.2.20) holds, where G is Green’s function of the problem (1.2.4), (1.2.2;9).

Proof. As is seen from the definition of the set V; o(]a,b[;h), the problem
(1.2.1p), (1.2.249) has on the interval [a, b] a positive upper function w. Then
we introduce a continuous operator x : C(]a, b]) — C(]a, b[) by the equality

x)(t) = %[Iy(x)l = w(t) —y@®) + w(t)} for a<t<b (1.227)
which for any v € C(Ja, b]) satisfies
0< x(w)(t) <w(t) for a<t<b, (1.2.28)
and consider the problem
v"(t) = po(t)v(t) + p1(t)v'(t) — h(x(v))(1), (1.2.29)
v(a) = w(a), vV (b-)=wlY (). (1.2.30;)

Note that from Lemma 1.2.1 and Remark 1.2.2 it follows the existence of
Green’s function of the problem (1.2.4), (1.2.2;). Introduce the operator
H : C(]a,b[) — C(Ja,b]) by the equality

b
H(g)(t) :vo(t)+/|G(t78)lh(x(y))(8)d87

where vg is a solution of the problem (1.2.4), (1.2.30;), and consider the
equation

o(t) = H(v)(?) (1.2.31)

which is equivalent to the problem (1.2.29), (1.2.30;). Let us show that the
operator H is compact. Let ¢, be a constant mentioned in Remark 1.2.3,

b

r=c. [ alp)(s)h(w)e)ds,

a

B, = {z € C(a,b): |z—wollc <r},
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and (z,,)22; be any sequence from B,.. Then from the estimate (1.2.12;) for
the sequence y, (t) = H(z,)(t), n € N, we have

lvo = yulle <7, meN. (1.2.32)

Consider separately the case ¢ = 1. By virtue of (1.2.9;), (1.2.28) and the
fact that the function vy is continuous, for any constant € > 0 there exist
a1, by €]a,bl, a; < by such that

max {|vo(t1) — vo(t2)| : a <ty <ty <ay, by <ty <ty <b} <

| M

and

col ™

e = max{/bIG(t,S)Ih(x(ﬂfn))(S)ds pa<t<a, b <t< b} <

Then for any n € N the estimate

€ €
[Yn(t1) — yn(t2)| < 1 +2e" < >
for a <t <ty <ap, by <t; <ty <b,

is valid.
In the same way, by virtue of the estimates (1.2.12;), there exists a con-
stant 6, 0 < § < min(ay — a, b — by), such that for any n € N

|yn(t1)*yn(t2)| <
< (1+r)ymax {[v)(t)| + o7 " (p1)(#) : a1 —F <t <b+5}ta —t1] <
for |t1—t2|§5, al—égtjgbl—i—é (j=1,2).

N ™

It follows from the last two estimates that if ¢; € [a,b] (j = 1,2) and
[t1 — ta] <9,

then
lyn(t1) —yn(t2)| <&, meN.

From this and from the inequality (1.2.32) we obtain that the sequence
(yn)22; is uniformly bounded and equicontinuous. In case ¢ = 2, the same
follows from the possibility to choose for any ¢ > 0, owing to (1.1.92),
(1.2.28), a1 €]a,b[ and 0 < ¢ < a; — a such that

max{|vo(t1) —wvo(t2)]: a<t;<ta<a

}
maX{/blG(t,S)lh(w)(S)dS: aétéal} <
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and
|yn(t1)*yn(t2)| §
< (L4 r)max {[v)(t)] + o5 ' (p1)() : a1 — 5 <t < b}ty —ta] <
for |t17t2|§5, alfégtj §b (j:].,Q)

| ™

Then according to the Arzella—Ascoli lemma, the operator H which is, as it
is not difficult to show, continuous, transforms the ball B,. into its compact
subset. In this case the equation (1.2.31), i.e., the problem (1.2.29), (1.2.30;)
has at least one solution, say v. Show that

0<v(t) <w(t) for a<t<b.
Let
v1(t) = w(t) — v(t).

Then from the nonnegativeness of the operator h and also from the inequal-
ity (1.2.28) we have

vy (t) < po(t)vr(t) + p1(t)v1(t) — h(w — x(v))(t) < po(t)vr(t) + pr(t)vi(t)
and
vi(a) =0, v\"V(b-)=0.

Hence v1 is an upper function of the problem (1.2.4), (1.2.2;9), and due to
Remark 1.2.5,
vi(t) >0 for a<t<b,

ie.,
v(t) > w(t) for a<t<b. (1.2.33)

On the other hand, taking into account the inequality (1.2.28) and the fact
that the operator h is nonnegative, from (1.2.29) and (1.2.30;) we conclude
that v is an upper function of the problem (1.2.4), (1.2.2;), i.e., by virtue
of Remark 1.2.5,

v(t) >0 for a<t<hb. (1.2.34)
It follows from (1.2.33) and (1.2.34) that the inequality 0 < v(t) < w(t) is

valid and hence
x()(t) =v(t) for a<t<h,
i.e., v as a solution of the equation (1.2.31) has the form
b
v(t) = vo(t) + / |G(t,s)|h(v)(s)ds for a <t <b, (1.2.35)
a

where by Remark 1.2.5,
vo(t) >0 for a<t<h. (1.2.36)
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If we introduce the notation p(t) = v(t) and take into consideration (1.2.36),
then in view of (1.2.35) we can see that our lemma is valid. O

Lemma 1.2.5. Let i € {1,2}, the constants a € [0,1] and B €]0,1] be
connected by the inequality

a+f<1, (1.2.37)
(po,pl) S Vi,g(]a, b[; h), (1.2.381-)

where
he L:(Cl.g;L#i)) (1.2.39,)

s a nonnegative operator and

z(t) = /ta(pl)(s) ds(/bo(pl)(s) ds>2i for a<t<b. (1.2.40;)

Then there exists a positive function p € C(]a,b]) such that the inequality
(1.2.20) is satisfied, where G is Green’s function of the problem (1.2.4),
(1.2.2;) and

p(t) = O* (2P (t)) (1.2.41)
ast —a,t—bifi=1,and ast — a if i = 2.
Proof. As is seen from the definition of the set V; g(]a, b[; h), the functions
po, P1 :a, b — R satisfy the inclusion (1.2.6;) from which by virtue of Re-
mark 1.2.2 it follows the existence of Green’s function of the problem (1.2.4),

(1.2.249), and there exists a measurable function ¢g :]a,b[— [0, +o0[ such
that the problem

v"(t) = po(t)o(t) + pr ()0’ (t) — h(v)(t) — gs(t), (1.2.42)
v(a) =0, v V(b-)=0 (1.2.43;)

has in the interval ]a, b a positive upper function w, where
b
w(t) = O*(z°(t)) and /|G(t, 8)|qp(s) ds = O* (2P (1)) (1.2.44)
a

ast —a,t—bifi=1,and ast — a if i = 2.
Introduce the operator x as in the previous proof and let

b

H(y)(t):/IG(t,S)I(%(S)+h(x(y))(8))d8-

a
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As we can see from the conditions (1.2.39;), (1.2.44), the operator x trans-
forms the space C(]a, b[) into Cys(Ja,b]). Consider now the equations

v"(t) = po(t)v(t) +p1()V'(t) — h(x(v))(t) —qp(t),  (1.2.45)
(t) = H(v)(?) (1.2.46)

and note that the problem (1.2.45), (1.2.43;) is equivalent to the equation
(1.2.46).

From the equality (1.2.7) by means of which Green’s function is ex-
pressed, as well as from the estimates (1.2.10;) and the conditions (1.2.44),
for any y € C(]a, b[) we have

t

H@)O! <o) [

a

_2(8) 4BV (s) ds

(s OB
b

+/|G(t,s)|qg(s) ds < 400 for a<t<b, (1.2.47)

a

where

c? w(t)
ro = d_*suP{:cﬁ—(t)' a<t<b}.

It follows from (1.2.37), (1.2.44) that the operator H transforms the space
C(Ja, b)) into Cps(Ja,b]). Noticing that the right-hand side of the estimate
(1.2.47) is independent of the function y, we make sure that a constant r
exists such that for any y € C(]a, b[)

[H @)l cze <7
It is clear that this estimate is the more so valid if y belongs to the ball
B, = {z € Cpalla,b]) : |2llc,en <7}

Repeating now the reasoning of the previous proof, we can see that the
operator H : Cys(Ja,b]) — Cyus(]a,b]) is compact and hence there exists a
solution v of the equation (1.2.46) such that

v € Cps(la, b)), (1.2.48)
x(v)(t) =v(t) for a<t<b,

and

v(t) >0 for a<t<b. (1.2.49)

Then the following representation is valid:

o(t) = / 1G(t, 9)| (h(0)(5) + q5(5)) ds, (1.2.50)
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whence with regard for (1.2.49) we obtain the inequality
b
v(t) > /|G(t,s)|qﬁ(s) ds for a<t<b
a

which together with the conditions (1.2.44) and (1.2.48) implies that
v(t) = O* (2P (t)) (1.2.51)

fort - a,t — b, if i =1, and for t — a if i = 2. If we now take into
consideration that owing to the conditions (1.2.44) and (1.2.51) we have

b
inf{%/@(t,sﬂqg(s)ds: a<t<b} > 0,

then from (1.2.50) we obtain

b
Sup{% / G(t, s)|h(v)(s)ds : a<t< b} <1 (1.252)

Introducing the notation p(t) = v(t), from (1.2.49), (1.2.51) and (1.2.52) we
see that our lemma is valid. [

Lemma 1.2.6. Let i € {1,2}, the function z be defined by (1.2.40,), the
constants o € [0,1[, B €]0, 1] be connected by (1.2.37) and the functions po,
p1 :]a, b — R satisfy (1.2.38;), where

he £<Cxﬁ; LL) N E(C; Lai(pl)) (1.2.53)

o(p1)

is a nonnegative operator. Then there exists a continuous function p :
[a,b] — RY such that the inequality (1.2.20) is satisfied, where G is Green’s
function of the problem (1.2.4), (1.2.2;9).

Proof. By Lemma 1.2.5, from the fact that h € £L(C,s; Lg(c_a) it follows

a(p1)

the existence of the function py € C(Ja,b]) such that
po(t) >0 for a<t<b

and
b
1
sup{po—(t) a/ |G(t, s)|h(po)(s)ds: a<t< b} < 1.

Then, taking into account that the operator h also belongs to £(C, Lgi(pl)),
we can see by Lemma 1.2.3 that our lemma is valid. O
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Lemma 1.2.7. Let i € {1,2}, the function x :]a,b|— RT be defined by
(1.2.40;) and the functions po, p1 :]a,b[— R satisfy the inclusion (1.2.6;).
Then for any B €]0,1] we have

b
/|G(t, sN% ds = O* (2% (s)) (1.2.54)

ast—a,t—bifi=1, and ast — a if i = 2, where G is Green’s function
of the problem (1.2.4), (1.2.2;9).

Proof. By Remark 1.2.2 and the inclusion (1.2.6;) there exists Green’s func-
tion G of the problem (1.2.4), (1.2.2;0) which is expressed by the equality
(1.2.7).

Consider the case ¢ = 1 separately and note that

b b
/a(pl)(s) ds > / o(p1)(s)ds for a<t< aT—i—b. (1.2.55)

t

Then, taking into consideration (1.2.7), (1.2.10;) and (1.2.55), for any 8 €
]0, 1] we obtain for ¢ € [a, “£] the estimates

{ zP(t) N

b
ﬁa{b o(p1)(s)ds

(f o) (s) ds) (folon)(s)ds)" ™
+ ‘s +— xﬁ(t)} <
(=B ] o)) d) ™ ([ o(p)(s)ds)*?
, -

§ ﬁUCQ*(a) (ﬁ * (a/O'(p1)(S) ds)l_ﬁ< a/ U(pl)(S) ds)ﬁ_Q) xﬁ(t)
and
b 2 b g, b 1-8
/|G(t,3)|a 2(17[13)((8‘;) ds > UQ(’;) (/o‘(pl)(s) ds) ( / a(pl)(s)ds) X
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b
(Itﬂmﬂ$d$Lﬁ

d? atb
> X
~ Pua(a) (
The last two estimates imply the validity of (1.2.54) as t — a. Reasoning
analogously for ¢ € [“TH’, b], we can see that this equality is also valid as

t — b. Consider the case § = 1. With regard for the equalities (1.2.7) and
the estimates (1.2.10;) we obtain

P (t).
a(p1)(s) ds)2_ﬁ

Q —0 |V

b
d3</wun2<xm 1 < &
S0 < ,8)|o?(p1)(s)dsx < 5

for a <t <b. (1.2.56)

*

It follows from (1.2.56) that our lemma is valid in the case 8 = 1 as well.
Reasoning similarly, we can prove the lemma for ¢« = 2. [

1.2.2. Auxiliary Propositions to Theorems (1.1.2;), (1.1.2;0) (¢ = 1,2).
Consider in the interval ]a, b[ the equation

V" (t) = g(v)(t), (1.2.57)

where g : C(Ja,b]) — Lioc(]a,b[) is a continuous linear operator. We will
also need the equation

V'(t)=0 for a<t<b. (1.2.58)

Note that Green’s function of the problem (1.2.58), (1.2.2;9) has the form

b—1t\2—t
f(sfa)<b ) for a<s<t<b,
G(t,s) = b gvai (1.2.59;)
—(t—a)( _5> for a<t<s<b
b—a - -
Lemma 1.2.8;. Let v € [0,1[, A € [0;1 — [ and
g € L(Cyr; Laov) (1.2.60)
be a nonnegative operator, where
z(t)=0b—-t)(t—a) for a<t<b. (1.2.614)
Let, moreover, there exist constants a, 5 € [0, %] such that
A<B<1—7, (1.2.62)

1
a+ < 2’ (1.2.63)
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and
b

/x“(s)g(xﬁ)(s) ds < Qﬁb

a

16 (b — a>2(a+ﬁ).

1 (1.2.64;)

—a

Then the problem (1.2.57), (1.2.210) has only the zero solution in the space
Coxr(]a, b]).

Proof. Suppose to the contrary that the problem (1.2.57), (1.2.2,9) has a
nonzero solution vy € Cyx(]a, b[).

If vg is a function of constant signs, then from the nonnegativeness of the
operator g we obtain

vy (t) signvg(t) >0 for a<t<b,

which together with the conditions (1.2.2;9) contradicts the assumption
vo(to)Z 0, i.e., vg is a function of constant signs.

Using Green’s function of the problem (1.2.58), (1.2.2;9), vg can be rep-
resented as follows:

¢ b
w(t) =52 (00 (= g6 ds+ (- a) [0 slgtun)(s)as )
’ for a < ttS b
and hence for any (§ the estimate
’Uo(t)
G0t a) -

b

/[(b = 5)(s = a)]"g(a™)(s) ds|voll o,

a

< o=

for a<t<bd

is valid.
In the above estimate, taking into account the condition (1.2.60), if g8
satisfies the inequality (1.2.62), we get

lim —Uo(t)
t—a [(b — t)(t — a)]ﬁ

o
=0 e —ap

These equalities imply the existence of points t1, t2 €]a, b] such that

[ (tl) _ ) (t) .
(b—tl)oﬁ(tl —a)f S“p{m s a<t<bf,
vo(t2) . vo(t) .
(b— tg)ﬁ(tQQ —a)f mf{m Da<t< b},
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Without loss of generality we assume ¢; < t2 and notice that by (1.2.614)
which defines the function x, we have

v tg)
) 0) o s <

< g(wo)(t) < g(mﬁ)(t) (b— tllv)oﬁ(ftll) |— a)ﬁ

for a<t<b. (1.2.65)

Recall also one simple numerical inequality

A+ B)?
A.p<AHBS Z © (1.2.66)
where A > 0 and B > 0.

Suppose ¢ €]ty, ta] and vo(c) = 0. Then the following representations are
valid:

w(t) = =2 [(s = alg(-w)(s)ds + =2 [ (e~ 9g(-un)(s)ds
and
bty [ t /
ot = 52 [(s = gy ds + =2 [ b= 9)g(un)(s) ds.

