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Part 111 is dedicated to the memory of Prof. G. Manjavidze

The following Part III was originally written in Russian. It has been translated
and revised by G. Akhalaia and N. Manjavidze.

Preface of G. Akhalaia and N. Manjavidze

Among the most remarkable and important works of the well-known Georgian
mathematician Professor Giorgi Manjavidze (1924-1999) is his monograph “Bound-
ary value problems for analytic and generalized analytic functions”, which was first
published in 1990 by Thilisi University Press in Russian. This book presents an
original approach to the subject, that has not yet appeared anywhere except Geor-
gia. English version will allow wide mathematical audience to get acquainted with
this approach and apply in problems of mechanics and engineering.

That is why we translated this book and we are eager to dedicate this publica-
tion to the author’s memory. The present addition differs from the original Russian
in one added chapter (Chapter 20), which contains the theory of boundary value
problems for nonlinear systems of partial differential equations on the plane and
is written by the author together with Prof. Wolfgang Tutschke (note that the
references are also enlarged).

Finally, with the most sincere feeling of gratitude we would like to thank all
of them who have helped to turn our expectation into reality for great support
and cooperation. Special thanks to the mastermind of all Prof. W. Tutschke, to
Prof. H. Begehr who encouraged us to keep on with the idea and to our Georgian
colleagues Prof. G. Giorgadze, Prof. G. Khimshiashvili, Prof. A. Tsiskaridze, Prof.
N. Chinchaladze. We are pleased to express our deepest gratitude to Prof. C. C.
Yang and to the “Science Press” Publishing House.

G. Akhalaia and N. Manjavidze

Goal

Part III is devoted to boundary value problems for analytic and generalized an-
alytic functions and vectors. A complete solvability theory for boundary value
problems of linear conjugation with shift for analytic functions and vectors with
piecewise continuous coefficients is developed. Fundamental results on factoriza-
tion of discontinuous matrix functions are systematically developed from scratch.
Connection with the theory of singular integral equations is worked out in great
detail. Explicit conditions of normal solvability and index formulae are obtained.
The classical theory is extended to the case of generalized analytic functions and
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vectors. The theory of boundary value problems for nonlinear systems of partial
differential equations on the plane is presented.
References to all chapters of Part IIT are given at the end of Chapter 20.

Introduction to the Chapters 17-19

The Chapters 17-19 of Part III of this book are devoted to boundary value prob-
lems of linear conjugation with displacement (or with shift). In these problems
the boundary values of the desired functions are conjugated at points which are
displaced to each other.

The model problem is to find a function ®(z) holomorphic on the complex plane
2z, cut along some simple closed curves, the boundary values of which ®*(¢) and
O~ (t) are satisfying the condition

S*[a(t)] = GO (1) +g(t), tel (+)

from the both sides of I', where G(¢), g(t) are given continuous functions on I', «(t)
is continuous function mapping I' onto « in one-to-one manner.

The first researches concerning the theory of linear conjugation problems with
displacement belong to Haseman C. [59] and to Carleman T. [28].

Complete solution of the problems of the form (*) was given by Kveselava D.
[81], [82], [83], [84].

Several articles were dedicated to the problems of linear conjugation with dis-
placement in case of vectors by Vekua N; his results and also the results of other
authors in this connection are given in the monograph of Vekua N.: “Systems of
Singular Integral Equations”, [136]

Later on the problems of linear conjugation with displacement were studied by
the various authors. In the monograph [88] of Litvinchuk G., “Boundary Value
Problems and Singular Integral Equations with Shift”, are given the articles con-
cerning these problems, published till 1975.

Studies in the theory of boundary value problems of linear conjugation with
displacement are continued; some of them published recently are indicated in the
references of this book.

The present book is divided into three chapters.

In the chapter I short, “concise” presentation of the theory of problems of linear
conjugation for analytic functions and based on it the theory of (one-dimensional)
singular integral equations is given.

Chapter I is devoted to the theory of linear conjugation problems with displace-
ment for analytic functions properly; the main attention is paid to the construction
of the canonical matrices which are used in the construction of the general solutions
of the considered problems.
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The third chapter focuses on the studies of linear conjugation problems with dis-
placement for the generalized analytic functions (vectors). In this chapter the differ-
ential boundary problems i.e., the problems containing the derivatives of boundary
values of the desired vector are also considered.

Basic definitions and notations

We apply the terms and the notations basically from the books [108], [135], [136],
[118], [81] and from the paper [23]. Sometimes there will be some changes in the
definitions and notations.
0.1. Let S be some set in the plane of the complex variable z = = + iy.
Denote by C(S) the class of all bounded continuous functions f(z) defined in
S. By C(95) also the Banach space with the norm

[flle = suplf(2)|, z€S (1)

is denoted.
0.2. We say that a function f(z) satisfies a H(u)- condition (i.e. a Holder
condition with exponent p) if f(z) defined on S satisfies the inequality

|f(z1) = ()| < Alz1 — 22", 21,22 € 5, (2)

where A and p are constants not depending on z1, z2 (where A > 0,0 < p < 1).
We shall denote by H,,(S) the class of the functions satisfying the condition (2)
(the constant A is not fixed). H,(S) also denotes the Banach space with the norm

|f(21) = f(z2)]

|21—22|“ , 21,22 €8

1f1lz, = [[fllc + sup
where || f]|. is defined by the equation (1).

The union of the classes H,(5), 0 < p < 1, is denoted by H(S). It is evi-
dent that the functions of the class H(S) are continuous; therefore sometimes the
functions from this class will be referred to Holder-continuous.

It is easy to generalize the notation of a Holder-condition to the case of several
variables: the function f(z1,--,2,) defined in 2z, € Si (kK = 1,---,m) satisfies
the H(u)-condition if

m
|f(zia aZ;n) _f(zilv"' aZ;;/@)| < AZV; _leclua
k=1

where A, u are constants, A >0, 0 < p < 1.

The class of all functions satisfying this condition is denoted by H,(S1 x - -- x
Sm); denote, finally, by H(S1 x -+ x Sp,) the union of all H,(S1 X -+ X Spn),
0<pu<l.
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0.3. If S is a domain, then denote by C™ (S)[H,]*(S)] the class of all functions
satisfying the following conditions

_ o f
H _gJ H —0,---m.
fECON € HI) gy € CS)IF € HS), k=0,om
Consider, moreover, the class of functions f(z) = f(x,y) defined and measur-
able in S and satisfying the condition

/ |f(2)Pdady < 00, p = 1.
s

The class of all functions satisfying this condition is denoted by L, (S); by L, (S)
we denote also the Banach space with the norm

1£]lz, = < /S If(Z)Ipdxdy>1/p.

Denote by L,(S) the class of all functions f for which the p—th power of the
absolute value |f| is summable on every subset of the domain S.

0.4. Let I" be a simple rectifiable curve z = z(s), where s is the arc length,
0 <s </ and / is the length of T'.

We say that I' € C™ if the derivatives of the function z(s) with respect to s up
to and including the order m are continuous on the segment [0, ¢] (it is assumed that
if T is closed, then z(*)(0) = 2(*)(¢), k = 1,--- ,m); if in addition, the derivative
2™ € H,([0,¢]) then we say that T' € H]'. Curves of the class C' are called the
smooth ones.

Curves consisting of a finite number of smooth curves are called the piecewise
smooth ones.

We say that the curve belongs to the class K, if the relation

S(tl, lfg)
|t1 — o]

is bounded for arbitrary t1,t2 € I'. By s(t1,t2) is denoted the length of the least
arc connecting the points t; and ts.

We write D € C™[D € H,'] if the boundary of the domain D consists of a
finite number of simple closed curves of the class C™ [H}}"].

0.5. Let I' be a simple curve, c1, co,- -+ , ¢ are points of I' ordered according to
the orientation of I'. Denote by Co(I',c1,- - ,¢,) the class of functions which are
continuous on I' except perhaps the points ¢ where they may have discontinuities
of the first kind; we call such functions the piecewise-continuous functions.

We shall say that a function f(¢) belongs to the class H) (T, cq,- -+ ,¢p) if
f € Co(T,eq,- -+ ,cr) and f satisfies the H (u)-condition on each closed arc cpcpy1
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provided the limits f(c; +0) and f(cr+1 — 0) are interpreted as the values of f at
the points ¢ and cgy1 where k =1,--- ;7 and ¢,11 = ;.

Denote by Co(T") [resp. Ho(T')] the union of the classes Co(T', ¢y, -, ¢r) [resp.
HY(T,er, )], 0 < < 1.

We shall say that f(t) € H*(I') if the function f(¢) given on I' admits the
representation

f@&)=fo® ]It —crl™, ek €T, fot) € Ho(T), a < 1.
k=1

If [Th_ |t — ckl°f(t) € H(T) for arbitrary small € > 0 then we write f(t) € H*(T).

0.6. Let ' be a rectifiable curve ¢t = t(s), 0 < s < ¢ and f(t) be a function
defined on I'. We shall say that f(¢) is measurable [resp. summable] on I" if
the function f(t(s)) of the real variable s is measurable [resp. summable] on the
segment [0, £]; if f(t) is summable, we define

4
[ 1= [ s s

Let p > 0, f(t) be measurable functions defined on I'. We shall say that f(t) €
L,(T,p) if p(¢)|f(t)|P (p > 1) is a summable function on I'; we write L,(T") instead
of L,(T, 1).