These representations with regard for the inequality (1.2.65), for any «,
satisfying the conditions of the lemma, result in

[(c—t)(t1 —a)]'*

B /xa(s)g(ﬂcﬁ)(S) ds - [uo(t2)] < +00

vo(t) < (c—a)[(b—ta)(t2 — a)] /
and
(b—to)(ts — ) [
Voll2) < —l2)(l2 — C 2%(s l’ﬁs s - lvo(ty -
(t2) < (b—c)[(b—tl)(tl—a)]ﬁ/ ()g(z°)(s) ds - [vo(t1)| < +

Multiplying the above inequalities, by means of (1.2.66) we obtain

b
)\/xa(s)g(xﬁ)(s) ds > 1, (1.2.67)

a

A= # [(b—t2)(t2 — e — 1)t — )] D) [(ta — e — ta))?
e - a)b— )t — a)f '
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Then by (1.2.66) we get the estimate

; \/[(b —)(c— )2 HD(t; — 1)

A< o
S\ BRI ) (ts — @)

whence using once more the inequality (1.2.66) and taking into consideration
the fact that

(ta —t1)?P < [(b—t1)(t2 — a)]?, (1.2.68)

we arrive at

b*a( 1 )2(a+ﬁ). (1.2.69)

A<
~16-26\b—a
Substituting the last inequality in (1.2.67), we obtain the contradiction with

the condition (1.2.64;), i.e., our assumption is invalid and vo(t) =0. O

Lemma 1.2.85. Let v € [0,1[, A € [0,1— [ and the nonnegative operator
g satisfy the inclusion (1.2.60), where

z(t)=t—a for a<t<hb. (1.2.612)

Let, moreover, there exist constants o, 8 € [0, %] such that the conditions
(1.2.62), (1.2.63) are satisfied and

8 (b — a)aJrﬁ.

b
/x“(s)g(xﬁ)(s) ds < o\ (1.2.642)

Then the problem (1.2.57), (1.2.290) has only the zero solution in the space
Coxr(]a, b]).

Proof. Suppose to the contrary that the problem (1.2.57), (1.2.290) has a
nonzero solution vy € Cyx(]a,b[). Similarly to the previous lemma we make
sure that vg is of constant signs and the equality

im v®) _
t=a (t—a)f

is valid for any 8 € [A\,1 — 4[. On the other hand, in any sufficiently small
neighborhood of the point b, since v,(b—) = 0, the equality

sign ((tUO(Z))ﬁ )/ = —signwg(t)

vo (t)
(t—a)P
attains neither its minimum nor its maximum at the points a and b. Let

’U(t) . o Uo(tl)

is satisfied. It follows from the last two equalities that the function
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and

t
m{ vo(?) : agtgb}:M.
(t —a)? (t2 —a)’
Then from the above-said it is clear that 1, to €]a,b[. Without loss of

generality we assume t; < to and let the point ¢ €]t1,t2] be such that
vo(c) = 0. Then from the inequality

v (t2)]

9@ )0 g S 9wl (1) < o))t

0 B for a<t<b
1—a

and from the equalities

() = 52 [(s = agl-w)s)ds + 2= [ (= s)g(-m)(s)ds,
2 ' b !
wolta)] = [ (5= lalen)(s)ds + (t2 = o) [ glon)(s)ds
we obtain
(c—t)tr—a)= [ ,
vo(t1) < (¢ —a)(ty — a)B a/z (5)9(a”)(s) ds - [vo(t2))|
oa) < G5 [a @ty o).

Multiplying these inequalities, with regard for (1.2.66) we get
b

)\/xo‘(s)g(ac“)(s) ds > 1, (1.2.70)

a

where

A= 1\/[(“ —a)(c— )]ty — )~ (c — t)*HP
2 (c—a)(tz — a)P '

Then by (1.2.66) and t3 — a > ta — ¢ we have

L J (c— a)i=2oFB) (1, — )2 P [(c — 11)(ts — )]°FP
A< = .
- 41— (a+p)

Applying once more (1.2.66), we can see that

(ty — a) =2 4B) (ty — ¢;)otP

A< TECT : (1.2.71)
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Notice that from the conditions t1, t2 €]a,b| as well as from the fact that

for none of «, 8 € [0, %] the expressions o +  and 1 — 2(« + ) vanish

simultaneously, we obtain the estimate
(ty — a)!720FB) (1) — ))HF < (b — o)t = (@FF),
with regard for which in (1.2.71) we get

(b—a)s 4 \otB
A< ( ) .
8 b—a
Substituting the latter inequality in (1.2.70), we obtain the contradiction
with the condition (1.2.645), i.e., our assumption is invalid and vo(t) = 0. O

Remark 1.2.7. Lemma 1.2.8; remains valid if for § # 0 we replace the
condition (1.2.641) by

/b 2 ()l (s) ds < 2710 (L)

a

Proof. If 8 # 0, then the inequality (1.2.68) will be strictly satisfied and
hence the estimate (1.2.69) will take the form

(1.2.72)

b—a 4 \2(atB)
< 16 - 28 (b—a) '

Taking into consideration the last inequality in (1.2.67), we obtain the con-
tradiction with the condition (1.2.72) which indicates the possibility to re-
place in case 3 # 0 the condition (1.2.641) by (1.2.72). O

8 1.3. PROOF OF PROPOSITIONS ON EXISTENCE AND UNIQUENESS

1.3.1. Proof of Basic Theorems on Existence and Uniqueness of Solution of
Two-Point Problems.

Proof of Theorem 1.1.1;. From the inclusions (1.1.7;) and (1.1.8;) and also
from the fact that the operator h is nonnegative, for 3 = 0 by virtue of
Lemma 1.2.4 and for § > 0 by virtue of Lemma 1.2.6 it follows that there
exists a function p € C(]a, b[) such that

p(t) >0 for a<t<b (1.3.1)

and

b
1
sup{m a/ |G(t,s)|h(p)(s)ds: a<t< b} <1, (1.3.2)

where G is Green’s function of the problem (1.2.4), (1.2.2;9). Note that for
any function y € C,(]a,b]) the inequality

ly@®)] < p®)llyllc,y for a<t<b (1.3.3)
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is valid and, owing to the estimates (1.2.10;), the representation (1.2.7) of
Green’s function and the conditions (1.1.5)—(1.1.8;) and (1.1.10), we have

b b

\ [ Gt simats)as] < +oc, } [ ate s as

a a

< Ho00,

< +00.

\ / C(t, $)h(y)(s) ds

Introduce the continuous operators Uy, U : Cy(Ja, b[) — C,(Ja, b]) by the
equalities

b
Ua(u)(t) = [ Gt s)alu)(s)ds.
a
. (1.3.4)
Ulg)(t) = ua(t) + Uo(w)(t) + [ Gt s)pats) ds,
a
where g is a solution of the problem (1.2.4), (1.2.2;). Clearly every solution
of the problem (1.1.1), (1.1.2;) is a solution of the equation
u(t) = U(u)(t) (1.3.5)

and vice versa.
From the definition of the norm of the operator it follows that

C,p = 1}

1Uollc,—c, <1, (1.3.6)

||UOHcp_’Cp =

b
:sup{H/G(t,S)g(y)(S)dSHap1 x € Cyllabl), [yl

which with regard for (1.1.10), (1.3.1)—(1.3.3) implies

i.e., the operator U contracts the space C,(]a,b]) into itself for any ps €
L, (py)([a,b]) and any operator g satisfying (1.1.10). Then by virtue of the
theorem on contracting map the equation (1.3.5) has in the space C,(]a, b])
and hence in C(]a, b[) a unique solution because, by (1.3.1), any function
from C(]a,b]) belongs to the space C,(]a,b[) as well. It remains to notice
that the unique solvability of the problem (1.1.1), (1.1.2;) follows from the
equivalence of that problem and the equation (1.3.5). O

Proof of Theorem 1.1.1;9. The inclusions (1.1.7;), (1.1.8;) and the nonneg-
ativeness of the operator h imply by virtue of Lemma 1.2.5 the existence of
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a positive function p € C(]a, b[) such that
p(t) = 0" (2" (1)) (1.3.7)

ast — a,t — b, if ¢ =1, and as t — a if ¢ = 2. Moreover, the condi-
tion (1.3.2) is satisfied, where G is Green’s function of the problem (1.2.4),
(1.2.20). It is also clear that for any y € C,(]a, b[) the inequality (1.3.3) is
satisfied, and due to the estimates (1.2.10;) and the representation (1.2.7)
of Green’s functions we have

‘/bG(tS)h(y)(S) ds Srlwl_a(t)/b%h(wﬁ)@ ds ||yl
ab . (1.3.8)
'/G(t,s)pg(s)ds §r1mﬁ(t)/j(lp17ﬁ)((z)) |p2(s)|ds for a <t <b,
Wh:re ' )
= %&),

and the existence of integrals follows from the conditions (1.1.6), (1.1.11),
(1.1.12). From (1.3.8) and (1.1.6), (1.1.10), (1.3.7) we also have that the
operators

b
Us(y)(t) = / G(t, 5)g(y)(s) ds

and
b

U(y)(t) = Uo(y)(t) + / G(t, 5)pa(s) ds

a
transform continuously the space C,(]a, b[) into itself. Repeating word by
word the previous proof, we can see that the problem (1.1.1) (1.1.2;9) has a
unique solution u in the space C,(]a, b[). But as is seen from (1.3.7), u will
be a unique solution in the space Cys(]a,b[) as well. O

Proof of Remark 1.1.1;. Under the conditions of Theorem 1.1.1;, as is seen
from its proof, the operator U contracts the space C,([a, b]) into itself. Then
from the theorem on contracting map it follows that for any function vg €
C\y(]a, b)) the sequence v, : [a,b] — R, where v, is the unique solution of
the equation

Un(t) = U(vp—1)(¢) (1.3.9)
tends to the unique solution u of the equation (1.3.5) with respect to the
norm || - |l¢,,. We introduce the notation

[Uollc,~c, = and [lu —viflc, = w,
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and notice that by virtue of (1.3.6), we have u < 1. Then, as is known, the
estimate

n

I
1 —

lu—vnllc,p <w n €N, (1.3.10)

is valid and for any n € N with regard for (1.3.3) we obtain
lu(t) — v (1)) gwlu— Ipllc for a<t<b. (1.3.11)
— p

Differentiating the difference of the equations (1.3.5) and (1.3.9) and tak-
ing into account the inequalities (1.1.10), (1.3.11) and the estimates (1.2.12;)
of Green’s function, we obtain

n
sup {oi (p) ()l (£) — /' (£)] : a <t<Db} <o 1“ , neN, (13.12)

where
b

o =welplle [ p)(s)n(1)(s) ds,
The inequalities (1.3.11), (1.3.12) imply the validity of the estimates
(1.1.14), and after differentiating twice the equality (1.3.9) we see that v,
is a solution of the problem (1.1.13;). O

Proof of Remark 1.1.1,9. Let p be the function appearing in the proof
of Theorem 1.1.1;p. Introduce the constants p and w and the functions
Up ¢ [a,b] — R, n € N, as in the previous proof. Reasoning as above, we
make sure that the estimate (1.3.10) is valid, and by virtue of the condition
(1.3.7) for any n € N we have

|u(t) — va (D)) 08 { p(t)
< D a<t<bf. (1313

) Swq—— sup ) a<t< ( )
On the other hand, differentiating the difference of the equations (1.3.5)
and (1.3.9), with regard for the equality (1.2.7) and the estimates (1.2.10;),

(1.2.11;), for any n € N we obtain
z?(t)

o(p1)(t)

[u'(t) — v, ()| < rllu—wvy|lc, for a<t<b, (1.3.14)

where
b

b
r = c*)? mxsa ssmxﬁss
1+ >/a<p1><s> (5) + o(p1)(s) d /0@1)(5)’“ )(s) ds.

a a

The inequalities (1.3.10), (1.3.13) and (1.3.14) imply the validity of the
estimates (1.1.15), and having differentiated twice the equality (1.3.9) we
see that vy is a solution of the problem (1.1.13;9). O
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Proof of Theorem 1.1.2;. Let G be Green’s function of the problem (1.2.58),
(1.2.2,0). Introduce the operator Uy and the function ¢ by the equalities

b b

Us(y)(t) = / G(t, 5)g(y)(s) ds, q(t) = / G(t, s)pa(s)ds.  (1.3.15)

a a

From the representation (1.2.59;) of Green’s function and from the con-
ditions (1.1.17), (1.1.18) it follows that the operator Uy transforms contin-
uously the space C(]a,b]) into itself and ¢ € C(]a, b]).

Consider now the equation

u(t) = Uo(u)(t) + uo(t) + q(t), (1.3.16)

where uo(t) is a solution of the problem (1.2.58), (1.1.2;). Every its solution
is a solution of the problem (1.1.16), (1.1.2;), and vice versa.

Let r > 0, B, = {y € C(la,b]) : |lyllc < r} and choose any sequence
(24,)52 from B,.. Let, moreover, y,(t)=Uq(z,)(t), n € N. Then

lynllc <r1, neN, (1.3.17)

where
b

ry = r/ (Z:Z)Q_Z(s —a)g(l)(s)ds.

a

Consider the case ¢ = 1 separately. From the definition of Green’s func-
tion G, for any € > 0 it follows the existence of a1, b1 €]a, b[, where a1 < by,
such that

] ™

b
maX{/|G(t,s)|g(1)(s) ds: a<t<ay, b <t< b} <

which implies the validity of the estimate
€
Yn(t1) —yn(t2)| < 5, neEN, for a<t; <ty <ay, by <t <il2<h
2

It is also clear that there exists a constant ¢, 0 < 6 < min(a; —a,b— by) for
which the following inequality is valid:

[yn(t1) — yn(te)| <

1
a1—5§t§b1+5}|t1—t2|§%

b—t)(t—a)

for |t1—t2|§5, al—égtjgbl—i—é (j=1,2).

<nr max{

From the last two estimates we obtain that if ¢; € [a,b] (j = 1,2) and

[t1 —ta| <6,
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then

|yn(t1) - yn(t2)| < €, nec N.
This and the inequality (1.3.17) imply that the sequence (y,)5; is uni-
formly bounded and equicontinuous. In case i = 2 the same follows from

the possibility of choosing for any € > 0, a; €]a,b[ and 0 < § < a; — a such
that

)

I

maX{/blG(t,S)lg(l)(S)ds: aétgal} <

1 €
|yn(t1) — yn(t2)] < max{l—i— o Dap—o0<t< b} [t1 —ta| < 5

for |t17t2|§5, alfégtjgb (j:].,Q)

Then by the Arzella—Ascoli lemma we obtain that Uy is a compact operator.
Consequently, taking into account Fredholm’s alternatives, the equation
(1.3.16) is uniquely solvable if the homogeneous equation

u(t) = Up(u)(t) (1.3.160)

has only the trivial solution in the space C(]a, b[).

It remains to note that by virtue of the conditions (1.1.18)—(1.1.21)
and (1.1.22) if ¢ = 1 and (1.1.245) if ¢ = 2, all the requirement of Lem-
ma 1.2.8; are satisfied for A = 0, whence it follows that the problem (1.2.57),
(1.2.249), i.e., the equation (1.3.16¢) has only the trivial solution in the space
C(Ja,b). O

Proof of Remark 1.1.2 follows directly from Remark 1.2.7.

Proof of Theorem 1.1.2;5. Let z be a function defined by (1.1.19;) and let
G be Green’s function of the problem (1.1.58), (1.1.2;9) which is expressed
by (1.2.59;). Introduce the operator Uy and the function ¢ by the equality
(1.3.15). Then for any y € Cy»(]a,b[) the estimates

b
z1 (1)

(b—ap [ @) 6 ds e

a
b

lg(t)] < aclfv(t)/xv(s)|p2(s)| ds for a<t<b
are valid, from which by the conditions A €]0,1 —~[ and (1.1.25), (1.1.26)
it follows that Uy transforms continuously the space Cyx(]a,b[) into itself
and ¢ € Cya(Ja, b]).
Consider now the equation

u(t) = Ug(w)(t) + q(t) (1.3.18)

[Uo(y)(®)] <
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which is equivalent to the problem (1.1.16), (1.1.2;9), and the corresponding
homogeneous equation (1.3.16¢).

As is seen from Lemma 1.2.8; and Remark 1.2.7, by virtue of the con-
ditions A €]0,1 — 4[, (1.1.21), (1.1.24;) and (1.1.25)—(1.1.27) the problem
(1.2.57), (1.1.29), i.e., the equation (1.3.16p), has in the space Cyx(]a,b[)
only the trivial solution. Then according to Fredholm’s alternatives, to
prove the validity of our theorem it remains to show that the operator Uy
is compact. Let r > 0,

B, ={z € Cpr(lab]) : [llc,er <7}

(2r)221 be a sequence from B, and y,(t) = Up(zy,)(t) for n € N.
Then as is seen from the definition of G, for any n € N the estimate

w90 < (bf)(% [@ @) eds G=0.1) (1319

for a<t<b

is valid, which by virtue of the condition A €]0,1 — ~[ yields

[yn®)llcer <71, (1.3.20)

where

b

a

r =
Consider now the case i = 1 separately. From (1.3.197) for j = 0 and for
any ¢ > 0 follows the existence of a1, by €]a, b[, where a; < by, such that
() < 5. nEN, for a<t<an, bi<t<b,
which implies the estimate
€
|yn(t1) - yn(t2)| < 97 n €N,
for a<ti <ty <a, by <ty <ty <bh

Moreover, from (1.3.19;) for j = 1 it follows the existence of a constant §
such that

3
|yn(t1) 7yn(t2)| < 7"2|tl 7t2| < 5; ne Na
for a1 —0<t;, <b1+46 (I1=1,2),

where

b
Ty = r/gﬂ(s)g(:cA)(s) ds max{z~7(t): a1 —6 <t <bi+46}.
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It is clear from the last two estimates that if ¢; € [a,b] (I = 1,2) and

[t1 — ta| <6,

then for any n € N
|yn(t1) - yn(t2)| <e.

This and the estimate (1.3.20) imply that the sequence (y,)52  is uniformly
bounded and equicontinuous. In case ¢ = 2, by virtue of the estimates
(1.3.192) the same follows from the possibility of choosing, for any € > 0, of

ay €la,bl and 0 < 6 < a3 — a such that

|yn(1f)|§i7 ne€N for a<t<b,
and
[yn(t) —n(t2)| < rafty 12| < 5. mEN,
for a1 —6<t; <b (j=1,2),
where

b
ro = r/x’y(s)g(p)(s) ds max {z~7(t): a1 — & <t <b}.

Then by the Arzella—Ascoli lemma we have that Uy is a compact opera-

tor. [

1.3.2. Proof of Effective Sufficient Conditions for Solvability of the Prob-
lems (1.1.1), (1.1.2;) and (1.1.1), (1.1.2;0) (¢ = 1,2). Before we pro-
ceed to proving the corollaries, we note that Green’s function of the problem

v"(t) = pr(t)V' (1),
v(a) =0, v V(b-)=0

has the form

GO (t, S) =

S

7wl Fop)mdn?

for a <s<t<hb,

t b

1 1

B RTA a(p1)(n)dn
o) / <f‘a<p1><n>dn s

for a<t<s<hb.

*#/o(m)(n) dn(*/bo(pl)(n)dn)”

o(p1)(n) dn) a

(1.3.21)
(1.3.22,)

(1.3.23;)
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Proof of Corollary 1.1.17. It is clear that all the requirements of Theo-
rem 1.1.11, except (1.1.71), follow directly from the conditions of our corol-
lary. It remains only to show that the conditions (1.1.31), (1.1.32;) imply
the inclusion (1.1.71) as well.

Indeed, let 8 > 0 and

a0 = /b U(pl)(n)dn)a x

) / a0+ 5%() + ia () /Sg(pl)(n)dn)“ ot

J 7)) J
t b b
* Fipo(s)]_ (O + 2 (s)) + h(a(5)
+( a/o(pl)(n)dn) / s ( S/U(m)(n)dn) ds x
(Joon)(s)ds) 2
x 2 . (1.3.24)

92—2(a+p)

Then, as is seen from the conditions (1.1.31), (1.1.32;), we can choose A > 0
such that

z2(t) <1 for a<t<b (1.3.25)
be satisfied.

Introduce also the notation

b
03(0) = i w0 =< [ 1Ga(t9las(s) ds,

b

w(t) =/IGo(tS)I([po(S)]—(/\+fcﬁ(8)) + h(z%)(s)) ds + we (1),

a

where ¢ € RT, Gy is Green’s function of the problem (1.3.21), (1.3.22;)
which is defined by the equality (1.3.231), and by Lemma 1.2.7,

we(t) = O*(z”(t)) as t—a, t—b (1.3.26)

for any € > 0. From the conditions (1.3.25), (1.3.26) we have the possibility
of choosing the constant € > 0 such that

we(t)

2f(t)

By virtue of (1.3.231) we easily get the estimate

zk(t)—l—sup{ a<t<b}<1 for a <t<b. (1.3.27)

0 <w(t) < zx(t)zP(t) +we(t) for a<t<b
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which with regard for (1.3.27) results in
0 <w(t) <z(t) for a<t<b. (1.3.28)
The last inequality together with (1.3.26) means that
w(t) = 0*(z?(t)) as t—a, t—b. (1.3.29)
On the other hand, it is clear that
w"(t) = =[po(t)]- (A + 2 (1)) + p1 ()w' (1) — h(z”)(s) — ¢p(t).

Taking into account the inequality (1.3.28) and the fact that the operator
h and the constant A are nonnegative, the above equality results in

wt)” < po(tyult) + pi (0w (1) — h(w)(®) — galt).  (1.3.30)
If we introduce the notation w(t) = A 4+ w(t), then
() < po((t) + pr ()T (1), (1.3.31)
where
@(t)>0 for a<t<b (1.3.32)

From the inequalities (1.3.31) and (1.3.32), by Lemma 1.2.2 we obtain the
inclusion

(po,p1) € V10(]a, b]). (1.3.33)

Then, as is seen from Remark 1.2.2, the problem (1.2.4), (1.2.2;9) has
Green’s function G which is expressed by the equality (1.2.7). Using now
the inequalities (1.2.101), we arrive at

for a<t<b
which with regard for the equality (1.3.26) yields
b
/|G(t7 8)|qs(s)ds = O*(2°(s)) as t—a, t—b. (1.3.34)
a

It remains to note that the conditions (1.2.28), (1.3.29), (1.3.331), (1.3.34)
and the inequality (1.3.30), owing to Definition 1.1.4, ensure the inclusion
(1.2.71) for 5 > 0.

Assume now that =0 and

b
w(t) :/|G0(t, 9l(lpo(s))- + h(1)(s)) ds + ev(t),  (1.3.35)
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where v is a solution of the equation (1.3.21) under the boundary conditions
v(a) =1, wv(b) =1,

and

S

alt) = ([ ot ain) / It BN ([ o)) s+

a

+</0(p1)(n)dn>a/b ([po(s()j@j)(};gl)(s)) </b0(p1)(n)dn)ad8} X

(fo(p1)(s) dsy =2

41701

X

Then, as is seen from the condition (1.1.32;),
zo(t) <1 for a<t<b,
and hence we can choose € > 0 small enough for the inequality
zo(t) +ev(t) <1 (1.3.36)

to be fulfilled for a < ¢ < b. Notice that by virtue of the equalities (1.3.23;),
we obtain the estimate

0<w(t) <z(t)+ev(t) for a<t<b
which with regard for (1.3.36) implies
O<w(t) <1 for a<t<hb. (1.3.37)
On the other hand,
w” () = —[po(t)] + pr(t)w'(t) — h(1)(),

whence, taking into account (1.3.37) and the fact that the operator h is
nonnegative, we obtain

w”(t) < po(t)w(t) + pr(t)w'(t) — h(w)(t).

Consequently, owing to Definition 1.1.3, the inclusion (po, p1)€V1,0(]a, b[; k)
is valid. O

Proof of Corollary 1.1.15. It is clear that all the requirements of Theo-
rem 1.1.12, except (1.1.73) follow directly from the conditions of our corol-
lary. It remains to show that the conditions (1.1.31), (1.1.321) imply the
inclusion (1.1.75) as well.
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To this end, we introduce for 3 > 0 the functions z) and w by the
equalities

a0 | / (poe)- 0 - 26) ) ja<p1><n>dn)“ s

o(p1)(s)

a
t

+< /U(pl)(n)dn)a /bqpo(s (A +58(5)) + ha?)(5) ds] )
b (p

o))
X (a/O'

)= (
1—(a+pB)
1)(77)d77)

and
b
uKﬂ::”/IGanSH(@o@HA(A4*Zﬁ@))+’KxﬁXSDdS%*ws@%

where Gy is Green’s function of the problem (1.3.21), (1.3.222), and w, is
defined just as in the previous proof. Then reasoning in the same manner
as when proving Corollary 1.1.1;, we make sure that the inclusion (1.1.72)
is valid for g > 0.

In the case § = 0, we consider the function z for A = 0 and the function
w defined by (1.3.35), where v is a solution of the equation (1.3.21) under
the boundary conditions

Then reasoning just in the same way as in proving Corollary 1.1.1; for g = 0,
we can see that the inclusion (po, p1) € Va,0(Ja,b[;h) is valid. O

Proof of Corollary 1.1.1;9. Coincides completely with that of Corolla-
ry 1.1.1; for > 0. O

Proof of Remark 1.1.4. Denote the left-hand side of (1.1.32;) by w. Then it
is obvious that

b
[po(s)]-x* TP (s) + z(s)h(z”)(s)
w(t) §/ T ds for

a<t<b,

a

i.e., it follows from (1.1.34;) that the condition (1.1.32;) is valid. On the
other hand, (1.1.34;) implies the inclusion

he£(Conilen )

a(p1)

which together with (1.1.33) means that (1.1.8;) is satisfied. O
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Proof of Remark 1.1.4y. As is seen from the proof of Remark 1.1.4, the
conditions (1.1.32;) and (1.1.12) follow simultaneously from (1.1.34;). O

Proof of Corollary 1.1.2;. Introduce the notation
g(u)(t) = ki:lgk (B)u((t)) (1.3.38)

and
h(u)(t) = é |91 (8) [u(7k (1)) (1.3.39)

Then for any v € C(]a,b[) almost everywhere on the interval ]a,b| the
inequality (1.1.10) is satisfied, and as is seen from (1.1.36;), the inclusion
(1.1.8;) is valid. Tt is also clear that the condition (1.1.37;) in our notation
can be rewritten as (1.1.32;). Hence all the requirements of Corollary 1.1.1;
are fulfilled and our corollary is valid. O

Proof of Corollary 1.1.2;9. Define the operators g and h by the equalities
(1.3.38) and (1.3.39) and note that from the condition (1.3.38) it follows the
inclusion (1.1.12). Reasoning similarly as when proving the above corollary,
we can see that our corollary is valid. O

Proof of Remark 1.1.5. Denote the left-hand side of (1.1.37;) by w. Then it
is evident that

b pos)l-2 () + () 3 lou(e)le” (7 (s)
w(t) < / T ds for a<t<b,

a

ie., (1.1.40;) implies the validity of the condition (1.1.37;). On the other
hand, (1.1.40;) implies the inclusion

g2’ (i) € Lo _([a,b])

a(p1)

which together with (1.1.39) means that (1.1.36;) is satisfied. O

Proof of Remark 1.1.59. As is seen from the proof of Remark 1.1.5, the
conditions (1.1.37;) and (1.1.38) follow simultaneously from (1.1.40;). O

Proof of Corollary 1.1.31. It is clear that all the requirements of Theo-
rem 1.1.1;, except (1.1.7;), follow directly from the conditions of our corol-
lary. It remains to show that the conditions (1.1.41), (1.1.421) imply the

inclusion (1.1.71) as well, where h(u)(t) = ];::1 |gr (t) |u(Tr(t)).
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Indeed, let 8 > 0 and

n U

2(t) = [Z %xﬁ(m(s))(/sa(pl)(n)dn)ads(j0(1?1)(77)d77)a+

k=17 a

+Zn: b%xﬁ(m(s))(/bo(pl)(ﬂ)dn>ad8</tg(pl)(n)dn>a] §
k=1 J /
(f 0(p1)(n)dn)1—2(a+ﬁ>

x 93—2(ath)

Then as is seen from (1.1.42;), for every m € {1,...,n}
2(tm(t)) <1 for a <t <h. (1.3.40)

Moreover, let

n b
w) =3 [ 1Galt,lan(s)o (rs) ds + . 0)
k=1 p

where the function w. is defined in the same way as in proving Corolla-
ry 1.1.11, € > 0, Go is Green’s function of the problem (1.3.21), (1.3.221)
defined by the equality (1.3.23;) and by Lemma 1.2.7,

w.(t) = O* (2P (t)) as t—a, t—0b, (1.3.41)
for any € > 0. From the conditions (1.3.40), (1.3.41) it follows that we can
choose a constant £ > 0 such that for every m € {1,...,n}

we (T (1))

Z(Tm(t))—i—sup{m: a<t<b} <1 for a<t<b  (1.342)

Using the equality (1.3.231) we can easily obtain the estimate

0 <w(t) < z(t)x’(t) +w.(t) for a<t<b, (1.3.43)
whence by virtue of (1.3.42) for every m € {1,...,n} the inequality
0 < w(Tm(t)) < 2P (m(t)) for a<t<b (1.3.44)
is valid. Analogously, from (1.3.41) and (1.3.43) it follows the estimate
0 <w(t) <rezP(t) for a<t<b, (1.3.45)
where
To = Sup {z(t) + 5;?3 Da<t< b} < +o0,

and according to (1.3.41) we get
w(t) = 0*(2’(t)) as t—a, t—b. (1.3.46)
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On the other hand, it is clear that
n
w(t) = pr(&)w'(t) = Y lge()]2” (1 (t)) — g5 (D),
k=1
which with regard for the conditions (1.1.41) and (1.3.44) results in

w”(t) < po(tyw(t) + pr(t)w’ (1) = D lge(Dw(m(t) = gs(t), (1.3.47)
k=1

where, as is seen from Remark 1.2.6,

(po, 1) € Vio(la, b]). (1.3.48)

Then, as we have shown in proving Corollary 1.1.11,
b
/|G(t, s)|qp(s)ds = O* (2P (t)) as t —a, t—b, (1.3.49)
a

where G is Green’s function of the problem (1.2.4), (1.2.2;9). It remains
to notice that the conditions (1.3.45), (1.3.46), (1.3.48), (1.3.49) and the
inequality (1.3.47) by virtue of Definition 1.1.4 imply the inclusion (1.1.7;)
for g > 1.

Suppose now that 3 =0 and

n b
w(t) = Z/|Go(t,s)||gk(s)|ds—i—sv(t), (1.3.50)
k=17,

where v is a solution of the equation (1.3.21) under the boundary conditions
v(a)=1 and w(b)=1.
Then, as is seen from the condition (1.1.42;), for every m € {1,...,n}
2(tm(t)) <1 for a<t<b

and hence for every m € {1,...,n} we can choose € > 0 small enough for
the inequality

2(tm(8)) + ev(rm(t)) <1 for a <t <h. (1.3.51)

to be fulfilled. Note that from the positiveness of v and also from (1.3.23;)
we have the estimate

0<w(t) <z(t)+ev(t) for a<t<b
which by virtue of (1.3.51) for every m € {1,...,n} yields

0<w(rm(t) <1 for a<t<b. (1.3.52)
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On the other hand,
w(t) = pr()w' (t) = Y lgn(t)|
k=1
which with regard for (1.1.41) and (1.3.52) gives
w"(t) < po(t)w(t) + pr(t)w'(t) — Z |91 (8) [w (7 (1))
k=1

Hence, owing to Definition 1.1.3, the inclusion (po,p1) € Vi,0(]a,b[;h), is
valid, where h(u)(t) = Y |ge(®)|u(m(t)). O
k=1

Proof of Corollary 1.1.35. It is clear that all the requirements of Theo-
rem 1.1.12, except (1.1.73), follow directly from the conditions of our corol-
lary. Tt remains to show that the inclusion (1.1.73) follows from the condition
(1.1.41), (1.1.427) as well.

To this end, we introduce for § > 0 the functions z and w by the equalities

(t) = [; / I st / 0(p1)(n)dn)ad5+

o(p1)(s

t

" (o) U | s
+Z/mﬁ(m(s))dS(/U(pl)(n)dn) K/U(pl)(n)dn)

k=1% a a

n b
w(t) =) / |Go(t, )] g (s)|2” (i (s)) ds + we (1),
k=1

where Gy is Green’s function of the problem (1.3.21), (1.3.223) and w. is
defined in the same way as in proving Corollary 1.1.1;. Reasoning just as
in proving Corollary 1.1.31, we make sure that the inclusion (1.1.72) is valid
for g > 0.

In the case B = 0 we consider the function w defined by the equality
(1.3.50), where v is a solution of the equation (1.3.21) for the boundary
conditions

v(@)=1, V' (b—)=1.
Then, reasoning analogously as in proving Corollary 1.1.3; for 8 = 0, we
can see that the inclusion (po,p1) € Va(Ja,b[;h) is valid. O

Proof of Corollary 1.1.3;9. Coincides completely with that of Corolla-
ry 1.1.3; for > 0. O

Proof of Remark 1.1.6. If the inequality (1.1.43;) is satisfied for t € 6, .,
then it will especially be satisfied on each of the sets 6, , where m €
{1,...,n}, i.e., each of the n inequalities of (1.1.42;) will be satisfied. O
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Proof of Corollary 1.1.4; (1.1.4;0). It is sufficient to substitute py = 0,
p1 =0, k=1 in Remark 1.1.5; (1.1.5,0). O

Proof of Corollary 1.1.51. It is clear that all the requirements of Theo-
rem 1.1.17, except (1.1.77), follow directly from the conditions of our corol-
lary. It remains to show that the inclusion (1.1.71) follows from the condi-
tions (1.1.501) for 0 < 8 < 1 and (1.1.51;) for 5 =1 as well.