By L, (T, p) also the Banach space with the norm

HN%mm=<AmmﬂNWQUP

is denoted.
The spaces L,(T, p) and L, (T, p*~9), are called conjugate classes if

1 1
412 =1
p g

Le., g=p/(p—1).
As a rule we assume that the weight function has the form

T

p(t):H|t—tk|”’“, trel', -1<y,<p-—1,p>1. (3)
k=1
It is clear that in this case L,y(T', p) C Lx(T") for some A > 1.
0.7. Let I" be a union of simple smooth curves in the complex z—plane.
Let ¢(z) be a function given and continuous in a neighborhood of I' except
perhaps at the points of I" themselves. Let t be some point of I' different from the
end points and the points of self-intersection (if there are any). We say that the
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function ¢(z) is continuously extendable to the point ¢ from the left [resp. from
the right] if ¢(z) tends to a well-defined limit ¢ (¢) [resp. ¢~ (¢)] when z tends to
t along any path remaining on the left [on the right respectively] on T'.

If the mentioned limits exist when z tends to ¢ along any non-tangential path
remaining on the left [on the right respectively] on I', then we say that ¢(z) has
the angular boundary value ¢ (¢)[¢~ (¢)].

Under a piecewise-holomorphic function ¢ we understand a holomorphic func-
tion in the plane cut along I" (except perhaps at the point of infinity) continuously
extendable to I' from both sides everywhere except perhaps the finite set of points
ck; near these points ¢ the function ¢(z) is supposed to satisfy the following esti-

mate
const

l6(2)] <

<i——, 0<a<l.

|z — el

At the point z = oo the function may have a pole. An analogous definition can
be given for generalized analytic vectors.

0.8. The notation A € K, where A is a matrix and K is some class of functions,
means that every element A,3 of A belongs to K. If K is some linear normed

space with the norm || - ||k, then ||A| x = m%XHAaﬁHK-
a,

Sometimes an (n x 1)-matrix A is called a vector, and it is convenient to write
it as a row,

A= (Ala"' 7An)

0.9. Let D be a simply connected domain in the extended complex plane
bounded by a rectifiable Jordan curve T'.

By definition the class E,(D), p > 0, is the set of all analytic functions in D
for which

sup / F(2)Pldz] < oo,
I'x

where D), are subdomains of D with rectifiable boundaries I' i such that

Dy € D, Dy C Dt (D =D,
k

i.e., the Dy form an exhaustion of D.

The class E,(D) can be defined by the requirement that the curves I are
the images of circles |[(| = r < 1 under the conformal mapping z = w(({) of the
unit disk |¢| < 1 onto the domain D. Then we may define the class E,(D) with
the help of the Hardy classes: f(z) € Ep(D) (D is a finite domain) if and only if

FO)w' ()7 € Hy,.
0.10. Let T" be a rectifiable curve, f(¢t) € L1(T"). The expression

o) = o [ LO8

= el
211 Ft—Z

)
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is called a Cauchy-type integral, and the function f(t) is called its density.

Different properties of a Cauchy type integral are studied in monographs [55],
[39], [65], [140], [108], [118], [72] and in survey articles [40], [41], [74].

Let T be a simple closed rectifiable curve bounding the finite domain DT and
the infinite domain D~ (the domain DT remains on the left when passing along
I in the positive direction); the Cauchy type integral has the angular boundary
values ¢ (t) and ¢~ (¢) almost everywhere on I' from D+ and D~ (from both sides
of I'); these boundary values are given by the formulas

to0 1 1 f(r)dr
o) = 25 70) + 5 [ 2O ()
where the integral
sp=L [{Ddr (5)

mJp T—1
is to be understood in the sense of Cauchy’s principal value.

The formulas (4) are called Sokhotsky-Plemely formulas.

If T" is a simple closed smooth curve and f(t) € H(T'), then ¢(z) is continuously
extendable on I from both sides and the formulas (4) take place everywhere on T’
[108], [118].

Denote by R the class of rectifiable curves for which the singular integral (5)
is a linear bounded operator in L,(T"), p > 1. The class R contains the piecewise-
smooth curves, the curves of the class K and etc. (see [56], [36], [25], [26], [33],
[81], [83]); geometrically R is described in [36].

Sf is a linear bounded operator in the weighted spaces L,(I'p) under some
restrictions imposed on I' and on p(t). When p(t) has the form (3) and T is a
piecewise smooth curve (or the curve of the class K), then S is a bounded oper-
ator in L,(T, p). This problem is studied for more general classes of the weighted
functions (see [35], [75], [76], [123], [60]).

Sf is a linear bounded operator in the space H#(I"), u < 1, where I' is a simple
closed smooth curve (see [108], [118]).

Denote by Epi(F)7 p>1 (Epi (T, p), pis a function (3)) the class of the functions
¢(z) representable in the form
02) = 5 [ T0F 4 P 1€ L) (Ly(T, ) (©)
where P(z) is some polynomial, I' is a simple closed rectifiable curve.

Denote also by E;fo(l“) (E;O(F,p)) the class of functions of the form (6) with
P(z) =0. By EL(I) (E;O(F)) we denote the intersection

NED) (nE;,%o(r))

p>1 p>1
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For the functions of the class Epi(I‘) the following propositions are valid:

a) B(T) C B (D), p >,

b) If ¢(z) € EX(T) and ¢t (t) = ¢~ () almost everywhere on T', then ®(z) is
some polynomial,

¢) If ¢(z) € EF(T) p>1,T € R, then ¢(2) € E,(D"), ¢(z) — P(z) € E,(D™).

It is evident that if

$1(2) € Ep(DF), ¢2(2) € Bp(D7), p> 1,

then the function
[ #1(2), ze DT,
w-{ 00 Lo
belongs to EF(T).
d) Let ¢1(z) € EEX(T,p), ¢1(z) € EF (T, p'~7), p be the function of the form
(3). Then
$1(2)2(2) € By ().

e) If ¢(z) € EE(T) then ¢(z) € Fy_.(DT), ¢(2) € E1_.(D™), for arbitrary
small positive e [36], [115].

0.11. Let T'y(k = 1,2) be the rectifiable Jordan curve bounding finite and
infinite domains D,j and D .

Let ¢ (2) and ¢~ (2) be a couple of functions representable in the following
form

(o) = L [ L

_ 1 Ja(t)dt
= , z € DY, = ——
amifo, 1=z 2€ P v 3)

S 2mifp, t—2

+ P(2), z€ Dy,

where fi, € Lp(Tk, pr), p > 1, pr are the functions of the form (3), k¥ = 1,2,
P(z) is some polynomial. The class of such couples of functions we denote by
E,(T1,T2,p1,p2). The class E;E(Fl,f‘g, 1,1) we denote by E;,t(Fl,Fg). The sub-
class of the class EF(T'1,T3) for which P(z) = 0 is denoted by E;O(I‘l,rg). By
EZ£(Ty,T2) the intersection
() Ep(T1,T2)
p>1
is denoted.
It is easy to verify that the functions of the class E;,t (T'1,T2, p1, p2) have the
properties analogous of the properties of functions of the class E;,t (T'1, p) from 0.10.
0.12 Let X and Y be Banach spaces, and A is a linear bounded operator map-
ping X into Y.
The operator A is said to be Noetherian if
a) the image of the operator A in Y is closed (the operator A is normally
solvable according to Hausdorff);
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b) the null spaces N = {z € X, Az =0} and N*{f € Y* : A*f = 0} are finite
dimensional subspaces (A* is the conjugate operator, X* and Y* are the conjugate
spaces).

Where ¢ and £* denote the dimensions of the subspaces NV and N*, respectively,
is called the index of the Noether operator A.

Let Ag and A; be Noether operators and A()) is a family of Noether operators
depending countinuously on real parameter A € [0,1], A(0) = Ay, A(1) = A;.
Then the operators Ay and A; are called homotopic and indAy = indA; (see for
example [105], p.27).



Chapter 17

The Problem of Linear Conjugation and
Systems of Singular Integral Equations

by Giorgi F. Manjavidze

17.1 Formulation of the problem

Under the problem of linear conjugation we mean the following problem.

Let I be a simple closed piecewise-smooth curve I', a(t) and b(t) are given (nxn)
and (n x ) matrices respectively on T'; a(t) is a piecewise — continuous matrix,
inf|deta(t)| > 0,b(t) € L,(T, p),p > 1, the weight function p has the form

™
pt) =] [t —tel*, i €T, —1<wp<p-—1 (1.1)
k=1
The set {t;} contains all discontinuity points of the matrix a(t), it may contain
also other points of . Find a (n x I) — matrix ®(z) € Ef(T,p) satisfying the
boundary condition

DT (t) = a(t)® (t) + b(t) (1.2)

almost everywhere on T'.
Let ¢ be some point of discontinuity of the matrix a(t); denote by A1,---, A,

the roots of the equation

detfa™(c 4+ 0)a(c — 0) — M| = 0.