Consider first the case 0 < # < 1. Let = be a function defined by the
equality (1.1.91). Then

(xﬁ(t))// _ pl(t)(acﬁ(t))' _ 252 ajl(pié)(it))

b b
50-0) 22 (( [ otwian) = ( [ otooman)’). a5

a

From the condition (1.1.50;) and the fact that the operator h is nonnegative
it follows that

b

po(t) < 252</a(p1)(77)d77) o for a <t <b.

a

2> A (1)
o?(p1)(t)
Moreover,

0 < (0)+ 801 =~ Aymin { [ atpr)(n)in) "+

a

b
+(/0(p1)(n)dn)2 ta<s< b}a;(fi;)(it)), (1.3.54)

where

A= ﬂ</b0(p1)(77)dn) o x
s b

canin{ ([ oto)man)”+ [ otmman) s a<s<o}

a s

Let w(t) = 2%(t) + A, and rewrite the identity (1.3.53) as
w(t) = po(tyw(t) + pr(B)w (8) — (po(t)” (1) + 2ﬁ221(p7;)(g)) -

Pm@+ﬂu6((/E@nmm@2+<jdmxwmf>§£%—.
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Then, taking into account the fact that the operator h is nonnegative, from
the condition (1.1.501) and the inequality (1.3.54) we obtain

w”(t) < po(H)w(t) + p1(t)w'(¢), (1.3.55)
i.e., owing to Lemma 1.2.2 the inclusion

(po,p1) € Vio(]a, b)) (1.3.56)

is satisfied. Then, as is seen from Remark 1.2.2, there exists Green’s function
G of the problem (1.2.4), (1.2.249), and by Lemma 1.2.6,

b
/|G(t,s)|q3(s)ds:O*(:vﬁ(t)) for t—a, t—b (13.57)

where

Let now

e = (1 — ) min {(/50(171)(77)@)2 +

a
b

#([onman)’s a<es<s) (1358)

S

and rewrite (1.3.53) in the form

(@7()" = o)z’ (t) + p1(t)(@” () — h(z”)(t) — eqs(t) —

(o020 -na(0)+252 L) - sa-n(( / (o0 n)in) o
+</b0(p1)(n)dn>2) €:|J;2(E)7;)(it))' (1.3.59)

Taking into account (1.1.50;) and (1.3.58), we obtain
(@ ()" < po(t)a” () + pr(8) (2" (1)) — hl(a”)(t) — eqs(t)  (1.3.60)
for a <t <b.

From (1.3.56), (1.3.57), and (1.3.60), by virtue of Definition 1.1.4 we con-
clude that the inclusion (1.1.7;) is satisfied for 0 < 5 < 1.
Assume now that § = 0. Then the condition (1.1.50;) takes the form

0 <po(t)—h(1)(t) for a<t<b,
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from which we can see that the function w(t) = 1 satisfies the inequality
w”(t) < po(t)w(t) + pr(t)w' (1) — h(w)(1),

i.e., owing to Definition 1.1.3 we can conclude that the inclusion (1.1.7;) is
satisfied for g = 0.
Finally we consider the case § = 1 and note that

2" (t) = p1(t)2’ () — 202 (p1)(t). (1.3.61)

It follows from (1.1.51;) that there exist constants e, u €10, 1[ such that

esssup< 2(t) (h(:c)(t) po(t))) < 2u? (1.3.62)

telapl \O2(p1)(t) \ =(t)

and

wt) @) )
Tﬁiﬁ(a%mxw< ) <2e a6

Taking into account the fact that the operator h is nonnegative, from the
condition (1.3.62) we get

x27H(L)

b 2(1—p)
—mm(ﬂ < 2M2(/U(p1)(77)d77) for a<t<b.

a

Reasoning in the same way as for 0 < 8 < 1, from the last inequality as
well as from (1.3.62) we can see that the function w(t) = z*(t) + A, where

- b —2(1-p)
A= =78 (/0(p1)(n)dn) X

a

xmm{(ja@ﬂmm®2+(]a@ﬂmm®2:aéséb}

a S

satisfies (1.3.55), i.e., the inclusion (1.3.56) is satisfied and there exists
Green’s function G of the problem (1.2.4), (1.2.2;0). As is seen from Lem-
ma 1.2.7, if ¢1(t) = o2(p1)(¢), then

/|G(t,s)|q1(s)ds=O*(ac(s)) as t—a, t b (13.64)

We rewrite now the identity (1.3.61) as follows:

2" (t) = po(t)x(t) + pr (1)’ (t) — h(w)(t) —equ(t) +
+ (h(2)(t) = po(t)a(t) — (2 = £)a® (p1)(t)).-
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The latter with regard for (1.3.63) yields
2/ () < po(t)x(t) + p1(t)x' (t) — h(z)(t) —eqi(t) for a<t<b. (1.3.65)

From (1.3.56), (1.3.64), and (1.3.65), according to Definition 1.1.4 we con-
clude that the inclusion (1.1.74) is satisfied for § =1. O

Proof of Corollary 1.1.55. It is clear that all the requirements of Theo-
rem 1.1.12, except (1.1.73), follow directly from the conditions of our corol-
lary. It remains to show that the inclusion (1.1.75) follows from the condi-
tions (1.1.502), (1.1.56) for 0 < § < 1 and from (1.1.513) for 8 = 1.

First we consider the case 0 < § < 1. Let = be the function defined by
(1.1.92). Then

0'2 1
(2 ()" = pr () (= (1)) — A1 — mxﬁ’i}(g). (1.3.66)

From (1.1.502) it follows the existence of a constant € > 0 such that

2 B
[02(19?))(0 (hiﬁ(zt()t) —m(®)] <AL= -c (1367

and likewise from the inclusion (1.1.55) it follows the existence of a constant
A such that

ess sup
t€]a,b|

f)\Lﬁ(t)po(t) <e for a<t<b. (1.3.68)
o?(p1)(t)
Let w(t) = 28(t) + A, and rewrite the identity (1.3.66) in the form
0'2 1
W0 =palt)u(®) + (00 () = (mo(01a” () + Aol) + 01— 2.

whence with regard for (1.3.67), (1.3.68) and the fact that the operator h is
nonnegative we can see that the inequality (1.3.55) is valid, i.e., by virtue
of Lemma 1.2.2 the inclusion

(po,p1) € Va(]a, b)) (1.3.69)

is satisfied. Then, as is seen from Remark 1.2.2, there exists Green’s function
G of the problem (1.2.4), (1.2.299), and by Lemma 1.2.7,

b

/|G(t,s)|qﬁ(s)d5:O*(xﬁ(s)) as t—a, (1.3.70)
where
0‘2 1 t
Qﬁ(t) = xg(pg)(i))'

Rewrite now (1.3.66) as

(@ ()" = po(t)2” (1) + p1(t)(2” (1)) — h(”) — eqs(t) +
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2
+ (ha®)®) - po(0”(t) — (801 - §) - o) ZLID,
22=8(t)

This equality by virtue of the condition (1.3.67) enables us to see that
(1.3.60) is satisfied. From the conditions (1.3.60), (1.3.69), (1.3.70) and
according to Definition 1.1.4, we can conclude that the inclusion (1.1.72) is
satisfied for 0 < 8 < 1.

Assume now that 8 = 1. From the condition (1.1.503) for 5 = 1 it follows
the existence of a constant € > 0 such that

S om0 <= asm

Then it is clear from the negativeness of the operator h that

po(t) >0 for a<t<b,

i.e., by virtue of Remark 1.2.6, the inclusion (1.3.69) is satisfied and hence
there exists Green’s function G of the problem (1.2.4), (1.2.299). As is seen
from lemma 1.2.7, if ¢1(¢) = 0(p1)(¢), then

b
/|G(t, s)gi(s)ds = O*(z(t)) as t— a. (1.3.72)

Note that

2 (t) = po(t)x(t) + p1(t)a’ (t) — h(z)(t) —equ(t) +
+ (h(@)(t) — po(t)z(t) + eo®(p1) (1)),

whence with regard for (1.3.71) we see that (1.3.65) is satisfied.

From the conditions (1.3.65), (1.3.69), (1.3.72), owing to Definition 1.1.4
we conclude that the inclusion (1.1.73) is satisfied for § =1 as well.

The proof of the given and of the previous corollary is identical for the
case 0 =0. O

Proof of Corollary 1.1.5;9. Coincides completely with that of Corolla-
ry 1.1.5; for 0< 8 <1. O

Proof of Corollary 1.1.61. Let

n

h(u)(t) =D lgr(®)|u(mi(t))- (1.3.73)

k=1

Then we can see from (1.1.561) that the inclusion (1.1.8;) is satisfied for
[ = 0. It is also clear that all the requirements of Theorem 1.1.1; for a = 1,
3 =0, except (1.1.7;), follow directly from the conditions of our corollary. It
remains to show that the conditions (1.1.571), (1.1.58;) imply the inclusion
(1.1.71) as well.
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Without restriction of generality we assume that ¢ €]a, b[.

(1.1.574) there exist Vi, nm (m = 1,2) such that

0<Ym <nm <400 (Mm=1,2)

and
n
ds (c—a)t™™
M1+ Aes+s2 0 1-p
Y1
n
i ds (b=t
Aot + Aaas +52 1 — [
Y2

Introduce the functions ¢1 and o by

mn
ds (t—a) f <t<
= or a c
A1+ dgs + s2 1-5 -
p1(t)
and
72
_ £\1-B2
ds :(b ) for e<t<hb.
A21 + A28 + 52 1-75
p2(t)

From (1.3.74) we have

Then by

(1.3.74)

1 <@1(t) <m for a<t<ec, 72 <pat)<me for c<t<b and

om(€) =vm (m=1,2).
Introduce also the function w by

t

w(t) = exp (/(s —a) P (s) ds> for a<t<ec,

c

w(t) = exp (/c(b — 5)P2py(s) ds) for ¢<t<b.

Then

w'(t) >0 for a<t<ec, w'(t)<0 for ¢<t<b,
w(t) >0 for a<t<b,

w € Choe(Jayef) N Clo(Jes B, wle—) = w(e),

(1.3.75)

(1.3.76)
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and the equalities

A1 A12 631
1 !
=) — t
W) = =g v [(tfa)ﬁl +iL o
for a<t<e, (1.3.77)
o1 A2 B2 .
1 /
= - - - - - t
Wit = -G+ [(bft)ﬁz + e
for e<t<d
are valid.
From the above equalities, by virtue of (1.3.75) it follows that
w”(t) <0 for a<t<b. (1.3.78)

On the other hand, taking into account the conditions (1.1.581) in the equal-
ities (1.3.77), we obtain

w’(t) < (polt Zwk ) w(t) + ity (1) -
Z|gk (t)—t) for a<t<b. (1.3.79)

Analogously, from (1.3.78) it follows
Tk (t)
w'(s)ds < w'(t)(re(t) —t) (k=1,...,n) for a<t<b.
t

Taking this inequality into consideration, from (1.3.79) we can see that

w(t) < po(t)w(t) + pi(t) Z|gk |w7'kt)fora<t<b.

The latter inequality together with (1.3.75), (1.3.76) and by virtue of Defi-
nition 1.1.3 shows that the inclusion (po, p1) € V1,0(]a, b[; h) is satisfied. O

Proof of Corollary 1.1.65. We define the operator h by the equality (1.3.73).
Note also that if py € Lioc(]a,b]), then from the conditions (1.1.56) and
(1.1.59) we obtain

o(p1) € L([a,b]), pjoz(p1) € L(la,b]) (j =0,2),
ngQ(pl) € L([a,b]) (k = 17 .. 'an)a
i.e., the conditions (1.1.33), (1.1.52), and (1.1.82), are satisfied where 8 = 0,

« = 1. Then just as in the previous proof it remains to show that from the
conditions (1.1.573)—(1.1.59) it follows the inclusion (1.1.72) for 5 = 0.
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Without restriction of generality we assume that ¢ €]a, b[. Then by virtue
of (1.1.575) there exist constants Y, nm (m = 1,2) such that
el <m <400, 0<vyy<n <400

and (1.3.74) is satisfied. Introduce the functions ;1 and @9 by

n
/ . *(tia)liﬁl for a<t<ec
M1+ Aes+s2 1= - ’
p1(t)
p2(t)
_ #\1-B2
ds :(b ) for e<t<hb.
21 + A28 + 52 1-75
Y2

From (1.3.74) we have
M <@1(t) <m for a<t<c, y2<pat)<n for c<t<b,
pi(c) =m w2(c) = na.

Introduce likewise the function w by the equalities

w(t) = exp (/t(s —a) P (s) ds) for a<t<ec,

a
t

w(t) = exp (a/(b — 5) Papy(s) ds) for ¢<t<b,

where 0 < o < min (1; L(b- e) P (c— a)’ﬁl), ie.,
a €0, 1]. (1.3.80)
Then
w'(t) >0 for t €la,c[U]e,b, w(t) >0 for a <t<b, (1.3.81)
w € Clo(a, ) N Coelesb)), wle—) > wlet), w'(b=) >0,  (1.3.82)

and the equalities

7 )\11 )\12 ﬁl /
w’(t) = —mw(t) - {(t — oy + = a}w (t)  (1.3.83)

for a<t<ec

and

7 adg A22 6 /
w'(t) =~ g ) - [ﬁ + () -

—all—alb— t)ﬁﬁﬁﬂ (b— 1) P2uw(t)pa(t), for c<t<b (1.3.84)
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are valid. Note also that the condition ¢ € [max(a,b — 1);b] and (1.3.80)
imply

1—ab—t)2*P >0 for ¢<t<b.
Taking this into account in the equality (1.3.84), we obtain

" a1 A22 B3
W) s — Gy ) - [(b—t)ﬁa T

for a<t<hb.

}w'(t). (1.3.85)

From (1.3.83) and (1.3.85), according to the condition (1.3.81), it is clear
that the inequality (1.3.78) is satisfied.

On the other hand, taking into account in (1.3.83) and (1.3.85) the con-
ditions (1.1.583), we get

w'(t) < (po() = D lax(®) )w(t) + i (0w’ (1) -
k=1

—w' ()Y lgr(®)|(re(t) —t) for a<t<b,
k=1

which with regard for (1.3.81) and (1.1.59) imply that (1.3.79) is satisfied.
Reasoning in the same way as in the previous proof, we see that the inclusion
(po,p1) € Vao(Ja,b[; h) is valid. O

Proof of Corollary 1.1.7;. It is not difficult to notice that if we introduce
the notation

gu)(t) = gr(tu(m(t),
k=1

then the inequality (1.1.22) will be satisfied, and from (1.1.61), (1.1.62)
it follows that the conditions (1.1.17) and (1.1.18) are valid. That is, all
the requirements of Theorem 1.1.2; are fulfilled and this implies that our
corollary is valid. O

Proof of Remark 1.1.10. Follows directly from that of Remark 1.1.2. O

Corollaries 1.1.79 and 1.1.7;9 are proved analogously to Corollary 1.1.7;.
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CHAPTER II

CORRECTNESS OF TWO-POINT PROBLEMS FOR LINEAR
SINGULAR FUNCTIONAL DIFFERENTIAL EQUATIONS
OF SECOND ORDER

§ 2.1. STATEMENT OF THE PROBLEM AND FORMULATION OF MAIN
RESULTS

2.1.1. Statement of the Problem.
Let us Consider the functional differential equations

u”(t) = po(t)u(t) + pr (' () + g(u)(t) + pa(1), (2.1.1)
u”(t) = por(t)u(t) + prr(t)u' () + gr(u)(t) + par(t), k€N, (2.1.1;)

under one of the following the boundary conditions

u(a) =0, u(=b) =0, (2.1.210)
u(a) =0, u'(b—)=0; (2.1.250)
u(a) = c1, u(d)=ca, (2.1.2))
u(a) =c1, u'(b—) = cz; (2.1.2,)
u(a) = cig, u(b) = cax, (2.1.21%)
u(a) = cig, u'(b=) = ca, (2.1.241)

where ¢, ¢, € R, (1=1,2;k €N), g, g : C(Ja,b]) = Lioc(Ja,b]), k € N, are
continuous operators,
p1,P;5 € Lioc(la, b)) o(p1) € L([a, b)),
, (2.1.34)
pj € Lﬂl(m)([a’b]) (] =0, 2)
ifi=1,
P1,Pj S LIOC(]a7b]) U(pl) S L([a7b])7
pj € L02(p1)([a7b]) (] =0, 2)
if i =2, and pji :]a,b[— R (j = 0,1,2; k € N) are measurable functions.
The correctness of the problem (2.1.1), (2.1.2;) will be studied under the
assumption that the inclusion

(po,p1) € Vio(Ja,b[; h)

is satisfied. (Effective sufficient conditions for the above inclusion to be
fulfilled are given in §1.1, where

lg() ()] < h(]=[)(t)

almost everywhere in the interval |a, b[ for every z € C(]a,d]).)
Consider also the following linear equation

u”(t) = Pok (t)u(t) +p1k(t)u'(t) + ka(t). (214k)

(2.1.35)



69

Let G, be Green’s function of the problem (2.1.4%), (2.1.2;0) and r € R™.
Then we denote the set

{y(t)r y() =aﬁk(t)+/Gk(t,8)9k(fv)(5)ds7 ar € [0,7], [lzfe < 7“}

by B,k if Uk is a solution of the problem (2.1.4x), (2.1.2j), and by Bj , if
U, is a solution of the problem (2.1.4%), (2.1.2;x).
Throughout this chapter the use will also be made of the notation

Ii(z)(t) = /t:c(s) ds</b:c(s) ds>2i for a<t<b,

a

where z € L([a, b]).
2.1.2. Formulation of Main Results.

Theorem 2.1.1;. Leti € {1,2}, the continuous linear operators g, g, h :
C(Ja,b]) — Lioc(Ja, b)) (k € N), the measurable functions p;, pji ]a,b[— R
(j =0,1,2; k € N) and the constants « € [a,b], v €]1,400[, B, € R be
such that

1
0§ﬂ<u<3 : (2.1.5)

—

b
o (p1) € L([a, b)), /%If(aa(m))(s) ds < +o00 (j=0,2),

(2.1.6)

b
M (0" s)as 00
[ A0 <o

a

where h is a non-negative operator and uniformly on the segment [a, b]

t
lim /|p1(s) —p1x(s)| ds =0,
k—o0

. (2.1.7)

i [P B) o )y (s) s =0 (G =0.2),

a

Jim (sup{‘a/g(y)(;)(p_l)g(zgy(s)) I7 (0% (p1))(s) ds| :

a<t<b, ye&k}) =0. (2.1.8)
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Moreover, let

(po,pl) S Vi70(]a, b[, h), (2.1.9)

where for every x € C(]a,b]) almost everywhere in the interval |a,b| the
inequality

lg(z)(®)] < h(l|)(t) (2.1.10)

is satisfied. Then there exists a number kg such that if k > kg, then the
problem (2.1.1g), (2.1.2;0) has a unique solution uy and uniformly in the
interval |a, b|

1—ap

Jim 1 (0T (pa)) () (ut) — uk (1)) = 0, (2.1.11)

L T )
k—oo  o(p1)(t)

where u is the solution of the problem (2.1.1), (2.1.2;9).

(W' (t) — ul(t)) = 0, (2.1.12)

Theorem 2.1.2;. Leti € {1,2}, the continuous linear operators g, g, h :
C(Ja,b]) = Lioc(]a, b)) (k € N), the measurable functions p;, pjx : (Ja, b)) —
R (j =0,1,2; k € N) and the constans « € [a,b], v €]1,4+00], ¢, cx, 5,
weR( =12 keN) be such that conditions (2.1.5)—(2.1.7), (2.1.9),
(2.1.10) and also

lim (sup{‘a/g(y)(j)(pl)izgy(s)) 17 (0% (p1))(s) ds| :

a<t<hb, erB%’lk}) =0 (2.1.13)
and
khm Clp = C] (l == 1, 2) (2.1.14)

are satisfied. Then there exists a number kg such that if k > ko, the problem
(2.1.1), (2.1.240) has a unique solution ug, and uniformly on the interval
la,b[ the equalities (2.1.12) and

lim (u(t) — ug(t)) =0 (2.1.15)

k—o0

are satisfied, where u is the solution of the problem (2.1.1), (2.1.2;).

2.1.3. Corollaries of Theorems (2.1.1;) (2.1.2;) (¢ = 1, 2).

Corollary 2.1.1;. Leti € {1,2}, the continuous linear operators g, gi, h :
C(Ja,b]) = Lioc(]a,b]) (k € N), the measurable functions n, p;, pjk |a, b[—
R (j =0,1,2; k € N) and the constants « € [0,1], v €]1,+oc[, 3, p € RT
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be such that the conditions (2.1.5)—(2.1.7), (2.1.9), (2.1.10) are satisfied and
for every y € C(Ja,b]) almost everywhere on the interval |a, b]

|9r()(&) = g @) < n@®)lyllc (ke N) (2.1.16)

and uniformly on the segment [a,b]

t

a0 g0 -
k1—>ooa o(p1)(s I7 (0% (p1))(s) ds = 0, (2.1.17)
where
[ (o)
) 1862 (1)) (s) ds ~. N
/0(171)(5) 17 (0%(p1))(s) ds < + (2.1.18)

a

Then there exists a number ko, such that for k > ko the problem (2.1.1;),
(2.1.2,0) has a unique solution uy, and uniformly on the interval |a,b[ the
equalities (2.1.11), (2.1.12) are satisfied, where u is the solution of the prob-
lem (2.1.1), (2.1.2,0).

Corollary 2.1.2;. Leti € {1,2}, the continuous linear operators g, gi, h :
C(Ja,b[) = Lioc(]a,b) (k € N), the measurable functions n, p;, pjx :a, b[—
R, (j = 0,1,2; k € N) and constants « € [0,1], v €]1,4+00[, 8, p € RT
be such that the conditions (2.1.5)—(2.1.7), (2.1.9), (2.1.10), (2.1.14), and
(2.1.16)—(2.1.18) are satisfied. Then there exists a number ko such that
for k > ko the problem (2.1.1;), (2.1.2;;) has a unique solution ug, and
uniformly on the interval |a,b| the equalities (2.1.12), (2.1.15) are satisfied,
where u is the solution of the problem (2.1.1), (2.1.2;).

Consider now the case where the equations (2.1.1) and (2.1.1;) are of the
form

u” (t) = po(t)ult) + pr () (t) + ZgOm u(tom (t)) +p2(t)  (2.1.19)
and
" (t) = po(t)u(t) + prx(t) +ngm Tk (1)) + par(t), (2.1.19%)
where gom, gkm :]a,b[— R and Tom, Tem ¢ [a,0] — [a,0] (m = 1,...,n,

k € N) are measurable functions.

Corollary 2.1.3;. Let i € {1,2}, the measurable functions 1, gom, Gkm.,
Pjs Pik 1@, b[—= R, Tom, Tem : [a,0] — [a,b], (m=1,...,n;j =0,1,2; k €
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N) and the constants a € [0,1], v €]1,400[, B, 1 € R be such that condi-
tions (2.1.5), (2.1.7), (2.1.18) as well as

o (p1) € L([a, b]),

b
n “ (o (1)) (s , 2.1.20
J 61+ X o 22D g e 5209, 1

o(p1)(s

b

(gom(t) — gkm(t))‘ <n(t) (keN) (2.1.21)

m=1

are satisfied, and uniformly on the segment [a,b]

m S [ 9 (5) — gom(s) 8o (n))(s) ds
k1~>oo oo} ! U(p1)(s) Iz ( (pl))( )d 0, (2122)
Tkm(t)
esssup 4 I+ (o™ - o (p1)(s sl a .
o{1 w0 2| | st ast<of—o
as k — +oo. (2.1.23)

Let also the condition (2.1.9) be satisfied, where
h(z)(t) = Z |gom ()] (Tom (£))-
m=1

Then there exists a number ko such that for k > ko the problem (2.1.19y),
(2.1.2,0) has a unique solution uy, and uniformly on the interval |a,b[ the
equalities (2.1.11), (2.1.12) are satisfied, where u is the solution of the prob-
lem (2.1.19), (2.1.2,0).

Corollary 2.1.4;. Let ¢ € {1,2}, the measurable functions 1, gom, Gkm,
Pj; Pjk :]aab[*) ]R; Tom, Tkm * [avb] - [avb]’ (m =1,...,n;5=0,1,2 ke
N) and the constants o € [0,1], v €]1,4+00[, ¢, e, B, peR (1 =1,2; k €
N) be such that the conditions (2.1.5), (2.1.7), (2.1.9), (2.1.14), (2.1.18),
(2.1.20)(2.1.23) are satisfied, where h(z)(t) = Y0 _ |gom )|z (Tom (t)).
Then there exists a number ko such that for k > ko the problem (2.1.19;),
(2.1.2;) has a unique solution uy, and uniformly on the interval Ja,b| the
equalities (2.1.12), (2.1.15) are satisfied, where u is the solution of the prob-
lem (2.1.19), (2.1.2;).

Corollary 2.1.5;. Let i € {1,2}, the measurable functions 1, gom, Gkm.,
Dj; Pik 1]a, b[—= R, Tom, Tkm : [a,0] — [a,b], (m=1,...,n;j =0,1,2; k €
N) and the constants o € [0,1], v €]1,+00[, 8, p € R be such that the
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conditions (2.1.5), (2.1.7), (2.1.18), (2.1.22) as well as

b
o (p1) € L([a,b]), /%I;‘(aa@l))(s)ds <400 (j=0,2), (2.1.24)

a

Z (Igkm (&)] + |gom (t)]) < n(t) (k€N) for a<t<b (2.1.25)

m=1

and
esssup{ Z [Tom (t) — Tem (£)] : a <t < b} — 0 for k— 400 (2.1.26)
m=1

are satisfied. Let also the condition (2.1.9) be satisfied, where h(x)(t) =
> lgom )|z (1om (t)). Then there exists a number ko such that for k > ko
=1

m=

the problem (2.1.19%), (2.1.2,0) has a unique solution uy, and uniformly on
the interval ]a, b[ the equalities (2.1.11), (2.1.12) are satisfied, where u is the
solution of the problem (2.1.19), (2.1.2;9).

Corollary 2.1.6;. Let i € {1,2}, the measurable functions 1, gom, Gkm.,
Djs Pim 16, b[— R Tom, Tkm :[a,b] — [a,b], (m=1,...,n; j =0,1,2; keN)
and the constants o€ [0,1], y€ |1, +o0[, a, ik, B, p € R (1 =1,2; keN) be
such that the conditions (2.1.5), (2.1.7), (2.1.9), (2.1.14), (2.1.18), (2.1.22)
and (2.1.24)—(2.1.26) are satisfied, where h(x)(t) = > |gom(t)|z(Tom(t)).

m=1

Then there exists a number ko such that for k > ko the problem (2.1.19;),
(2.1.2;) has a unique solution uy, and uniformly on the interval Ja,b| the
equalities (2.1.12), (2.1.15) are satisfied, where u is the solution of the prob-
lem (2.1.19), (2.1.240).

For more clearness, let us consider the equations

u”(t) = go(t)u(ro(t)) + pa(t), (2.1.27)
u(t) = gor(t)u(7i(t)) + p2x(t), (2.1.27;)

where go, gok, D2, D2k; Ja,b[— R, and 79, 7ok; [a,b] — [a,b] (kK € N) are
measurable functions.

Corollary 2.1.7;. Let i € {1,2}, the measurable functions n, go, gok, P2,
paor Ja,b[— R, 19, 7k : [a,b] — [a,b], (k € N) and the constants 3, u € R
be such that the conditions

B<p<l, (2.1.28)
l90(8)| + lgor ()] < n(t) for a<t<b, (2.1.29)
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b
[ )]s = a6 = 570 ds < v,

\ (2.1.30)

/ n(s)(s — @) (b — 5)°@ ds < 4o

a
are satisfied, and uniformly on the segment [a, b]

lim (pg(s) — pgk(s))(s — a)ﬁ(b — S)B(Q_i) ds =0,

k—o0

(2.1.31)

klirgo/ (90(s) — gor(s))(s — a)?(b—5)’2"Dds =0

and
esssup {|ro(t) — 7e(t)| : a<t<b} —0 as k— +oo. (2.1.32)
Let, moreover, the inclusion
(0,0) € Vi o(la,bl; h) (2.1.33)

be satisfied, where h(xz)(t) = |go(t)|x(70(t)). Then there exists a number kg,
such that for k > ko, the problem (2.1.27y), (2.1.2,0) has a unique solution
ug, and uniformly on the interval |a,b| the conditions (2.1.11), (2.1.12) are
satisfied, where u is a solution of the problem (2.1.27), (2.1.2;).

Corollary 2.1.8;. Let ¢ € {1,2}, the measurable functions 1, gom, 9ok,
p2, Dok 1la,b|— R, 1, % : [a,b] — [a,b], (k € N) and the constants ¢,
car, B, p € R (I =1,2; k € N) be such that the conditions (2.1.14) and
(2.1.28)(2.1.33) are satisfied, where h(z)(t) = |go(t)|z(70(t)). Then there
exists a number ko such that for k > ko the problem (2.1.27;), (2.1.2;)
has a unique solution ug, and uniformly on the interval |a,b] the equali-
ties (2.1.12), (2.1.15) are satisfied, where u is the solution of the problem
(2.1.27), (2.1.2;).

§ 2.2. AUXILIARY PROPOSITIONS

2.2.1. Correctness of the Initial Problem for Linear Second Order Ordinary
Differential Equations. Consider on the interval ]a, b[ the equations

o (t) = po(t)u(t) + pr(t) (1) (2.2.1)

and

’U”(t) = pOk(t)v(t) +p1k(t)’u'(t), keN, (22]—k)
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where

po, 1 € Lioc(Ja, b)), o(p1) € L([a,b]), po € Loy (py), ([a,b])  (2.2.21)
Dok, P1k € Lioc(Ja,b), k€N, (2.2.31)

or

po, p1 € Lioe(Ja,b]), o(p1) € L([a,b]), po € Loypy)([a,b]), (2.2.22)
Dok, Pik € Lioc(]a, b)), k€N, (2.2.32)

and the following initial conditions:

v(a) =0, lim a(i;fizt) _1, (2.2.4,)

v(a) =0, lim U(Z;S))(t) =1, (2.2.4z)
o(b) =0, lim U(";Szt) — 1, (2.2.5))
v(B) =0, lim % =1, (2.2.515)
v(b) =1, o'(b) =0. (2.2.59)

Remark 2.2.1. Tt has been shown in [23] that for the conditions (2.2.2;)
the problems (2.2.1), (2.2.4) and (2.2.1), (2.2.5;) are uniquely solvable.
Analogously, if

Pok, P1k € LIOC(]avbDv 0(p1k) € L([aab])a Pok € Lm(;vlk)([aab])a

then the problems (2.2.1;), (2.2.4;) and (2.2.1;), (2.2.51%) are uniquely
solvable, and if

Dok, P1k € LIOC(]aab])7 U(plk‘) S L([aab])7 Dok € LO'Q(plk)([a/ab])a

then the problems (2.2.1;), (2.2.4;) and (2.2.1;), (2.2.52) are uniquely solv-
able as well.

For brevity we introduce the notation

Apir(t) =pi(t) —px(t) (1 =0,1,2; keN) for a <t <b.

Lemma 2.2.1y. Let the measurable functions p;, pjr :]a,b[— R (j =
0,1; k € N) and the constants o € [0, 1], v €]1, +o0[, B, u € R such that

v—1

0<pB<pu< ;
e’

(2.2.6)

o7 (p1) € L([a,b]), /% I'(c®(p1))(s)ds < 400 (2.2.771)
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and uniformly on the segment [a,b] the conditions

t

t
. Apor(s) 5 . /
1 ———=I{ (" ds=0, 1 A ds=0 (2.2.8
Jim [ S o ) s) ds 0. Jim [ |Apu(s)lds =0 (2:28)
a a

be satisfied. Then there exists a number ko such that for k > ko the prob-
lem (2.2.1y), (2.2.41%) has a unique solution viy and the problem (2.2.1;),
(2.2.51k) has a unique solution vog, and uniformly on the interval ]a, b|

i (x(0) = 1(0) / op)e)ds) =0, 2290)

i (vas(0) — 2(0) /b o) ds) =0 229:)
nd

i a0 A / o p1)(s)ds) =0 2210,)

i 2200 ( / o (pr)(s)ds) =0, (2210,

where v1 and vy are the solutions of the problems (2.2.1), (2.2.41) and
(2.2.1), (2.2.51), respectively.