Consider the following numbers
1
Tk — — In >\k;

these numbers are defined to within the integer summands. We say that the point

¢ is singular if Re 73, are integers otherwise c is called non — singular (see [138]).
The quadratic matrix x(z) of order n is called to be normal matrix of the bound-

ary problem (1.2) (or for the matrix a(t)) if it satisfies the following conditions:

x(z) € EF(L,p), x !(z) € EX(T,p'79), q= "
x*(t) = a(t)x ()
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almost everywhere on T'.

We call the normal matrix x(z) canonical if it has normal form at infinity i.e.
lim (27 %detx(z)) (o is the sum of columns orders of x(z)) is finite and nonzero.
zZ—00

In connection that it is possible to consider the different classes Epi(f‘7 p), we shall
speak about the canonical (normal) matrices of the classes E(T, p).

We shall say that the matrix a(t) is factorizable in EF (T, p), if for a(t) there
exists the canonical matrix of the same class Epi(f‘7 p) and in this case we shall
write a(t) € §p(T, p).

It is easy to prove the following proposition. If x1(z) and x2(z) are normal
matrices (in particular canonical) of the problem (1.2) of one and the same class
then

x1(2) = x2(2)P(2).
where P(z) is a polynomial matrix with constant and nonzero determinant.

Consequently the determinants of all normal (canonical) matrices of the given

class of the boundary problem (1.2) have the same orders at infinity.

Definition 17.1.1 We call the index (or the total index) of the problem (1.2)
of the class EX(T, p) (or the index of class EX (T, p) of the matriz a(t)) the order
at infinity of the determinant of the normal (canonical) matriz of the given class
E;,t (T, p) taken with the opposite sign.

Having the normal matrix x(z) of some class we may obtain the canonical
matrix multiplying x(z) from the right on corresponding polynomial matrix with
the constant nonzero determinant.

Let x(z) be a canonical matrix (of the given class) for the matrix a(t). Denote by
—s1,- -+, —, the orders of the columns of x(z) at infinity. The integers s, - - , 5,
are called the partial indices of the matrix a(t) or of the boundary problem (1.2)
(of the given class). The sum of the partial indices 3¢ + 50 + - - - + 37, is equal to
the index of a(t) (or of the problem (1.2) of the given class).

Note that if x(z) is a canonical matrix of EX (T, p) of the matrix a(t) then the
matrix [x/(z)]" will be a canonical matrix of the class Ei (I, p'~9) of the matrix
0/ ()L

It is easy to prove the following lemmas.

Lemma 17.1.1 Let x(z) be a normal (canonical) matriz of the class Ex (T, p)
of the problem (1.2). If (1.2) is solvable for the given matriz b(t) € L,(T, p) then
all solutions of the problem (1.2) of the class Epi(f‘,p) are given by the following
formula

+x(2)P(2),

where P(z) is an arbitrary polynomial (n x 1) — matriz. In particular the solutions

21 t—=z

O(z) = X(Z)/F[XJr(t)]‘lb(t)dt

of the homogeneous problem (b(t) = 0) have the form
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x(2)P(z).
Lemma 17.1.2 Let x(z) be a normal (canonical) matriz of the class Ex (T, p)
of the problem (1.2) and let the angular boundary values of the matriz of the form
O(z) = f(2)p(2)g9(2) (p(z) € Epi(I‘,p), f(2),9(z) be the piecewise-meromorphic
matrices which are continuously extendable from the both sides, everywhere on T')
are satisfying the boundary problem (1.2) for the given b(t) € Ly,(T, p); then the
boundary problem (1.2) has the solution of the class E;)t (T, p).

Let us prove the following propositions.

Lemma 17.1.3 If the boundary problem (1.2) is solvable for an arbitrary b(t) €
Ly(T,p) and there exists the normal (canonical) matriz x of the class EX (T, p)
then the expressions

Lib = x* (1) / D@l b,

T T—1

Lob=x" (1) /F 7[)((:)]_7;})(7) dr

are the linear bounded operators in the space L,(T, p).

Proof Indeed, let b,,(t) — b(t) and L1b,, — g with respect to the norm of the
space L, (T, p). It is known that from by, (t) — b(¢) it follows that L1b,, — L1b with
respect to the measure (see [114]); therefore g = L1b and the operator L; is closed
operator; as Ly (T, p) is a Banach space then L;b will be the bounded operator.

Lemma 17.1.4 The partial indices >, - , 3, of the problem (1.2) of the class
Eff (T, p) are not depending on the choice of a canonical matriz.

Proof (cf.[108], [138]). Let x(z) be a canonical matrix of the class Ef (T, p), D*
and D~ are finite and infinite domains bounded by I". We have

x(2) = x0(2)A(z), z2€ D™,

A(z) = diag[(z —c¢)~,--- ,(z — )], c€ DT, detxo(co) #0,

Rewrite the boundary condition of the homogeneous problem (1.2) in the fol-
lowing form

@]t () = A () ()] e (1),

from which it follows that

X(2)]71@(2) = P(2), 2z €D, [xo(2)]'®(2) = &(2)P(2)

§(Z) = diag[(z - C)_%la T ,(Z - C_%n)]v P(Z) = (p1, T apn)
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Pj(z) is an arbitrary polynomial of order j, P;(z) =0 when j < 0.
Denoting by A the number of linear independent solutions of the homogeneous
problem (1.2) of the class E;EO(F, p), from the equalities (1.3) we obtain

A= E AL .
23,20

It is evident that the number p of linear independent solutions of the conjugate
homogeneous problem of the class E;%O (T, pt~9)

(1) = [/ ()] e (1)

/.LZ—Z%k.

is equal to

Obviously A and p are the invariant values.

Let x1(2) and x2(2) be the canonical matrices of the problem (1.2) of the class
Eff(I‘, p). Denote by —%,(;) (i=1,2,k=1,2,--- ,n). the orders of the columns of
xi(z) at infinity. Let

%ii) > %g) > %ﬁl) > %§2).

n

Consider the matrix o
ao(t) = (t =)™ alt)

and for this matrix as a canonical matrix we may take the matrix

xi(2), z € DT,

Xi(z) = i=1,2.

(=) xil2), zeD

Remarking that the orders of columns of the matrix x9(z) at infinity are equal

to
_%](61) i %§2)

)

we get

%il) - %52) <0, %ﬁl) = %§2).

If we continue the arguments then it occurs that

(1) (2)

=, k=2, ,n.

17.2 Boundary value problem of linear conjugation with con-
tinuous coefficients

Consider the following boundary value problem

Ot (t) = a(t)® (t) +b(t), t €T, (2.1)
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where a(t),b(t) are given (n x n) and (n x [) matrices on I', respectively, b(t) €
L,(T), p>1, a(t) € C(I'), deta(t) #O0.

For an arbitrary € > 0 there exists the rational matrix r(z) satisfying the
conditions; r(z) has no poles on I, detr(t) # 0 when t € T' and

la®)r=(t) = Illory <& lla” ' (®)rt) — Illor) <&, (2.2)

where [ is a unit matrix.
Let us consider the sequence of matrices

fm(2) = = /F 7‘10“)%—1(“dt+2im /F bedt. (2.3)

T omi t—z
apg=ar ' —I,m=1,2-- ¢, () =0.
It is evident that ¢, () € L,(T).
Using the Sokhotsky-Plemely formulas from 2.3 we obtain

1 / @0(7) [P (T) = Y1 (T)] = a0 (D)3 () — 1 ()]

— - dT.
21 T—1

Prt1(t) = i (t)

Hence
[Pmt1 = PmllL, ) < Apellen = ermillL,@m)- (2.4)
From the inequality (2.4) it follows that if A,e < 1 then the sequence ¢, (t)
converges by the norm of L,(I") to some matrix ¢~ (t) € L,(I'). Whence it follows
that for every z € I there exists the lim ¢,,(z) = ¢(z) representable by the following

formula
1 / ap(t)p (1) 1 b(t)dt (25)
r

d — .
T—1 T+2m' r7—t

p(z) = i

The matrix ¢(z) defined by the formula (2.5) belongs to the class E;O (T") and

satisfies the boundary value condition

et (1) = a(t)r= (t)e™ (t) +b(t).

If we take b(t) equal to a(t)r~1(t) then ¢(z) will satisfy the following boundary
condition

Pt (1) = a(t)r~ () (8) + 1. (2.6)

Substituting the matrix a(t) onto a’~1(¢) and r(t) onto r'~1(¢), (it is possible
by virtue of (2.2)) we obtain that there exists the matrix 1(z) € E;:fo (T") such that

V() = d O (O (1) + 1]

or
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It follows from (2.6) and (2.7) that

V)t () = [ (1) + Il (8) + 1. (2.8)

Let p > 2; the matrix defined by the following formula

P (2)p(2), z € DT,

x(z) =
(¥'(z) + D(p(z) + 1), z€ D~
belongs to the class Fi5(I') and from (2.8) we have x(z) =1 , i.c.
[p()] 7' =4'(2), z€D*, [p(z) +1]7' =4'(2) +1, z€ D",

Consider now the matrix

p(2)R(2), z € DY,

x(z) =
r=1(2)[p(2) + I|R(z), z€ D,

where R(z) is a rational matrix chosen in the following way: it liquidates the zeros
of detr=1(t) in the domain D~ and the poles of r~(2) in the same domain and gives
to x(z) the normal form at infinity; there exists such a matrix [[15], [16], [44], [L0§]].
It is easy to see that x(z) € EX(T'), x '(z) € EE(I); therefore for an arbitrary
continuous nonsingular matrix a(t) there exists a canonical matrix of the class
E£(T) for an arbitrary p > 2.