Proof. Tt is clear from the definition of the constants «, (3, v, u that

l—af 1-—au

- 0, O < 2.2.11
8—p<0, <1*5<1*N_7 ( )
Hence
1-af l-op
o%(p1), o7 (p1), o=+ (p1) € L([a,]). (2.2.12)
Using the Holder inequality, we obtain
to to 1—u
/ o(p1)(s)ds < ( / oTH (pl)(s)ds) x
t1 tl
ta M
X </00‘(p1)(s) ds) for a <t <ty <D, (2.2.13)

t1
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(o (1) n) dn)”
b b
N R & B N
: (a/a o )d) (a/ (jao‘(pf)(n)dn)ﬁ d)
(ﬁ)“(/bgﬂiﬁ(pl)(s)ds)lM(/bga(pl)(s)dsyﬁ, (2.2.14)
b
a(p1)(s) s

a/(fboa@l)(n)dn)ﬁd )

< (=25)( /b o= () (5) d)( /b a%pl)(s)ds)”_ﬁ, (2.2.15)

a a

where the existence of the integrals follows from (2.2.12). By means of
(2.2.14), (2.2.15) we easily get

b
a(p1)(s) g a+b
[ i <2 e ()

a

x </bg (p1)(s) ds>1#</boa(p1)(s)ds) " < 4oo.  (2.2.16)

a a

It is also evident that for every § € [0, 1]

_op)(s)
/If(oa(pl))(s)d < oo (2.2.17)

a

By virtue of condition (2.2.81), for every £ > 1 there exists a number kg
such that for k > ko

et <o(Apip)(t) <e for a<t<b. (2.2.18)

We now proceed to the proof of the lemma. Taking into account the condi-
tions (2.2.71), (2.2.12) and the inequality (2.2.13), the inequality

b b
D0 i a1 de
a/ po(s)ler (01)() ds < / S I (p)()
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x (/ai‘i“ (p1)(s) d3>2(1 Y < +00 (2.2.19)

a

is valid, i.e. the conditions (2.2.21) are satisfied. In this case, owing to
Remark 2.2.1, the problems (2.2.1), (2.2.4) and (2.2.1), (2.2.51) are uniquely
solvable. Integrating by parts and using (2.2.18), we arrive at

\ / POS) _ pu e (,4)) (5) | <

plk

b
+/le(aa(plk))(s) ds <

b
‘/ Apo(s) I (0% (p1x))(s) ds o(p1k)(s)

o(pik)(s)

a

i (0%(p1x))(5) Y’
o(Ap; = S
PO o)) |
Po(s)|
+e a/U(Zh)(S) I'(e®(p1))(s)ds for k> ko, (2.2.20)

where

A = sup{}/ Apo (s) (c%(p1))(s)ds|: a<t1 <tz < b}.

S

In view of (2.2.81)

lim Ay =0, (2.2.21)

k—o0

and by virtue of (2.2.18) the estimate

w / 3 u—p o®
If(oa(pl))(t)> ‘ < & lAp I (@ ()(®) +

b

(o(ap®

+(u+ﬂ)53/aa(p1)(5) d5111+ﬁ(iiiz;2¢)((2))(t)

a

for a<t<b

is valid. Substituting the latter in (2.2.20) and taking into account (2.2.71),
(2.2.81), (2.2.17) and (2.2.21), we can see that a constant 79 € RT exist,
such that

b
M K o s)ds : ,
sup{ (o) (s) I (0% (p1x))(s) ds : k>ko}< 0. (2.2.22)
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In the same way we get
Pok € Lo, (pyy)([a,b]) for k> ko,
where in view of (2.2.18)
o(pik) € L([a,b]) for k> ko,

which together with the conditions (2.2.3;) and Remark 2.2.1 imply that
the problems (2.2.1%), (2.2.4x) and (2.2.1%), (2.2.51%) are uniquely solvable
for k > k.

Note that the function wj,(t) = v,;(t) —vx(t) (j = 1,2; k > ko) is a
solution of the equation

v"(t) = pox(t)v(t) + prr(t)v'(t) +

+Apok (t)v; (1) + Ap1x(t)vj(t) (5 =1,2) (2.2.23)
and
_ . wi () -
wig(a) =0, tlgr}l o)D) o(Apix)(a) — 1, (2.2.247)
wr(b) = 0, lim % =1 - o(Api)(b), (2.2.245)
where in view of (2.2.81),
Jim |1 = o(Apue), = 0. (2.2.25)

Consider first the case j = 1. From (2.2.23), (2.2.24;) we have

ROI i [ a0 e
@~ Are0) ”a/ Aron(s) = o) T

; po(s)wik(s) + Apik(s)vi(s)
+/ (P)(5)

ds for a<t<b,  (2.2.26)

a

where the existence of integrals follows from the estimate (1.2.104), (1.2.114)
and the conditions (2.2.71), (2.2.81). From (2.2.26), integration by parts
results in

ds +

RLTUS Y a / vi(s) —wik(s) o)
o(pie)(t) < ‘1 (Ap1k)( )‘ JrAka/‘(Ilﬁ(Uo‘(pl))(s) (Ap1r)( ))

t
/
+/ [Po(s)wik(s) + Api(s)v (s)] ds for a<t<b, (2.227)

o(pix)(s)
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where in view of (2.2.18),

/ (M U(Aplk)(5)>/

(0 () (s)
/W% '*M— + (oae()] + fon ()] ra(s) ds

ds <

with

hi(t)= Iﬁ|§51;1 Jrﬂ/ (p1)( 1+3 1(17(1)))(75) for a <t <b.

Substituting the latter inequality in (2.2.27), with regard for (2.2.18) we get

()] 2 [wig(s)] s
a(p1)(t) = /Iﬁ(aa(m))( )d "

+e2 {Hl - J(Aplk)HC + /fk(s)|w1k(s)| + qr(s) ds] , (2.2.28)

where
[pox(2)|
B0 = Gy A0
_ @) o(p1)(t)
a(t) = ¢ 1)(t)(mplk( I+ egm e (t))+Akhk(t)|v1(t)|

for a<t<b.

From (2.2.28), using Gronwall-Bellman’s lemma, it follows that

i (8)] < reo(p)(t Qqumﬂb+

+/fk(s)|w1k(s)| + qx(s) ds) for a<t<b, (2.2.29)

where
b

rkg2[1+exp(52Aka/%ds)] for k> ko

and by virtue of (2.2.16), (2.2.21),

sup{rr : k> ko} < +oo. (2.2.30)
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Let us now introduce the notation

t

2z = |w1k(t)|</a(p1)(s)ds)1 for a<t<b.

a

t
Integrating (2.2.29) from a to ¢, dividing by [o(p1)(s)ds and using inte-
a

gration by parts, by virtue of the inequalities (2.2.13) and

j o0 (5) s / o) (s) ds>1 <

§/ba(pl)(s)ds(/ba(pl)(s)ds)_l for a<s<t<b

we obtain

zi(t) < 7"/fk(s)I{‘(aa(pl))(s)zk(s) ds+7 for a<t<b,

a

where

b 201-p) , b -1
r=swfns ke n)( [oTFen@as)( [amea)

[(f(,a“: (p1)(s) ds)' ™

b /qk(s)(/baa(pl)(n) dn)uds+

Jo(p)(s)ds @

a

H+ oo

Applying Gronwall-Bellman’s lemma, from the latter inequality we get

b
2(t) < T exp (r/fk(s)lf(aa(pl))(s) ds) for a <t<b (2.231)

By virtue of (2.2.18) we note that the estimate

b b

[nte e as < [ % 1(0 (p1)) (s) ds +

a
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a

b b
ra([o o as)" ™ [1apucolas+
b b
a o (p1)(s)
+ﬂa/a (p1)(s)ds/lll+ﬁ_u(p e ds] for k> ko

o%(p1

a

is valid, which with regard for the conditions (2.2.81), (2.2.17) with § =
1+ 8 — p and the condition (2.2.22) results in

sup{ /b Fe(s) (0% (p1))(s)ds : k> ko} < too.  (2.2.32)

Just in the same way, taking into account the estimates (1.2.104), (1.2.11;)
and the inequality (2.2.13), we obtain

/ka(s)(/bO'a(pl)(n) dn)u ds <
/lAplk 9 + A ﬁ(; n { /b )#+
/ |po pt 5) ds /ball = o) ds) #] .

*“’“(/ 7 (p”(s)d) W ol ds/ e

a

b

+([ormas)™” / A (o) ds] for > ko

a a

By virtue of the inequalities (2.2.16), (2.2.17) with 6 = 1 + 8 — p and the
conditions (2.2.71), (2.2.81) and (2.2.21)

i / a6 / m)(n)dn)“ds:o (2.2.33)

which together with (2.2.25) implies

lim 7 = 0. (2.2.34)
k—oo
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Substituting (2.2.32) and (2.2.34) in (2.2.31) we get

lim ||2]lc = 0, (2.2.35)
k—oo

i.e., the condition (2.2.911) is satisfied.
Applying (2.2.13), we see from (2.2.29) that

SO o)’

= / o (p1)(s) d ) [EE / Sl (pr))(s) ds +

b

+/bqk<s>(/aa<p1><n> dn)”ds] n

a S

b
uw
+7|1 - U(Aplk)||c</aa(p1)(s)ds> for a <t <b,

a

where 7 = sup{rx : k > ko}. The above inequality with regard for (2.2.25),
(2.2.32), (2.2.33) and (2.2.35) implies that the condition (2.2.1011) is valid.

Consider now the case j = 2. Let £k > kg. Then for ws, i.e., for a
solution of the problem (2.2.23), (2.2.245) the representation

__wy(B) _
o(pix)(t)

v2(8) — wak(s)

co)s) ot

b
o(Apu)(t) — 1 + / Apor(s)

b
Pok () w2k (s) + Ap1xvs(s)
- / (p1r)(s)

ds for a<t<bd

is valid. Repeating the arguments presented for j = 1, where f, hi are
defined as before,

/

() = (8pue(0)] + 44 757 P 'f“fz'ﬁAkhk(nw(tn,
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and
b l—ap 1—
(o™ (o) (s)ds) ™" o : )
T =12 a(s)( [ o%(p1)(n)dn) ds+
k fao‘(pl)(s)ds a/ k <“/ )

a

+||1+0(Ap1k)|lc],

we see that the conditions (2.2.912), (2.2.1012) are valid. O

Lemma 2.2.15. Let the measurable functions p;, pjr :]a,b[— R (j =0,1;
k € N) and the constants « € [0,1], v €]1,+o0[, B, u € R be such that the
conditions (2.2.6) are satisfied,

b
ol a |p0(8)| 1 Ua s s 00
o™ (p1) € L([a,b]), o1)(s) I (o™ (p1))(s)ds < +oo  (2.2.73)

a
and uniformly on the segment [a,b] the conditions

t

im 7Ap0k(s) Boe s)ds =
kgma/a(pl)(s) 1 (0" (p1))(s) ds = 0,

(2.2.8,)

¢
klim /|Ap1k(s)|ds =0

are satisfied. Then there exists a number ko such that for k > ko the problem
(2.2.1y), (2.2.4%) has a unique solution vy and the problem (2.2.1y), (2.2.52)
has a unique solution vay, and uniformly on the interval |a, b]

Jim. (vi(t) — vi(t)) (/ta(pl)(s)ds) - =0, (2.2.921)

Jim (vag (1) = v2(t)) =0 (2.2.902)
and
g ) —u(t)
Jm o) 0, (2.2.1047)

t

lim Vo (1) — v5(t) (/Ua(pl)(s) ds)u =0, (2.2.1029)

where v1 and vy are the solutions of the problems (2.2.1), (2.2.4) and (2.2.1),
(2.2.59), respectively.
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Proof. Repeating word by word the previous proof for the case j = 1 and re-
placing everywhere I by I3, we can see that the problems (2.2.1;), (2.2.4)
and (2.2.1;), (2.2.52) are uniquely solvable, the condition (2.2.92;) is satis-
fied and for the function wyx(t) = v1(t) — v1x(¢) the representation

[l <m(||z~k|c/fk ([ weman)” s+

a
t

+/qk(s) ds + ||1 — O'(Aplk)||c> for a<t<b (2.2.36)

a

is valid, where the functions fi, qx and zj are defined in the previous proof.
Using the same technique as when proving the relations (2.2.25), (2.2.32),
(2.2.33), we obtain

sup{/fk 0% (pr))(s)ds k> ko} < too,

Jim %(5) ds =0, lim |[1—0o(Apw)lc =0
a
and
lim ||zx|lc =0,
k—oo

from which it follows with regard for (2.2.36) that the condition (2.2.102;)
is valid.
Note that the function way (t) = va2(t) — vai(t) satisfies the conditions

wa(b) =0, wh(b) =0,
i.e., the representation

b

b
M:*/Amk@) U’?’f /APOk _va(s) ds —

/ o(pw)(s)

ds for a<t<b

_/po(S)wlk(S) + Apik(s)vs(s)
o(pik)(s)

is valid. Repeating the arguments taking place in the proof of Lemma 2.2.1
for j = 2, we come to the conclusion that the conditions (2.2.912) and
(2.2.1092) are valid. But owing to the condition p1 € Ljs.(]a, b)), it follows
from (2.2.912) that (2.2.992) is valid. O
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Lemma 2.2.2. Let i € {1,2}, the measurable functions p;, pk :]a,b[—
R and the constants o € [0,1], v €]1,400[, B, p € R be such that the
conditions (2.2.6), (2.2.7;), (2.2.8;) and

(po,p1) € V;0(]a, b) (2.2.37;)
are satisfied. Then there exists a number ko such that for k > kg
(pok, p1k) € Vio(]a, b]). (2.2.38;)

Proof. Let i = 1 and vy, v, v1g, vax be solutions of the problems (2.2.1),
(2.2.4), (2.2.1),(2.2.51), (2.2.13),(2.2.45), (2.2.13),(2.2.51x) respectively,
whose existence and uniqueness follow from Remark 2.2.1.

As is seen from Definition 1.1.2 of the set V1 ¢(]a,d[) and Remark 1.2.1,
v1(b) > 0 and vy (a) > 0. Then by virtue of Remark 1.2.5 and the inclusion
(2.2.37;),

v1(t) +v2(t) >0 for a<t<b,

hence if
c=min{vi(t) +v2(t): a<t<b},
then
¢>0. (2.2.39)

On the other hand, by Lemma 2.2.1;, there exists a number ky such that
for any k > kg

7% <) —vi(t) (j=1,2) for a<t<b. (2.2.40)
Thus for the solution vy of the equation (2.2.1;), where
Vg (t) = v1g(t) + vor(t),
the estimate
o (t) = (vik(t) = vi(t) + (var(t) — v2(t)) + (v1(t) +v2(t))
is valid from which with regard for (2.2.39) and (2.2.40) we obtain
vg(t) >0 for a<t<b.

This inequality by virtue of Lemma 1.2.2 means that the inclusion (2.2.38;)
is true. [

Consider now the boundary conditions
u(a) =0, u(d)=0 (2.2.414)
and
u(a) =0, u'(b—)=0. (2.2.415)

The following Lemma is valid.
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Lemma 2.2.3. Leti € {1,2}, the measurable functions f, p;, pjx :]a,b[—
R and the constants a € [0,1], v €]1, 400, B, u € R satisfy the conditions
(2.2.6), (2.2.7,), (2.2.8,), (2.2.37;) and

b
M M o s)ds o
/0(201)(5) L7 (o (p1))(s) ds < +o0. (2.2.42)

Then there exists a number ko such that for k > ko the problem (2.2.1;),
(2.2.41;) has a unique Green’s function Gy, and uniformly in the interval
Ja, b

b
lim If_l(alli—a:(pl))(t) / |G(t,s) — Gi(t,8)| |f(s)|ds =0, (2.2.43)

k—o0

k—oo

b
)W) [|9G ) ~ Grlts)|
lim 5 /‘ ~ If(s)|ds =0, (2.2.44)

where G is Green’s function of the problem (2.2.1), (2.2.41;).

Proof. By Lemma 2.2.2;, for k > kg the inclusion (2.2.38;) is satisfied. Then
as is seen from Remark 1.2.2, the inclusions (2.2.37;) and (2.2.38;) imply
the existence of the functions G and Gy, respectively, where G is defined by
the equality (1.2.7), and

— vk (1) V1 (5) or a<s
Grlt,s) = “%(“()f(p”z)gs) oeseiEt (2.2.45)
V1k\l)V2k (S
7ng(a)a(p1k)(s) for a <t<s<hb,

where vy, is the solution of the problem (2.2.13), (2.2.4;;) and vgy is that
of the problem (2.2.13), (2.2.51;) for ¢ = 1 and of the problem (2.2.1;),
(2.2.59) for i = 2.