Let x1(z) and x2(z) be the canonical matrices of the classes Ef: (I'), E (T)
respectively, 2 < p; < po.

We obtain

x1(2) = x2(2) 1 (2),

DA = (=) Pa(z),
where P;(2), P>(z) are some polynomial matrices. From the last equalities it follows
that
x1(2) € By (D), [a(2)]7" € By (T).

Consequently the canonical matrix of an arbitrary class Epi(I‘) (p = 2) has the

property:
x(2) € EX(T), x~'(2) € EL (D).

It is evident that these matrices are the canonical matrices also for 1 < p < 2.
So it comes from these arguments that the boundary value problem (2.1) is solvable
for an arbitrary b(t) € Ly(T, p) in the class E(T') and all solutions of this class
are given by the following formula

o) = X&) [ DCONMOI 4 o,

211 T—1
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where P(z) is an arbitrary polynomial (n X [)— matrix.

Let now the matrix a(t) be a Holder-continuous. Then the canonical matrix
X(z) is continuously extendable for all points of the curve I form the both sides
and the matrices x*(¢) and x~(¢) are Holder-continuous, detx® (¢) # 0.

Indeed if we construct again the sequence ¢, (I') by the formula (2.3), however
the rational matrix x(z) we take such that the inequalities (2.2) will be fulfilled by
the norm of the space Hg(I'), 0 < 8 < a. (a(t) € Hq(T')). Then the sequence
., (t) converges by the norm of Hg(I'), ¢~ (t) € Hg(T") and the matrix ¢(z) defined

by the formula (2.5) will be Holder-continuous in closures D, D~. This proves
the above formulated proposition.

17.3 Boundary value problems with piecewise continuous
coeflicients

17.3.1 The scalar case

In this subsection we shall consider the case when n = [ = 1. First let us consider
the homogeneous problem

O (t) = a(t)® (1), a(t) € Co(T;c1,+ ,cm) (3.1)

Now we make the substitution: ([136], [116]).

m m
o(2) = [[ xi(2)e(2), z€ D, @) = [[ xx(2)¢(2), €D, (3.2)
k=1 k=1
where
1 T Z = Ck Tk +
Xi(2) = (2 — )™, xk(z) = , 20 € DY,
zZ— 20
L Ak =0) - per, <0
T, — —— = — — T < 0,
R op R Tk a(cg +0)’ b

where X4, xx are the univalent branches of the elementary multivalued functions
defined as follows: x}(z) is the univalent branch in the plane cut along the line ey,
which connects the point ¢, with the point z = co and lies in the domain D~ xx(z)
is the univalent branch in the plane cut along the line ¢} which connects the point
2o with the point ¢, and lies in the domain DT, xx(cc) = 1. With respect to the
function (z) we obtain the following boundary condition

et (t) = g(t)e™ (1),
where

g(t) = a(?) lH Xt (t)] 1T x @) =a() [T —20)",
k=1 k=1
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g(t) is a continuous function, g(t) # 0.

In previous section we proved that for the continuous function g(t) there exists
the canonical function A(z) € EEZ(T), A7'(z) € EZ(D).

Consider the function

A(z) [ Xi(2), =€ DT,
k=1
Xo(2) = .
A(z) [ Xk(2), z€D.
k=1

It is evident that x,'(2) € EL(T), xo(z) € EX(T) for some ¢ > 1.
Let ®(z) be some solution of the problem (3.1) of the class Ej (T'),d > 1.
Consider the following function

D, (2) = ®(2)/x0(2)-
Obviously ®4(z) € Egt1 (T"),01 > 1 and
O (t) = (t), teTl.

Consequently ®;(z) is the polynomial P(z) and

®(z) = x0(2)P(2).

Let there exists the canonical function of the problem (3.1) of the class Ef (T, p),
p(t) = TTx—q [t — ar]”*, =1 < v < p — 1. Then it will have the following form

x(2) = x0(2)Q(2),

where Q(z) is some polynomial; in addition

X0(2)Q(2) € EX(T, p), [x0(2)Q(2)] "' € EX(T, p'~9). (3.3)

One can see from (3.3) that the polynomial Q(z) may have zeros only in the

points ¢, and
T

At [t = er)™Q(1) € Ly(T, p),
S 1 (3.4)
A Tt - ™) e LT o).
k=1
Denote by my(my = 0) order of zero of the polynomial Q(z) at the point cy.
The following relations

T

A @) PIQsF T 1t = cxl™ (¢ = ex)™|” € Li(T),
k=1
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|AT(0)|9]Qs ()]7 T 1t — cxl 7™ 0H =D (¢ — ) 7|7 € Ly (D),
k=1
Qu(z) = (2 — k) "™ Q(2).
holds.
From these relations it follows that

T
TT 1t = crl™ P |(t = cx) ™[ € Laoa(D),
k=t (3.5)

s

H |t — ckl—mk(]"l‘Vk(l_(I)Kt — ) T e Ly_A(T).
k=1

where A is an arbitrary small positive number.
Denoting by 7, = ay + 8k, from (3.5) we obtain

s
[T 1t —exf(ermorsen e L_\(n),
k=1
T
H |t — cp|(entme)atve(-a) ¢ [, \(T),
k=1

from which it follows that

(g +mp)p+ v > =1, —(ap +my)g +ve(l —q) > 1

or
1 Vi 1 Vi
- ——— — <mrp < —Q+—-——.
p p q p

Denote by |ag| = px and let us call this number the parameter of the function a(t)
at the point ¢;. The parameter pu; may be defined also by the following relations:

1 a(ex +0) 0< arga(ck +0)

BT < <o
27i a(cx, — 0) a(ck —0) a

i = Re

1+ ug + vk

1
= ¢k. Evidently —

Denote also by pg —

< e < 14 and therefore

—1<er <1

So we have
e < mp <1+¢g.

If e, = 0 then the inequality is unrealizable, if £, > 0 then my = 1; if g, < 0 then
my = 0. Hence we get the following proposition:
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Theorem 17.3.1 If pupp = 1 + v for some k then a canonical function of the
corresponding class doesn’t exist.

If up # 1+vg, k=1,2,--- | r, then the canonical function of the class E;,t (T, p)
exists and is given by the formula

X(2) = x0(2)Q(2),

where Q(z) = [[_1(z — cx)™*

1
1if -

>0,

1
TV o,

The index of the class of the E (T, p) of the function a(t) (or the problem (3.1))
is given by the formula » = ind g(t) — > ) _,my or by the formula

1 t
=g |arg alt) , (3.6)
: [T (= 20)%"
k=1 T
1
where s, = %ln)\k,
1+,

—1 <Resp <0 if pp < (i.e. sk =),

1+

0<Resg <1 if pp> (i.e. Sk = Tht1)-

Note that the condition
Hkp 1+ v

is trivially fulfilled if the point ¢ is singular, because in this case ur = ax = 0;
Sp = Tk, Resi = 0.

Remark If x;(z)(i = 1,2) are the canonical functions of the classes E;,t (T, pi)
(pi are the functions of the form (1.1)), then x2(2) = x1(2)[ 11 (z — c&)™*, where
m=+41,—1 or 0.

In particular if x1(z) and x2(z) are the canonical functions of the classes Eie (r)
and E;)t (r) (e is a sufficiently small positive number, p is a sufficiently large number)
then in the last equality my = 0 for singular points and mj = 1 for nonsingular
points. Between the indices of these classes the following relation

Hp = HAl4e — 70,
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holds, where 7 is the number of nonsingular points (see [108], p.78).
Consider now the nonhomogeneous problem

¢t (1) = a(t)o™ +b(t), b(t) € Ly(T, p) (3.7)
and make the substitution (3.2).
Instead of —1 < Re 73 < 0 suppose

-1 1
T Rem <1 (3.8)
P P

Since Re 7, is defined to within an integer, then the inequalities

1 1
TPV Remp <1 1k
p p
are always fulfilled.
But the equality
-1
it = Re 7%
p

is eliminated, therefore the inequalities (3.7) are satisfiable.
We obtain the nonhomogeneous problem

¢t (t) = g(t)¢~ (1) + f(1), f(t) =b(t) (H Xi(ﬂ) : (3.9)
k=1

It is evident that f(t) € Ly(T, p1), pi(t) = [They|(t — cx)|%, v} = awp + vg, g, =
Rery,. It is easy to see that
—l<vyi<p—-1

as this inequality coincides with (3.7).
We shall construct the solution of (3.8) in the class EX (T, p1).
Take the rational function R(z) such that

llg(t) = R()llcm) <&,

where ¢ is a sufficiently positive number and consider the following sequence

_ 1 (g (t) 1 [fbdt
Vmt1(2) = %/Fﬁdt—l- %/F - Yo (1) =0, (3.10)
go=gR*—1.

It is evident that
Um(2) € Eyo(r, p1).
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From (3.10) we have

dt.

L [ 90(0) [ () — ¢y 1 ()]
J

% t—=z

Y1 ()=t (t0) = — 5 00(0) i (t0) ey (t0) +

Consequently the sequence ., (¢) converges by the norm of the space L,(T, p)
to some function h(t) € Ly(T', p1).
From (3.10) we have also

1

hita) = =lan(to ) + F(t0)] + 5= [

gt + £(t)
2 21 '

t—1o

Hence h(tp) is a boundary value of some analytic function on I" in the domain
D~ vanishing at infinity. Finally we obtain

1 )y (T 1 t
ooy = (B L[S,
2 Jp t—=z 2 Jpt — 2
(here 1~ (t) denotes h(t)).
From the last equality we get

UH(E) = () = go(t)y (1) + (1)
or
V() = gR™T () + £ (). (3.11)
Comparing (3.8) and (3.10) we can see that the function

¥(z), z € DT,
P(2) =
R (2)¥(2), z€ D~

is a solution of the problem (3.9). As far as the problem (3.8) has a canonical
function of the class E;)t (T, p) then it is solvable in this class for any f(t) € L,(T, p)
and the initial problem (3.7) is solvable in Epi(F7 p) for an arbitrary function b(t) €
L,(T, p). Whence by virtue of the lemma 1.3 the expressions

X+(t0)/wdt7><‘(to)/mdt

t—1o t—to
are the linear bounded operators in L, (T, p).

17.3.2 The case of a triangular matrix

Consider now the following boundary value problem

¢ (t) = a(t)p™ (t) + b(t),t €T (3.12)
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where a(t) is a triangular piecewise-continuous nonsingular matrix a = (a;x), a;x =
0 when ¢ < k, b € L,(T',p). Denote by ci,---¢, all discontinuity points of the
functions a;(¢)(i = 1,--- ,n). By uir denote the parameters of the functions a;;(t)
at the points cx(k = 1,---,7). It is evident that p; = 0 if the function a;(t) is
continuous at the point c;. Let us assume that the inequalities

1+

#Mikﬂk:]-v"'arai:]-v"'an (313)

are valid and show that in this case there exists a canonical matrix of the problem
(3.12) of the corresponding class. Obviously if the inequalities (3.13) are fulfilled
then every function ag(t) has canonical function of the class E (T, p). Denote it
by X (2).

Consider the triangular matrix x(z) = (xik), %k = 1,--- ,n;xax = 0 when
i <k, xir(z) = xx(2) and the remaining elements are defined by the formulas

S ast)xii (dt
Xsl(z)—xs(z)/rizl s=2,---,m,

2mi Jr @) 2)

Xs(2) / i=1
—1(z) = -
DI
It can be easily seen that constructed in this manner matrix belongs to the class

:t . . .
E (T, p) and satisfies the following relation

Moreover det x(z) =[], xx(2)

Construct now the same matrix y.(z) for the matrix [a/(¢)] 7!

as above.

X(2) € Eg(T,p' %), detx.(z) = [Jxa(2)] 7,
k=1

XE() = [a’ (1)) 'x5 (1)
Consider the matrix x4 (t)x(z) = xo(2).
We have xo(2) € Ei (D), Xi" (1) = x4 ((0)a(0)] X (Ox (1) = X (Ox ().
Whence xo(z) = P(z), where P(z) is some polynomial matrix. But det P(z) =
1 and P~!(z) is also a polynomial matrix.
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Thus
P 2)XL(2)x(2) = I;
x(z) has a inverse matrix equal to P~1y,(z) € EX(T, p'~9). Finally we have
proved, that x(z) is a normal matrix for a(t) of the class EX (T, p).
It is easy to see that the boundary problem (3.12) is solvable for an arbitrary
vector b(t) € L,(T', p) and therefore the operators

X+(tO)LM7X(tO)/FM

t—1o t—1o

are the linear bounded operators in L, (T, p).

The index of the problem (3.12) of the class EX (T, p) is equal to the sum of
indices of the boundary problems ¢} (t) = ap(t), (t), i.e. kK = S p_, Kk, K is
calculated by the formula (3.6):

1 ALk (t)
R = % rg r ’
[1(t—20)5
Jj=1 T
1 akk(cj - 0)
h = —InAgi, A\ = ;
WHETe Sk 21 Bk Akj akk(cj + 0)’
1 ; 1
—1 < Resp; <O0if gy < —;V]; 0 < Respj < 1if ppy > —;Vj
17.3.3 General case
Consider now the following problem
O (1) = a(t)® (1) + b(t),b(t) € Ly(T', p), (3.14)

where a(t) is an arbitrary piecewise-continuous matrix, inf|deta(t)] > 0. Let us
represent the matrix a(t) in the following form

a(t) = a1 (t)A(t)as (),

where a1(t), a2(t) are continuous nonsingular matrices, A(t) is piecewise-continuous
nonsingular triangular matrix. This is possible by virtue of the lemma, proved
in [38].

Take the rational matrices R;(z), Ra(z) such that

llar(t) — Ri(t)]| < e,k =1,2,

where ¢ is a sufficiently small positive number.
Rewrite the boundary condition (3.14) in the following form:

B+ = Ry (t)A(E) Ro (8)® (£) + [a(t) — Ry (t)A()Ra(£)] @ (£) + b(t).
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Introduce the following notations
Ry (2)®(2) = ¢(2),2 € D¥, Ra(2)@(2) = p(2), 2 € D™, Ry (1)b(t) = B(t);
we have () = A(Dp™(1) + (R (D (A O (OR, (1) = A0~ (1) + BLo)
Ry (

It is evident that ag(t) = R1 Yt)a(t)Ry (¢ ( ) is a piecewise-continuous
matrix and

suplao(t)] < Cie, Cy is a constant.
ter

Consider now a sequence of the matrices:

X(z)/ X ()] ao(t)pom (t )dt+ x(z )/ [X*(t)]’lB(t)dt (3.15)
r r 7 .

Pt (2) = 211 t—z 21 t—z

where ¢, (t) = 0, x(2) is a canonical matrix of the class Epi(I‘,p) of the matrix
A(t). Tt is evident that ¢, (z) € Ef (T, p),m > 1. From (3.15) we have

P (t) = pto) = =307 (a0 (1)l t0) — o1 (1)

dt.

x(to) / X)) ao(t) 5 () — 0y (1))
+ -
2 Jp t—=z
Whence
[Pmr1 = P L, < Cae,

where C5 is a constant. Therefore, if C1Cae < 1 then the sequence y,, converges
in the space L,(T,p). It follows from (3.15) that ¢, also converges in the space
Ly(T, p). The limit matrix ¢(2) € E, O(F p) and satisfies the following boundary
condition

Pt (t) = Ry (Da()Ry (e~ (8) + Ry (£)b(2).

Consequently the matrix

Ri(2)p(z), =ze DT,
B(z) = (3.16)
R;l(z)ga(z), ze D~

will be the solution of the boundary problem which may have poles in some points
of the domains DV and D~
Consider now the adjoint boundary value problem i.e. the problem.

TH(t) = [a' ()] W (1) + g(1), g € Ly(T, p* 7). (3.17)

Substituting in previous arguments the matrices R; and Rs correspondingly by
the matrices R, ! and R, ', we construct the solution of the form:

[R1(2)]'¢(2), =€ DY,
Ri(2)¥(z), z€ D™,

U(z) =
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Take now b = aRy 'x~, g = al’lR%(X”)’l. We obtain

(1) = a()[®™ () + Ry ' (t)x~ (1)),

/

UH(t) = [a ()] ¥ (1) + Ry(t) ('~ (1) ']
It follows from these equalities, that

’

THEODH(E) = (¥ (1) + (x ()@ (1) + X (0)):

Consider the matrix
V' (2)p(2), ze D,

[¢/(2) + x 1 (2)] lo(2) + x(2)], z€D".

Qz) =

It is evident that Q(z) € Ef(T'); Q(oc0) = I. Therefore Q(z) = I and
[p(2)] ! = ' (2), 2 € D,

[p(z) + X)) ' =¥ (2) +x '(2),2€ D™,

Consequently the matrix

(2) = { ¢(z),z € DT,
| e(x) +x(2),2€ D™

has the following properties
w(z) € BET,p), w™'(2) € EE(T, )

and the matrix
Ri(z)w(z), =z€ DT,
B(z) = (3.18)
Ry (2)w(z), z€ D~

is suitable for the “preparation” of the canonical matrix.
Now we shall show this. First cite the following auxiliary propositions.

Lemma 17.3.1 Let p1(2) be a quadratic matriz of order n and has the following
form

p1(2) = P(2)p(2)p(c)] 1P (z),c €T,
where P(2) is a diagonal matriz, Py(z) = 1, k = 1,--- s, Pup(2) = 2 —¢, k =
s+ 1,---,n(or all Puy(z) = z —¢),p € Epi(I‘,p), ot e E T, p'79). Then
¢1(2) € Ex(T,p), 01 ' (2) € Bf (T, p'79).
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From the equalities
e1(2) = P(2)lp(2)le(e)] ™ = 1P~ () + 1,
er'(2) = P2 e(e)e ™ (2) = [1P(2) + 1,
it follows immediately that the lemma is correct.