From the estimates (1.2.10;), (1.2.11;) and the equalities (2.2.9;1),
(2.2.9:2), (2.2.10,1), (2.2.10;2) it follows the existence of constants d; and
da, such that on the interval |a, b] the estimates

onelo)( / o) (s) ds>1 <, oo / o) (s) d) <d,

a
for k>ko,  (2.2.46)
t

a®( [oe ds>1 <, ualo) / ey T ea

a
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and
b ) t

%(/‘7& Pt ds) M(Q_I)S o %(/Ua (p1)(s) ds) MS dy

t a
for k> ko, (2.2.47)
¢

JZ;IS zl) ( j o (p1)(s) ds> M(H)g da, U'E’;Szl) ( / o®(p1)(s) ds) #g di,

a

as well as
’ng(a) > dy for k> ko, ’Ug(a) > dy (2.2.48)

are valid. 4 ‘ ‘
Introduce now the notation wl(,i)(t) = vl(J)(t) - vl(,g)(t) (1=1,2,7=0,1;
k € N) and

Why, = sup{(lfu(};];)(zg (/ta“(pl)(s) ds)u Da<t< b}.

a
Then as is seen from Lemma 2.2.1;,

lim wj, =0, lim wj =0 (j=1,2). (2.2.49)

k—o0 k—o00

It is also clear that the equality

/‘aﬁ Wt s) — G(t,s)) ‘|f )| ds =
_ M WOl O |
- (e )/m() o matelon | fds
(J) o)
vy, (B)vak(s vy (t)va(s) Y i
/‘v% o(pix)(s)  v2(a)o(pi)(s) |f(s)|ds (j=0,1) (2.2.50)

for a<t<b
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is valid.
Let j = 0. With regard for the inequalities (2.2.18) and (2.2.46) we
obtain the estimate

tvlk ) _ Ug(t)’l)l() s
/‘v% 06 m@o(Bpi)(s) | N4

(s)|ds +

< [| s
o [ @] [ G
+ 2“”(!0@1)(5)' I T S S ™ ias)| +
+||1_U(Ap1k)||c,u2(t)/ |f(3)| |’U1(S)|d$§

va(a) J o(p1)(s)

< I (e T (p1)(t) for a <t <b,

where

do da

b
< [ I o s as

a(p)(s) *

b
d d d
=g [ww + wag (1 + = /U(pl)(s)d5> + ?1 [T = o(Apwx)|

a

and in view of the conditions (2.2.8;), (2.2.42), and (2.2.49),

lim 7y, = 0. (2.2.51)

k—oo

Having analogously estimated the second integral in (2.2.50) for j = 0,
we obtain for any k > kg

l—ap

Yo" (pl))(t)/|G(t,s) — Gi(t,s)||f(s)|ds <21 for a<t<b

which in view of (2.2.51) implies the validity of the condition (2.2.43).
Similarly, from the equality (2.2.50) for j = 1, with regard for (2.2.18),
(2.2.46) and (2.2.47), for any k > ko we get

I (0% () (1) / 2601) Gt
o(p1)(t) ot

|f(s)|ds <7 for a<t<b,

a



where
b b
TR = 253—; (/alla: (p1)(s) ds) /% IM(o%(p1))(s) ds x
b
X [w{k + wyy, + Wik +W2k<1 + Z—; /0(101)(5) dS) + % 1 —o(Apik)llc|-

a

By the conditions (2.2.8;), (2.2.42), and (2.2.49),

lim 7719 =0
k—o0

which guarantees the validity of the condition (2.2.44). O

Lemma 2.2.4. Leti € {1,2}, the measurable functions f, p;, pjx :]a,b[—
R (j = 0,1; k € N) and the constants o € [0,1], v €]1,400[, B,p € R
satisfy conditions (2.2.6), (2.2.7;), (2.2.8;), (2.2.37;) and

b
O 61 de < o
/0(171)(5) L (e%(p1))(s) ds < +o0. (2.2.52)

a

Then there exist a constant r1 € RT and a number kg such that for k > ko
the problem (2.2.1y), (2.2.42;) has a unique Green’s function Gy, and

b

[t

a

<r max{‘ j% IP(0%(py))(s)ds : a<t< b}x

K I (o T (p)(t) for a<t<b (2:2.53)

and

<

b
(o)1) | [ 0Ck(t,5)
=0 ‘/ or (9

t
f(s) s }
< 71 max ‘/71Z o s)ds: a<t<b 2.2.54
wmax{| [ A8 100w (2.2.54)
a
for a<t<hb.
Proof. In the proof of the previous lemma it has been shown that under

the conditions of that lemma the problem (2.2.1;), (2.2.42;) has a unique
Green’s function G which is represented by the equality (2.2.45).
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Consider separately the case i = 1. First we note that in view of (2.2.12)
and (2.2.17) the inequality

b
><</Mds> <4oo for a<t; <ty <b (2.2.55)
o 1 (0%(p1))(s)

is valid. Integrating by parts and applying (2.2.48), we get

/GJGts
otJ
_—max{}/ ds‘: agtgb}x
ds a(p1)(
[ o |/‘ vlk
Iﬁao‘

Ho0) / (P me)

ds +

ds (j=0,1) for a<t<b. (2.2.56)

Using now the estimates (2.2.46), (2.2.55), we obtain

/ ds < Edl(/ball—af(pl)(s) ds) o %
t - . )
<J 7 EmEEAC (/ o)) dn ) ds-+

vl E )0 ([ )™ [ 1amolds +

a a

b

_|_
Se—

[e% Uo‘(pl)(s)
7 dsa/ T ] =

<L TR (p)(t) for a <t < b, (2.2.57)
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where

1 :zsdf((/léaa(ﬂds)# +

a I (0%(p1))(s)

2(n—B)

(/ ds) sup /|Ap1k )| ds : k>k0}
b

/ ds/ 1+B " >

Analogously we have

’Uzk Apuc

o1 (t I/ ds <
< 7“1] “(U = ( 1))(#) for a<t<b, (2.2.58)
Aplk
2k |/ ( [3 ds <
Iy (o0*(p1))
<7 for a<t<b (2.2.59)
and
Uzk
D ) / Iﬁ o ds <
<7 for a<t<b, (2.2.60)
where

Ty = sdl{/ ;’) ds + /ba

ﬁ
I (
/ 2(p—8)
e
sup /|Ap1k|ds k>k0 / “(p1)(s )ds) +

o%(p1)(s)
—|—/UO‘( )()ds/ — ds)|.
) S L o (p))(s) )
Let us now introduce the notation
4

r1 = — max(ry;T2).
da
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Substituting the estimates (2.2.57), (2.2.58) in (2.2.56) for j = 0, we see that
the condition (2.2.53) is valid. Taking then into account (2.2.59), (2.2.60)
in (2.2.56) for j = 1, we are convinced of the validity of (2.2.54).

For 7 = 2 the lemma is proved analogously. [

Lemma 2.2.5. Let i € {1,2}, the measurable functions p;, p;k :]a, b — R
(j = 0,1; k € N) and the constants o € [0,1], v €]1,+o0[, B, n € R
satisfy the conditions (2.2.6), (2.2.7;), (2.2.8;), (2.2.37;). Then there exists
a number ko such that for k > ko the problem (2.2.13), (2.2.41j) has a
unique Green’s function Gy for which the estimate

‘dek(t’S)‘<C/ ai(p1)(s)
dti = elp) (@)

1s valid, where ¢’ is a constant.

(j=0,1) for a<t,s<b, t#s, (2.2.61)

Proof. The existence of Green’s function under the given conditions has
been shown in Lemma 2.2.3. Similarly, by virtue of the estimate (1.2.12;)
from Remark 1.2.3,

‘dﬁ'Gk(t,s)‘ < o o) (s)
dti = oi(pe) )P

whence with regard for the inequalities (2.2.18) and (2.2.48) follows the
validity of our lemma. O

(j=0,1) for a<t,s<b, t#s,

Consider now the equations

V" (t) = po(t)v(t) + p1(t)v' () + p2(t), (2.2.62)
v"(t) = por(t)v(t) + pre(t)v'(t) + par(t), (2.2.62;)

where pa, pak € Lioc(]a,d]) (k € N) and the boundary conditions

u(a) =c1, u(d) =co (2.2.631)
or
w(a) = e1, u'(b—) = ca, (2.2.63,)
and
u(a) = cig, u(b) = cox (2.2.631)
or
u(a) = c1g, u'(b—) = car, (2.2.6321,)

where ¢, ¢ € R (I =1,2; k € N). Then the following lemma is valid.
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Lemma 2.2.6. Let i € {1,2}, the measurable functions p;, p;k :]a, b — R
(j =0,1,2; k € N) and the constants « € [0,1], v €]1,+0[, B, p € R
satisfy the conditions (2.2.6), (2.2.7;), (2.2.8;), (2.2.37,),

[p2(s)|

o(p1)(s)

and uniformly on the segment [a,b]

I (0% (p1))(s)ds < +o0 (2.2.64)

a

t

lim % 12(0(p1))(s) ds = 0. (2.2.65)

Then there exists a number ko such that for k > kq:
(a) the problem (2.2.62y), (2.2.41;) has a unique solution Uy, and uni-
formly on the interval |a, b|

1—

Jim T2 o () (1) (8() = T (1) =0, (2.2.66)
i CO =GO o _
dm — o e )@ =0, (2.2.67)

where U is a solution of the problem (2.2.61), (2.2.41;);
(b) the problem (2.2.62y), (2.2.63;) has a unique solution vy, and if

lim Clp = C] (Z = 1, 2), (2.2.68)
k—o0
then uniformly on the interval |a, b[ the conditions (2.2.67) and
lim (0(t) — 0k(t)) =0 (2.2.69)
k—o0

are satisfied, where v is a solution of the problem (2.2.62), (2.2.63;);
(c) the sequence (Vy)32 ,, where Uy is a solution of the problem (2.2.62y),
(2.2.41;), ((2.2.62g), (2.2.63;1)), is uniformly bounded and equicontinuous.

Proof. First we prove the validity of proposition (a). It has been mentioned
in the proof of Lemma 2.2.3 that under the above-mentioned conditions the
problems (2.2.1), (2.2.41;), and (2.2.1j), (2.2.41;) for k > ko have a unique
Green’s function G and Gy, respectively.

Let

b b
u(t) :/G(t,s)pg(s) ds and v(t) = /Gk(t, s)pak(s) ds.

Then
b

7D (@) — 39 (t) = /aJG;it(f’s) (p2(5) — p2x(s)) ds +

a



95

b
. / IAG(L, s)

50 p2(s)ds (j=0,1) for a<t<b.

a

Taking into account the equalities (2.2.43), (2.2.44) of Lemma 2.2.3 and
the equalities (2.2.53), (2.2.54) of Lemma 2.2.4, by means of the conditions
(2.2.64), (2.2.65) we make sure that the equalities (2.2.66) and (2.2.67) are
valid.

Now we proceed to proving proposition (b). Let vg and wvoi be solutions
of the problems (2.2.1), (2.2.63;) and (2.2.1;), (2.2.63;%), respectively. Then

b b
o(t) = vo(t) + /G(t, s)pa(s)ds Vk(t) = vor(t) + /G(t, s)pak(s) ds

a

and
/ G
» i (t,s)
U(J)(t) _ ,U]E:])( t) = (J) (J) / 5ti pa(s) — ka(S)) ds +
/ OIAG
t
+/#m(s)ds (7=01) for a<t<b,

where

’Uo(t) — ’UOk(t) =
V2 (t) Vok (t) U1 (t) ’Ulk(t)

— _ — fi <t<b
Cc1 Clk v%(a) + co o (b) Cok Ulk(b) or a<t<

and vj, v (j =1,2; k > ko) are the solutions mentioned in Lemma 2.2.1;.
It follows from the given representation, Lemma 2.2.1; and the condition
(2.2.68) that uniformly in the interval ]a, b]

kli)l{.lo (Uo (t) — Vok (t)) =0

and

i DO 1 ) ) =

Next, reasoning analogously as in proving proposition (a), we can see
that the conditions (2.2.67), (2.2.69) are valid.
The validity of proposition (c) follows immediately from (2.2.66)
((2.2.69)) and also from
|0k (t1) — Tk (t2)] < [0k (t1) = T(t1)| + Tk (t2) — Dlt2)| + [0(t1) — V(t2)] <
< 2|0 — vl + |B(t1) — V(t2)],

where t1, t2 € [a,b]. O
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Remark 2.2.2. Tt is not difficult to notice that if the condition (2.1.8) is
satisfied, then for any fixed r € RT the equality

lim (sup{’a/gk(x)(i) —)(ng)(s) I (o%(p1))(s) ds| :

k—o0 o(p1

a<t<b, x GIB%T,;C}> =0 (2.2.70)

is valid. The same is true for the set IB%;, -

Lemma 2.2.7. Let ¢ € {1,2}, the measurable functions p;, p;r :]a, b — R
(j =0,1,2; k € N) and the constants o € [0,1], v €]1,+o0[, B, u € R sat-
isfy the conditions (2.2.6), (2.2.7;), (2.2.8;), (2.2.37;), (2.2.64) and (2.2.65).
Moreover, let continuous linear operators g, g : C(Ja,b]) — Lioc(]a, b]), be
such that the condition (2.1.8) is satisfied. Then for every fived r € R* the
sequence (z)72 4

b
() = ani(t) + / Gt 5)gn (1)(s) ds,

a

is uniformly bounded and equicontinuous, where vy is a solution of the prob-
lem (2.2.62), (2.2.41;), Gy, is the Green’s function of that problem, and for
every ax € [0,7], z € B, (k € N).

Proof. Introduce the notation

gk(t):/Gk(tvs)gk(xk)(s) ds, wk(t):/G(taS)g(Ik)(s)d57

where G is Green’s function of the problem (2.2.62), (2.2.41,;).
Similarly to the proof of Lemma 1.2.4 we see that

sup {|lwillc : k € N} < 400
and for any € > 0 there exists a constant § > 0 such that for every k € N
|wi(t1) — wi(t2)| <& for |[t1 —ta] <. (2.2.71)
On the other hand, from the inequality

b

1Z(6) — wi(t)] < ‘/(Gk(t,s) Gt 5))g(ax)(s) ds

a
b

+ '/Gk(tas)(gk(xk)(s) — g(x1)(s)) ds

a

+
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by virtue of Lemmas 2.2.3-2.2.4 and Remark 2.2.2 with all conditions sat-
isfied, we obtain

lim ||5k - wkHC =0 (2.2.72)
k—oo
which, owing to the inequality

‘5k(t1) — zk(tg)‘ < ‘5k(t1) — wk(h)‘ + ‘gk(tg) - wk(tg)‘ +
+lwk(t2) —wi(t1)] < 2/|2k — willo + [wr(t2) — wi(t))]
with regard for (2.2.71) and (2.2.72), implies the uniform boundedness and

equicontinuity of the sequence (zj)32 ;. This together with proposition (c)
of Lemma 2.2.5 proves our lemma. [

Remark 2.2.3. Lemma 2.2.7 remains valid if vy is a solution of the prob-
lem (2.2.62), (2.2.63;x), xy € B$,7k (k € N) and

lim Clp = C] (Z = 1,2).
k—o0

Lemma 2.2.8. Let functions Vi, € Loo(Ja,b]) and Hy € L([a,b]) (k € N)
be such that uniformly on [a,b]

¢
lim [ Hy(s)ds =0, (2.2.73)
k—o0

esssup {|Vi(t) = V(#)]: a<t<b} —0 as k— +oo, (2.2.74)

and let there exist a function n € L([a,b]) such that everywhere on the
interval |a, b|

Hi(t) < n(t) (k€ N). (2.2.75)

Then uniformly on the segment [a,b]

t

klim Hy(s)Vi(s)ds = 0.

This lemma is a particular case of Lemma 2.1 from [19].

§ 2.3. PROOF OF MAIN RESULTS
2.3.1. Proof of Theorems 2.1.1;, 2.1.2; (i = 1, 2).

Proof of Theorem 2.1.1;. From the inclusion (2.1.9), by Lemma 1.2.1 we ob-
tain (po, p1) € Vi o0(]a,b]), which, owing to Lemma 2.2.2 for k > ko, implies
(poksP1k) € Vio(Ja,b]). From Remark 1.2.2 follows the unique solvability
of the problems (2.2.61), (2.1.2;9) and (2.2.61%), (2.1.2,9). Denote by v, vy,
and G, Gy, respectively, solutions and Green’s functions of these problems.
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Then the problems (2.1.1), (2.1.2;9) and (2.1.1%), (2.1.2;9) are equivalent,
respectively, to the equations

u(t) = Ug(u)(t) + 0(t) (2.3.1)
and
u(t) = Ug(u)(t) + vk (t), (2.3.1%)

where the continuous linear operators Uy, Uy : C(Ja,b]) — C(Ja,b]) are
defined by the equalities

b b
Up(x)(t) :/G(t,s)g(ac)(s)ds and Ug(x)(t) z/Gk(t,s)gk(I)(s)ds.

If p: [a,b] — R* is the function mentioned in the proof of Theorem 1.1.1;,
then as is seen from that proof, there exists a constant Ag € [0, 1] such that
[Uollc,—c, < Ao- (2.3.2)

Suppose that the equation
u(t) = Ug(u)(t) (2.3.101)

has a non-zero solution ugg. Not restricting the generality, we assume that

”uOkHCw =1 for k> ko, (233)
in which case ||ugx|lc < |Ipllc, i-e., if we introduce the notation r = ||p||¢c,
then

uor € Brp for k> kg. (2.3.4)

Also, from (2.3.1¢x), (2.3.3), by Lemma 2.2.7 it follows that the sequence
(uwok)32; is uniformly bounded and equicontinuous. Hence by the Arzella—
Ascoli lemma, not restricting the generality we can assume that there exists
a function ug € C(]a, b[) such that uniformly on the segment [a, b]

klim ’U,Ok(t) = Uo(t). (235)
It is clear from the equations (2.3.3), (2.3.5) that
uollc,p = 1. (2.3.6)
Let us now introduce the notation

Apjk(t) = pj(t) - pjk(t) (.7 =0,1, 2)a AGk(ta 3) = G(t7 5) - Gk(t7 5)7
Agi(x)(t) = g()(t) — gr(x)(t) (k € N).
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For uog, when k > kg, the representation

b
ok (t) = Up(uor) (£) + / AGi(t, 8)g(uok)(s) ds +

b
+/Gk(t,s)Agk(u0k)(s) ds (keN) for a<t<b (2.3.7)

a

is valid. Taking into account (2.3.4), (2.3.5), Remark 2.2.2, equality the
(2.2.43) of Lemma 2.2.3 and also the equality (2.2.53) of Lemma 2.2.4 with
all conditions satisfied, and then passing in (2.3.7) to limit as k — +o0, we
get

uo(t) = Uo(uo)(t)
which, with regard for (2.3.2), (2.3.6), results in the estimate

[uolle,p < 1.