Lemma 17.3.2 Let ®(z) be a matriz defined by the formula

r(2)(z), =€ D,
d(z) =
ro(2)p(z), z€ D~
(here ri(z),k = 1,2 are the rational matrices poles of which aren’t situated on
L, detrp(t) # 0,t € T, 0(z) € EX(T, p), ¢ 1 (2) € Eg(T, p' 7). If ®(2) satisfies the
condition
O (t) = a(t)® (t),t €T, (3.19)

where a(t) is a given piecewise-continuous matriz on T'.  Then there exists the
rational matriz R(z) such, that ®(2)R(z) is a canonical matriz for the matriz a(t)
of the class Epi(I‘,p), The index of the matriz a(t) of the class Eff (T, p) is equal

to
1 detr (¢)
_ _ 2

"= omi {argdetrg(t) r % (3:20)

where s is order of detp(z) at infinity.

Proof Let us represent the matrices r(z), k = 1,2 in the following form [46]
() = BM @)@ BT ()M (2),

where A (z) are the polynomials, P,El)(z), P,EQ)(Z) are the polynomial matrices with

the non-zero, constant determinants. Q(z) is diagonal polynomial matrix, the

polynomial QiJrl’erl is dividing by the polynomial Q.

Represent the polynomial A, and the matrix Q) in the following form
1 2 1 2
Me(@) = NN ), k) = QP ()Q7(2),
where the polynomials A}(z) ()\i(z)) may have the poles only in the domain

DT (D), the elements of the main diagonal of the matrix Q,(Cl)(z) ( ,(f) (z)) may

have the zeros only in the domain Dt (D).
Give to the matrix ®(z) the following form

P (z)
A (2!
P}(2)
AP ()

1(2)¥(z), z€ DT,
P(z) =

©(2)V(z) zeD,
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where the following notations are introduced

QP ()PP (2)
1 )\gz) (Z) 80(2)7 z 6 D+7
U(z) = 0 ©
G ORI
)\gl (Z) 80( )7 6 D 9

ar(=) = Q) (=) = dinglaf. - i) k= 1.2,
It is evident that ¥ (z) € EX (T, p), ¥~!(z) € EX (T, p*™9).

Consider the matrix

A e)
¢ (2)ab (2

Pi(2)[q(2)] " q1(2)¥(2), z € DT,

@1(2’) )

(

d(z) = (
)

Py(2)[gh(2)] tq2(2)¥(2), z€ D~.
P =P Jgh(2),
P, =M\ PV /gl (2).

It is clear that ®(z) satisfies the boundary condition (3.19).
Denote by ¢ a zero of the polynomial ¢7(z)/qi(2) (if such exists) and consider
the matrix

Pi(2)(¢1(2)¥(2)[@(c)] "M~ (2), z e DY,
Py(qh(2)) o (2)®(2)[W(c) "M~ (2), ze€ D",

where M(z) = diag[l,z — ¢, -,z — ¢]. It is evident that ®(z) also satisfies the
boundary condition (3.19). If we continue this process, then we will get the solution

Dy (2) =01 (2)[¥(0)] M (2) =

of the homogeneous problem (3.19), the determinant of which is not equal to zero
in the domains D%, D~. Consequently we obtain the normal matrix of the class
E;t (T, p). Giving to this matrix normal form at infinity (for this we shall multiple
it on the corresponding polynomial matrix from the right) we get the canonical
matrix.

Tracing the construction of the normal matrix, it is not difficult to be convinced
that the formula (3.20) is valid. If we apply this formula to the matrix (3.16) we will
obtain the index for the problem (3.15) of the class E;E(I‘, p) (if the corresponding
conditions are fulfilled) is equal to

= %{argdet[al(t)ag(t)]}p + 1,

where 3, is the index of the matrix A(t) of the class E;E(I‘, p). Thus we have the
following theorem:
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Theorem 17.3.2 Let a(t) be a piecewise-continuous nonsingular matriz with the
points of discontinuity ty, (k=1,---,r) and let A\gj (k=1,---r,j=1,---,n) are

the roots of the equation
detla ™ (ty_o)a(tpro) — M| =0

Denote by pi; = arghy;/2m,0 < arghy; < 2.

If the inequalities
1+ v

p

are fulfilled, then there exists the canonical matriz of the problem (3.15) of the class
Eff (T, p), and the index of the matriz a(t) is calculated by the formula

# g, (3.21)

1 deta(t
areaeta®)

g , (3.22)
e

r
T
where o, = 325y Prj

. 1+vp
1<Repr; <O if ppy < pk,

1
ij = ——ln)\kj.
1 2
OéRepkj<1 if Hij > +Vk,
p

The formula (3.22) is analogous to the formula mentioned in the book of
[136], §18. Consider now the non-homogeneous problem. Denote by x(z) the
canonical matrix of the class EX (T, p). By virtue of the lemmas 17.1.1 and 17.1.2
the problem (3.14) is solvable in the class E (T, p) and solutions of this class are
given by the formula

o) = X&) [DEOIBOR 4, (5:23)

21 t—z

where P(z) is an arbitrary polynomial vector.

Now look for the solutions of (3.15) vanishing at infinity. Without the loss
of generality it is possible to assume that the partial indices s, 50, - - , 3¢, are
situated in the decreasing order: s¢; > 35 > - -+ > s¢,. For this purpose it is enough
to change the position of the columns, i.e. to multiply x(z) from the right on
the constant nonsingular matrix. Let 21 > -+ 2 36, 2 0 > 3641 = -+ = 225,
A= +so+ -+ sn, p=—0tmi1 + -+ ).

Introduce the following notations

[X+(t)]_1b(t) = (bla U abn)a
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P(z)= (P, , P);

denote also the columns of the canonical matrix by x!(2),-- -, x"(z) It is possible
to write the formula (3.12) in the form

o(z) =Y x*(2) [L/FM +Pk(z)] : (3.24)

2me t—z
k=1
Expanding the Cauchy type integral in (3.24) in the neighborhood of the point

hy(t)dt =1
/:(% e /tshk(t)dt,
r z z r

s=0

zZ = OQ:

we obtain that for the existence of the desired solution it is necessary and sufficient
that the free term b(t) have to satisfy the = — > s conditions

/tshk(t)dt:O, (s=0,1,--+, =31, k=m+1,--- n) (3.25)
r

and when these conditions are fulfilled the general solution of the desired form is
given by the formula (3.23) in which we assume, that

Pk(z) = P%k—l(z)a

where P, (z) denotes an arbitrary polynomial of order «; P,(z) =0 it a < 0. The
union of the conditions (3.24) we may write in the form of one relation:

/F g(t)h(t)dt = 0 or / a®)[x* ()] h(t)dt = 0, (3.26)

r

where ¢(t) is defined by the formula

q(t) = (Goser—1, "+ 1 Gz —1)-

do are the arbitrary polynomials of order a(g, = 0 in case a < 0). the condition
(3.26) we may rewrite in the form

Jroprartdwa -o. (3.27)

Note that the expression [x'*(¢)]71¢/(t) in (3.26) is a boundary value of the
general solution from the domain DT of the adjoint homogeneous problem

(L) = [a' ()] 71O (2) (3.28)

of the class E(fo(f‘, pt~9). Therefore we get the following theorem.
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Theorem 17.3.3 If the conditions (3.18) are fulfilled then for the problem (3.15)
to be solvable in the class E;O (T, p) it is necessary and sufficient the fulfillment of
the conditions

/ h(t)¥Tt(t)dt =0,
r

where U(z) is an arbitrary solution of the adjoint homogeneous problem (3.26) of
the class Ey (T, p'~7).

Let I(I') be a number of linear independent solutions of the homogeneous prob-
lem (3.14) (of the homogeneous problem (3.26)) of the class E(T, p) (of the class
EE (T, p'79). Then | — I’ = 5, where » is the index of the matrix a(t) of the class
E;t (T, p).

Remark 1 If x(2) is a canonical matriz of the problem (3.14) of the class E;)t (T, p),
then x(z) is a canonical matriz of the same problem of the class E,1.(T, py),
py = |t — tg|"* T if e, ny are sufficiently small numbers.

Remark 2 For the boundary problem (3.14) the following proposition is valid: if
a(t),b(t) € H(T) then the solution of this problem of an arbitrary class EF (T, p) are
the Hélder-continuous in the closures E+,E_ (except perhaps the point z = oo,
if the solution have the pole there.) If a(t),b(t) € Ho(T)). then the solution of
the problem of an arbitrary class are the piecewise-holomorphic vectors; they are
continuously extendable on all points of ', except perhaps the points of discontinuity

of a(t), b(t).

17.3.4 Stability of partial indices

The partial indices of the continuous matrix are unstable values in general. The
necessary and sufficient stability condition is the following condition

%1_%n<17

where 37 (32,) is the greatest (the smallest) among the partial indices. [see.[20],
[136], [51]].

Consider the problem of stability of the partial indices of piecewise-continuous
matrix. Let the matrix a(t) € Co(T', 1, -+ ,t2), inf |deta(t)| > 0.

Let the matrix g(t) of the class Co(T, ¢y, - ,t,) satisfies the following condi-
tions.

a) g(c+0) = a(c£0), cis an arbitrary singular point of the matrix a,

b) supla(t) — g(t)| < ¢; for small € we shall say, that g(t) is close to a(t).

It is evident, that if the Noetherity conditions (3.18) for the matrix a(t) are
fulfilled then these conditions are fulfilled also for matrix g(¢) and we may speak
about the partial indices of g(¢).
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Let x(z) be a canonical matrix of the class EF (T, p) and let the vector ® be
some solution of the class E;%O(I‘, p) of the boundary problem

Ot (t) =g(t)® (t), tel. (3.29)
Rewrite (3.29) in the form
D@1 et (1) = @] e () + F(b),

F(t) =[x (®)]lg(t) — a(®))@(?). (3.30)

If the partial indices of the matrix a(t) are nonpositive then it follows from (3.30)

that
1

(e = 5 [

T 2w

x’(t'o)/ D@ g(®) — a(®)] ™ (1)dt
r

21 t—to

F(t)dt
t—2z

)

1
"~ (to) = —gafl(tO)[g(tO)—a(tO)]‘I’f(tO)Jr
It follows from the last equality that

1@~ ML, .0y < Bsupg(t) —a@®|®~ (O], w0, (3.31)

where B is constant.

If sup |g(t) — a(t)] is sufficiently small, then from the inequality (3.31) it follows
that = (¢t) =0, ®(2) = 0.

Therefore, if the matrix has the non-positive partial indices then the boundary
problem (3.29) have the nontrivial solutions of the class E;)EO(F, p) for close to
matrix a(t) matrix g(t) and hence such matrices g(t) have also non-positive indices.

Let now the matrix a(t) have arbitrary partial indices

n 2 2 Ay

and ¢(t) is the matrix close to a(t) with the partial indices

It is clear that the matrix a1 (t)(t — b) "> a(t)[g1(t) = (t — b)~*1g(¢)], where b is a
fixed point inside of I, has the numbers s, — 217 < O(nr —11) as the partial indices.
Hence, when the matrices a(t) and g(t) are sufficiently close, then the partial
indices of the matrix g;(¢) will be non-positive and therefore ny < ;.
Going over from the matrices a and g to the matrices (a’)~! and (¢’)~! and to
the classes Epi(f‘,p)7 Eqi(f‘,pl_q) we get n, > sy,

AN = = = . (3.32)
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It implies from the relations (3.32) that if the partial indices of the matrix a(t)
satisfies the condition s¢; — 3¢, < 1, then for all sufficiently close matrices

Nk = g (k:157n)

Due to [20] prove that if 51 — 35, > 2, then the partial indices are unstable.
Let

%1:"':%S>%S+1>"'>%n

be the partial indices of the matrix a(t) of the class E (T, p).

Consider the case when the matrix a(t) has only one point of discontinuity
¢ € T, this restriction is not essential and is made because of the simplicity of the
formulas.

Construct the sequence of the matrices a,,(t) € H3 (T, C), ay(c£0) = a(c£0)
convergent to the matrix a(t)

sup |am, (t) — a(t)] = 0, m — 0.
t

Consider two possible cases:

a) the partial indices of a,,(t) coincide with the partial indices starting from
some my;

b) when the case a) is not possible.

In the case b) the partial indices are unstable. Therefore, we consider the case
a).

As it is known the partial indices of the matrix a(t) of the class E;)E(I‘,p)
(p = |t — ¢|”) coincide with the partial indices of the Holder-continuous matrix

Ap(t) =Y anY_ (1),

where
Yi(z) = AUu1]x1(2), z€ DT,
Y_(z) = BU[u]x(2), ze€ D™,
Xl(z) :diag[(z_c)pla"' 7(Z_C)pn]7 X:X1X61a
XO(Z) :diag[(z—zo)pl,--- 7(Z_Zo)pn]7 20 € D+;
1 1 1
_ﬂ<Repn<]—_ +V7 Pk:—.ln)\k;
p p 21

A, B are the constant non-singular matrices.
Ar are the roots of the equation det(a=!(c + 0)a(c — 0) — AI) = 0,
1 1 z—c

u; = —In(z — ¢), ugz%lnz —
— 20
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u(€) is definite polynomial matrix of &  These matrices are defined in the
book [136] §18.
Represent the matrix A, in the form (see [136], §7)

Am = X%Axi,
where ;- (t) are the Hélder-continuous matrices
A(t) = diag[taq 2 ,t%"—l].

(We suppose that O € DT).
Consider the matrix

0 t*2 0
tr2—2 0 e 0

aW=1 " . (333)
0 o --- 0

Let 3¢ > 500 > - - > 3, be the partial indices of AZ,. It is not difficult to check
that for sufficiently small € for the matrix A%, (t) we will have

ns = s — 1.
It follows from (3.33) that
as, =Y A5 Yl =a,, +e(t—c)YyiqV !
and hence
as, (c£0) = am(c+0),
supla, — am| — 0, when € — 0.

The sequence a7 (t) (e, — 0) converges to the matrix a(t) with respect to the
above mentioned norm; therefore the condition s, — 5, < 1 is not only sufficient
but also necessary condition for the partial indices to be stable.

17.4 Systems of singular Integral equations

Consider first the so called characteristic system of singular integral equations

n

Z [Aaﬁ(to)wﬁ(to) + Baﬁ('t()) A wﬁ(t)dt] - fa(to), o= ]-a L2 (41)

et g3 t—to

where A,3, Bag are given piecewise-continuous functions on I', f, are the given
functions on I' of the class L, (T, p) We look for the solution of the system (4.1) in
the class L, (T, p).
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Introducing the examined matrices and vectors

A:(Aﬂ(ﬁ)a B:(Bﬂ(ﬁ)a 90:(5017"')30%)) f:(flaafn)

we may rewrite (4.1) in the form

K% = Atptin) + 202 [ A o) (42)
Let ¢ be a solution of the equation (4.2). Denote by
qazég/g%m. (4.3)
We have
1 [ o(t)dt

p(t) =2 (t) -7 (1), —

i ot = 2 (t) + 2 (t). (4.4)

If we substitute these values in the equation (4.2) we get
ST (t) = D)2~ () + £ (1), (4.5)

where S=A+ B, D=A-B.
Let
inf|det S(t)| > 0,inf|detD(t)| >0, t €T. (4.6)

Then we may rewrite (4.5) in the following form
O (t) = a(t)” (1) + b(t), (4.7)

where ¢ = S7'D, b= S"'f.

Therefore the equation (4.2) is reduced to the boundary problem (4.7): to every
solution of (4.2) of the class L, (T, p) corresponds the solution of the problem (4.3)
of LiO(F, p) by the formula (4.3), and to every such solution of (4.7) corresponds
the solution of the equation (4.2) of the class L,(T', p) by the formula (4.4).

This connection between the equations and boundary problem gives us the
possibility to establish the following proposition (see [136], [108]).

Theorem 17.4.1 Let the conditions (4.6), (3.18) be fulfilled. For the equation
(4.2) to be solvable in the class L,(T', p) it is necessary and sufficient that

Lf@w@ﬁzo, (4.8)

where v is an arbitrary solution of the class Ly(T, p'=7) of the adjoint homogeneous
equation
1 [ B'®)y()

i Jr t—to

K%)= A'(to)(ty) — dt = 0. (4.9)
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In case when the conditions (4.8) are fulfilled all solutions of the equation (4.2)
of the class Ly(T', p) are given by the formula

o(to) = A*(to) f(to) — B*(tO).Z(tO) /L ZOI7 10, + B*(to) Z (o) P(to),

T t— to
A*(t0) = 3[S70) + D7D, B* () = —5[57(1) — DA (0],

(4.10)
Z(to) = S(t)x " (t) = D(t)x " (t)

x(z) is a canonical matriz of the class EX (T, p) for the matriz a(t) = S~'D, P(t)
s a vector
P(t) = (lefla T aP%nfl)v

P, (t) denotes the arbitrary polynomials of order not more then «, P, (t) = 0 when
a < 0.

The difference between the number | linearly independent solutions of the ho-
mogeneous equation K% = 0(in L,(T, p)) and the number ' linearly independent
solutions of the adjoint homogeneous equation K% = 0 (in Ly (T, pt~9)) is equal
to the index of the matriz a = S™'D of the class E;)E(I‘, p):

-1 = s
Let us consider the equation of more general form
Ko=J, (4.11)

h(t07 t)

where Ko = K% + ko, kp = | ——
r [t —tol

et)dt, 0 < a < 1, h(ty,t) is a

measurable bounded matrix.

k¢ is a completely continuous operator in any space L, (I, p) [79]; basing on the
well-known theorems of functional analysis (see for example [105]), we obtain that
the formulated above theorem 17.4.1 is valid also for the equation (4.10) substitut-
ing the operators K%p and K%’ by the operators K¢ and K’v correspondingly.

K'p = K% + K9,
(t,to
Ky = /H_tO'a ).

The equation of the form

°~ By(t D
Mltolotto) + 30 el [ DOXD [ gt ppterat = fite)  (412)
i mi r t—rto

is reducing to the equation of the form (4.9); thus we may obtain for this equation

the theorem analogous to the theorem 17.4.1.
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The equation (4.10) is equivalent to the following equation (see [136], §27):

Bl(to)

A(to)q)(to) + 7 A T(_t—)z)t + A K(to,t)q)(t)dt = F(to), (413)

where A, B, K are the block matrices

Ay 0 - 0 By By --- B
A 51 o -+ 0 B- 0 0O --- 0 7
5 0 - 0 0 --- 0
Ki(to,0)61(6) 0 0
L IR

s1=D7', si=-D;', k=2,--- s,

F(t) is (s x n)—dimensional vector

®(t) is a desired vector. Reducing the equation (4.12) to (4.13) it is supposed that
Dy, are nonsingular matrices but it is not essential; substituting in case of necessity
the matrices Dg(t) on the matrices Dy + c¢I and —cI (c is sufficiently large with
respect to the modulus constant) and the number s on 2s’ we obtain the equation
of the form (4.11) for which corresponding condition is fulfilled.