But this contradicts (2.3.6). Hence our assumption is invalid and the equa-
tion (2.3.1px) has only the zero solution, and because of its Fredholm prop-
erty the equation (2.3.1) is uniquely solvable. The unique solvability of the
equation (2.3.1) follows from Theorem 1.1.1;.

Let w and uy be respectively solutions of the equations (2.3.1) and
(2.3.1%),

wi(t) = u(t) —uk(t) for k> ko,

lukllc,p for [luklle,, > 1,

k (2.3.8)

1 for |ugllc, <1,

Uk(t) = Ay tun(t)
and

b b
+/AGk(t, s)g(ug)(s) der/Gk(t, $)Agg(ug)(s) ds.

a

o(t) — k(1)
Ak

Then for wy the representation
wi(t) = Uo(wg)(t) + Appr(t) for a<t<b (2.3.9)
is valid, and if r = ||p||¢, then

u € Er,k~ (2310)
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In such a case, taking into account proposition (a) of Lemma 1.2.6, Remark
2.2.2, the equation (2.2.43) of Lemma 2.2.3 and also the equation (2.2.53)
of Lemma 2.2.4, we obtain

i {|pille.p = 0. (2.3.11)

On the other hand, from (2.3.9), with regard for (2.3.2), we get the
estimate

lwillc,p < ardi for k> ko, (2.3.12)
where
_ llekllc.,
1— )Xo
and by virtue of (2.3.11),
lim a =0. (2.3.13)

Suppose now that we can extract from the sequence ()\k)zozl a sequence
(Mg, )2°_; such that g, > 1 for m € N and

m=1

Hm A, = 00, (2.3.14)

m—0o0

m

and note that by our definition of the function wj, the inequality

A = llulle,p < llwk, [lc, (2.3.15)

is valid. Substituting now the inequality (2.3.12) in (2.3.15) and taking
into account (2.3.13), we can see that this contradicts (2.3.14), i.e., our
assumption is invalid, and there exists a constant A € Rt such that

M <A for k> kg (2.3.16)
which, with regard for (2.3.12), yields

lim JJugle,, = 0. (2.3.17)

Now we notice that (2.3.9) and (2.3.16) imply

. di .
lwi? (1) < == Ug(wi) () + Apl (t)] (j=0,1) for a<t<b (23.18;)

Applying the estimates (2.2.46)—(2.2.48) and the inequalities (2.2.13),
(2.2.10), we arrive at

|Uo(wi) ()] < ' llwklle, I} (0T (p)(t) for a<t<b, (23.19)

I'(0%(p))(t) | d ,
T o)) ‘@ Uo(wi)(t)| < '||wllc, for a<t<b,  (2.3.20)
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where

b
J_ B[O e
r = an/O'(pl)(S) Ii( (pl))( )d .

By definition of the function uy, in view of the inequality (2.1.10) and the
equalities (2.2.43), (2.2.44) of Lemma 2.2.3, we make sure that uniformly
on the interval ]a, b[

klln;olu 1(0117# (p1)) ‘/AGk (t,8)g(ug)(s)ds| =0 (2.3.21)
and
b
. IF(e™(p1))(1) dAG(t, s) = \(s) ds| =
Jim P ‘/ pn g(ug)(s)ds| =0.  (2.3.22)

Just in the same way, taking into account the inclusion (2.3.10) and the
equalities (2.2.53), (2.2.54) of Lemma 2.2.4, we can see that

b
‘/Gk $)Agk(ug)(s) ds| <

<7°1sup{‘/Aglc (o (pl))(s)ds‘ s a<t<b, IEB.,-JC} X
xI' (o (pl))(t) for a<t<b, (2.3.23)
e / & Gult,5) Mg (i) (5)ds| <
<r sup{‘ / Agk( S (c%(p1))(s) ds‘ :
a<t<b, x€ Bnk} for a<t<b. (2.3.24)

It is clear from the equalities (2.3.21)—(2.3.24), proposition (a) of Lemma
2.2.5 and also from the condition (2.1.8) and Remark 2.2.2 that uniformly
on the interval ]a, b[

Jim 7 Yo (p1)) () pr(t) = 0 (2.3.25)

k—o0

and

pk(t) e .
kLn;o o(p1)(t) I (0%(p1))(t) = 0. (2.3.26)
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Multiplying (2.3.18¢) by I '(6®(p1))(t) and taking into consideration
(2.3.17), (2.3.19) and (2.3.25) we see that the condition (2.1.11) is valid.
Analogously, multiplying (2.3.18;) by o~ (p1)(t) I/ o (p1)(t) and taking into
account (2.3.17), (2.3.20) and (2.3.26), we make sure that the condition
(2.1.12) is valid. [0

Proof of Theorem 2.1.2;. Reasoning in the same way as in the previous proof
for the function wy(t) = u(t) — uk(t), where wuy, is a solution of the problem
(2.1.1), (2.1.2;;), using Remark 2.2.3 and proposition (b) of Lemma 2.2.6,
we get the equality (2.3.17) which is the same as the condition (2.1.15).
The proof of the condition (2.1.12) coincides completely with its proof in
Theorem 2.1.1;. O

2.3.2. Proof of Corollaries.

Proof of Corollary 2.1.1;. Tt is sufficient to show that (2.1.8) follows from
(2.1.16)—(2.1.18). Suppose to the contrary that the condition (2.1.18) is
violated. Then there exist € > 0, a sequence of positive numbers (k,)>_,
and a sequence of functions

Ym € By, (2.3.27)

such that

max{‘/ Agk, (Ym)(5) » () 180 (p))(s) ds| - a§t§b}>s. (2.3.28)

From (2.3.27) it follows

Y () = Qe () + / Gro (6, $)ge. (@m)(s)ds (mEN),  (2.3.20)

where z,, € C(]a,b[) (m € N) and

0<aim <1 (méeN), (2.3.30)
[Tmllc <1 (m €N). (2.3.31)

Introduce the notation
b

em(t) = / G, (b, 8)gk,. (m)(s) ds (m € N)

a
and rewrite z,, as follows:

b b
/ka $)Agg,, (z ds+/ka (t,8)g(xm)(s)ds.
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Then according to (2.1.10), (2.1.16), and (2.1.31) the inequality

120) (¢) |</j__AGk )| (1(5) + h(1)(s)) ds +

/‘atﬂ (n(s) +h(1)(s)) ds (j=0,1)  (23.32)

is valid. By the conditions (2.1.6) and (2.1.18),

b

/ n<>+7h<1)><> (0% (p1))(s) ds < +00

o(p1)(s

a

owing to which from (2.3.32), in view of the equality (2.2.43) of Lemma
2.2.3 and by Lemma 2.2.5 we obtain the existence of a constant A; such
that

llzmllc < A1 (m € N). (2.3.33)

Consider now the case i = 1 separately. From (2.3.32;) (j = 0,1), by
Lemmas 2.2.3 and 2.2.5 and the fact that

G(a,s8) =G(b,s) =0 for a<s<b
we can choose for any €y > 0 constants mg, a1, b1, d, where
a<a <by <b, §<min(a; —a,b—by),
such that

|zm(t)|§%0, m>mg for a<t<a;, by <t<b,

ie.,
‘zm(tl)fzm(tg)‘g%o, m>mg, for a<ti, to<ai, by <t,ta<b, (2.3.34)
and A < 3, where

A=sup{|z,(t)]: a1 —6 <t<bi+6, m>mg} < +oo,
ie.,

|2m(t1) = 2m(ta)] < Alts —to] < 22, m > my
2 (2.3.35)

for a1—5<t1,t2 < b +(5, |t1—t2| < 0.

The uniform boundedness and equicontinuity of the sequence (2, )50_; fol-
lows from (2.3.33)—(2.3.35). Then by the Arzella-Ascoli lemma, not re-
stricting the generality, we assume that uniformly on the segment [a, b]

n}iinm Zm (t) = 2(t). (2.3.36)
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Notice now that however close may be a; from a and b; from b, the inequality
(2.3.35) remains valid if we choose § sufficiently small. Therefore, passing in
(2.3.35) to limit, we can see that z is absolutely continuous on any segment
contained in ]a, b[, i.e.,

z € Croc(a, b)) N C([a, b]). (2.3.37)

On the other hand, in view of (2.3.30), not restricting the generality, we
can assume that

lim a1m = A,
m— 00

which together with proposition (a) of Lemma 2.2.6 implies
lim o1m0k,, (t) = apv(t) uniformly on [a, ], (2.3.38)

where © is a solution of the problem (2.2.62), (2.1.2;).
Further, taking into account (2.3.36)—(2.3.38) in (2.3.29), we conclude
that uniformly on the segment [a, b]

Jim g (t) = y(t), (2.3.39)
where
y € Cloc(]a, b)) N C([a,b)). (2.3.40)

The same takes place in the case ¢ = 2 owing to the fact that the relations

=1 for a<s<b
t=b

G(a,s) =0 and %G(t,s)

follow from the inequalities
€
}zm(tl) — zm(t2)| < 50, m>mg for a<ti,ts<ay

and
|2m(t1) = 2m(ts)| < Aslty — ta] < %0 m > mg
for a3 —0 <ty1,ta <b, |t1 —ta] <9
with
Ay =sup {|z,(t)]: a1 —6<t<b, m>mg} < +oo,

and from the condition (2.3.38).
Finally, the conditions (2.1.16)—(2.1.18) and (2.3.39) imply

max{‘/twff(ga(pl))(s)ds‘ L a<t< b} <

o(p1)(s

< max{‘ /lt Agk;((ZT)@)y)(s) 7 (0 (p1))(s) ds‘ ca<t< b} +
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+max{\/ 200 12 g (o) ds| s ae<) <

5

ﬂ o g Ss)as -
Sa/a@l)(s)]i( (p1))(3) s lgm — vl +

+max{‘a/%1f(a“(pl))(s)ds : agtgb}ﬂo

as m — +00.
But this contradicts (2.3.28) and proves the validity of our corollary. [

Proof of Corollary 2.1.2;. Coincides completely with that of the previous
corollary with the only difference that the functions v, and v in (2.3.38) are
solutions of the problems (2.2.62;), (2.2.2;;) and (2.2.62), (2.1.2;), respec-
tively, where the validity of the equality (2.3.38) follows from proposition
(b) of Lemma 2.2.6. O

Proof of Corollary 2.1.3;. Tt can be easily verified that under the notation

Z Gom (8)x(Tom (1)),
(2.3.41)

Z G (8) 2 (T ()

all the requirements of Theorem 2.1.1;, except for (2.1.8), are satisfied.
First we show the existence of a constant A\; such that

/
sup{‘
o

To this end we choose arbitrarily k1 > ko and y; € Bg,. Then there exist
ag <1, 21 € C(]a,b]), ||z1]|c < 1 such that

b

1 (t) = aa i (1) + / G (1, 8)gn (1) (s) ds,

a

z-(ff“(pl))HC: y € Buy, k>ko}§/\1. (2.3.42)

where vy, is a solution of the problem (2.2.62), (2.1.2;9). Next,

— 6G1t5
4 (0)] < I, |+/\ att (s ds +

/‘8Gt5 1)(s)ds for a<t<hb.
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By virtue of the equality (2.2.67) of Lemma 2.2.6, there exists a constant
Ao such that for any k > kg
“% F%“()w <\ (2.3.43)
——I¥(o : 3.
olp) 7 Pl =7
Taking into account (2.3.43), the representation (2.2.45) of Green’s func-
tion the estimates (2.2.46)—(2.2.48), the inequality (2.2.13) and the condi-
tions (2.1.18), (2.2.20) and (2.2.21), we make sure that the estimate (2.3.42)
is valid, where

b

n=rr B ([ o) / AL o ) (s s ).

a

We now notice that if

jim (s { | / els) =960 (8) 120" ) 5Dy (5) ] :
aStSb,yGEm})O (2.3.44)
and
Jim (sup{i\ / S e ) T7(S)y'<n> nds|
cisen )0 e

then the condition (2.1.8) is satisfied.
Reasoning analogously to the proof of Corollary 2.1.1;, we obtain that
(2.3.44) is satisfied if for any y € Cioc(]a, b)) N C([a, b))

hm(Z | / ) =9 130 1)) (M (3)) 5| ) =0 (2340

k—o0

On the other hand, from (2.1.23) it follows that
esssup{ Z |7'0m — Tkm t)| : agtgb} — 0 as k — +o0,
and hence for every y € Cioc(]a, b[) N C([a, b))

esssup{ Z [y(Tem (1)) — y(rom(t))]| ra <t < b} —0

m=1

as k — +o0. (2.3.47)
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Then (2.1.21), (2.1.22), and (2.3.47) and lemma 2.2.8 imply the validity of
the equality (2.3.46).

The validity of the equality (2.3.45) follows from the estimate (2.3.42),
the condition (2.1.23) and the inequalities

TOm (é)

‘/ - 2 17 (0™ (p1))(s) / y'(n) dnds| <
Tkm (S)
|90m(s)| 13 ) ds
<a0@MﬁI(( p1))(s) ds x
Tom (t)
xesssup{fiﬁ_“(aa(pﬂ)(t)‘ / % : GStSb} o

Thom ()

XH Y Ii“(aa(pl))H (m=1,...,n; keN) for a<t<b O

Proof of Corollary 2.1.4;. Coincides with the previous proof with the only
difference that in the inequality (2.3.42) we will assume that y € B, i.e.,
the validity of (2.3.43) with v, as a solution of the problem (2.1.4y), (2.1. 21;9)
will be shown by means of proposition (b) of Lemma 2.2.6. O

Proof of Corollary 2.1.5;. It is not difficult to notice that the conditions
(2.1.18), (2.1.25) yield

b
|gOm(S)

| = n
olp)(s) IP(6%(p1))(s)ds < 400 (m=1,...,n), (2.3.48)

whence, owing to the fact that 8 < pu, together with (2.1.24), we obtain the
validity of the conditions (2.1.20), (2.1.21). That is, as it has been shown in
the proof of Lemma 2.1.3;, all the requirements of Theorem 2.1.1;, except
for (2.1.8), are satisfied.

On the other hand, the condition (2.1.8) under the notation (2.3.41)
follows from the conditions (2.3.44), (2.3.45). Repeating now word by word
the proof of Corollary 2.1.3;, by the condition (2.1.26) we can see that
(2.3.42) and (2.3.44) are valid.

Choosing p1 > 1 so as to satisfy

1704#1
L—m

pr <1, <6

)
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analogously to the inequalities (2.2.15),(2.2.16) we obtain

’ 2—1
/ %d : (”f‘@a(plﬂ(“;b)) ()

a

< / o T (1) (s) d) ( / p)(s)ds) <o

From this and also from the condition (2.1.26), owing to the absolute
continuity of the Lebesgue integral it follows that

n Tom (t)

_om6) 4l geyep)
1‘ " Iﬁ(aa(pl))(s)d- Stéb} 0 (2.3.49)

ess sup {

m=
for k — +oo.

Then the validity of the equality (2.3.45) follows from the conditions (2.3.48),
(2.3.49) and also from the estimate (2.3.42) and the inequality

Tom (8)

‘jMIf(o“(pl))(S) / y'(n) dnds| <

a(p1)(s)

Trm (8)

SN iy Qe C RN R

Thm (1)

XH Y )I;‘(aa(pl))HC (m=1,...,n; keN). 0O

Proof of Corollary 2.1.6;. Coincides with the previous proof with the only
difference that in the inequality (2.3.42) it will be assumed that y € B, i.e.,
the validity of the inequality (2.3.43) with ), as a solution of the problem
(2.1.4y), (2.1.2;;) will be shown by means of proposition (b) of Lemma
2.26. O

Proof of Corollary 2.1.7; (2.1.8;). It is easily seen that for any « € [0, 1] and
v > 1, by conditions (2.1.28)~(2.1.32) ((2.1.28)(2.1.32), (2.1.14)), all the
requirements of Corollary (2.1.5;) ((2.1.6;)) are satisfied for p; =0, p;r =0
(j =0,1; k € N), n = 1, whence it follows that our corollary is valid. O
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