In applications it may occur very frequently the following singular integral equa-
tion of the form

Kip+ Koo = f, (4.14)
where Bylto) [ ¢@dt [ hslto.0)
s to [%2) t)dt s to,t
Koo = At t —_— ————(t)dt.
o= Adtottn) + 2 [ EOR . [ ool
As, Bs(s = 1,2) are given piecewise-continuous quadratic matrices of order n,
hs(to,t) are measurable bounded matrices, f(¢t) = (f1, -, fn) is given vector of

the class L,(T, p), T € H}.

We may reduce the equation (4.12) also to the equation of the form (4.10); the
role of the matrix S and D in case of the equation (4.12) play the following block
matrices _ _

A1+ B1 Ay — B A1 —Br Ay + B
(Az—i-Bz E-E) (AQ_BQ A_1+F1>
Remark 1 Using the properties of the solutions of the boundary problem of linear
conjugation we get the following proposition: if the coefficients and the free terms



534 Chapter 17  The Problem of Linear Conjugation and Systems of Singular

of the equations mentioned in this section are Hélder continuous then the solutions
of any class are also Hoélder-continuous and if the coefficients and the free terms
belong to the class Ho(T') then the solutions of any class belong to the class H*(T).

Indeed, let in the equation (4.11) A(t), B(t), f(t) € H(T'), h(to,t) € H(I xT),

det(A+B) #0, det(A—B) #0, p(t) € L,(T')(p > 1) is a solution of this equation
and ¢(t) satisfies also the equation

K% = fo,
fo(to) = f(to) — %ap(i)dt.
r [t —tol

The vector fo belongs to the class Ly, (T'), p1 > p (see [79], §8).
By virtue of the formula (4.10), as

A*(t), B*(t), Z(t) € H(T),

we obtain ¢(t) € Ly, (T'); reasoning in such a manner we may conclude that ¢(t) €
Loo(T') and ¢(t) € H(T).

Let now A(t), B(t), f(t) € Ho(T') and h(to,t) € H(I' x T') (the last means that
h(to,t) belongs to the class Hy with respect to ¢ for the fixed ¢y and also with
respect to t for the fixed tg); besides, let

infldet(A+ B)| >0, inf|det(A—B)| >0

and the inequalities (3.18) are fulfilled. In this case A*(t), B*(t) € Ho(I'), Z(t) €
H*(T'); reasoning as above, we obtain that the solution of the equation of the class
L,(T, p) belongs to the class H*(T').

Remark 2 [t constitutes no principal difficulty to consider the cases when in sin-
gular integral equations the integration domain is a finite union of simple piecewise-
smooth curves or when in the linear conjugation problems the boundary is the same
union of the curves. Whereas, if we can construct a canonical matriz in the case
of one simple curve then me may construct a canonical matriz for the finite union
of the curves. (see [108] §129).

In fact let I' = (J;, ', a(t) be a given piecewise-continuous nonsingular matrix
on I' and let for every separate curve I'j exists a canonical matrix of the given class.
Denote by xx(z) normal (or canonical) matrix for the problem

O () = a(t)®, ,t € Ty,

where
a1(t) = a(t), teTy,

az(t) = [x1] ta(t)x1(t),t € Ty,

am(t) = X1 (t) - Xm-1 (O] alt)xa(t) -+ Xm-1(t),t € Do
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It is easy to be convinced that the product

X(2) = x1(2) -+ xm(2)

is a normal matrix for the union of the curves I' = ;- I'y.

17.5 Differentiability of solutions and singular integral equa-
tions

In researching the problems of mathematical physics with the help of singular
integral equations (or with the help of the problems of linear conjugation of the
analytic functions) sometimes it is necessary to study the problem of existence
of the derivatives of the desired solution or the behavior of the solutions in the
neighborhood of the discontinuity points of the coefficients. In the case of one
unknown function this problem is comparatively easily solved because in this case
it is possible to use the effective (explicit) solutions of singular integral equations
or the solutions of linear conjugation problems. But in the case of the systems
of the equations or linear conjugation problems for several unknown functions the
situation is rather different.
Consider the boundary value problem of linear conjugation

O =a(t)® () + b(t). (5.1)

The boundary condition should be fulfilled across the simple smooth curve I'; a(t)
is a given nonsingular quadratic matrix of order n, b(t) is a given (m x [)-matrix,
a(t),b(t) € H*(T'), ®(z) is a desired piecewise-holomorphic matrix , it is continu-
ously extendable on T' from the domains D*, D~ (D™ is a finite domain bounded
by I', D~ is an exterior domain).

The solution of the problem (5.1) belongs to the classes H*(D¥) for u < 1
and to the classes H'~¢(D¥) for u = 1, ¢ is an arbitrary small positive number
(see.[108], §133); it is clear that when ®(z) has the pole in the point z = oo then

®(z) — P(z) € H*(D™);

where the polynomial matrix P(z) is a principal part of ®(z) at the point z = co.
Let now a(t), b(t) € H;(T), s > 1.
Choose the rational matrix r(z) such that

Consider the sequence of piecewise-holomorphic matrices

Omt1(2) = L/Fwdt—i—i/rw ap=art —1I, o5 (t)=0. (5.2)

T 2w t—z o0mi Jp t—2z

d*a(t)  dFr(t)

dtk dtk

H Le k=0, ,s,v<pu.
HI/
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For sufficiently small ¢ the boundary values ¢} (t), ¢;,(t) are converging with
respect to the norm of the space H°(I') to the boundary values of piecewise-
holomorphic matrix ¢(z) which satisfies the boundary condition

o' =a()yr (e~ () +b(t).

If we differentiate (5.1), we get

L[ ao(t)en (8) + ab(Bem(t) ;, QL / "y (53
™ Jr

211 T t—2z

<P;n+1: PR

From the equality (5.3) we conclude that the boundary values ¢/, are converging
to the boundary values of the matrix ¢’(z) with respect to the norm of the space
HY (T'); continuing this argument we get that the boundary values of the derivatives
@52) () are also converging to the boundary values ¢(*)(z). The boundary values

) ©(2), z € DT,
*0={ e, e

of the matrix

are satisfying the boundary condition (5.1).
The similar argumentation implies, that for an arbitrary solution ®(z) of the
problem (5.1) the following inclusions:

©(z) € Hy(D"),®(2) — P(z) € Hy)(D™)

are valid. P(z) is a principal part of ®(z) at the point z = co. It is easy to show
that, when g < 1 in these inclusions we may take v = p.

Let now there exist the derivatives da®/dt®, d*b/dt®, satisfying the condition
H(p) on the open arc o C I'; then for an arbitrary solution of the problem (5.1)

we get N
d*D=(t)
—F——= € H(o).
o € H(o)
Take some arc cicg C o and construct the rational matrix R(z), having the
properties:
detR(t) #0 on I'; R(cjlale;) =1, j=1,2.
dF
ﬁ[R(t)a(t)] =0 when t =c¢y, t=co, k=1,---,s.
Let

t)a(t t
al(t) _ R( )a‘( )7 € c1e2,
I, te F\Clcg.
It is evident that detas(t) # 0, a1(t) € H;T.
By virtue of the just proved proposition, d*x* /dt* € H(I") (x1(z) is a canonical
matrix of the matrix a;(t)). Consider the matrix

ax(t) = [ ()] 7' R(Ha(t)xy (1);
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it is easy to see that aq(t) = I when t € cico.
Let x2(2z) be a canonical matrix of the matrix as(t):

X3 () = az(t)xz (1) (5.4)

when t € cica, X3 (t) = x5 (1) and x2(2) is a holomorphic matrix in the neighbor-
hood of the arc cjcs.
We may rewrite the equality (5.4) in the following form

R™H(0)xT ()x3 (8) = a(t)xy (H)xz (1)
Hence the matrix
R (2)x1(2)x2(2)Ri(2), z€ DY,

X(z) = (5.5)
x1(2)x2(2) Ra(2), ze D7,

where Ry (z) is the rational matrix chosen in the corresponding manner, is a canon-
ical matrix of the matrix a(t).
If follows from the formulas (5.4) that

d°x + (t)/dt* € H(D).

Consider now the problem (5.1) under the following assumptions a(t), b(t) €
Ho(T,cq,- -+, ;) and on the closed arcs cicx11 the matrices a(t), b(t) € H}; (a(ck)
a(er +0),a(cky1) = alcgs1 — 0),b(ck) = bek +0),b(ck+1) = b(cg+1 — 0)).

It is easy to prove, that a(t) may be represented as the following (see 17.3):

a(t) = Ri()A()(1),

R1(t),A(t),h(t) are the nonsingular matrices, R; is a rational matrix, h(t) €

H;, A(t) is a lower triangular matrix, A(t) belongs to the class C> on the closed

arcs CrCr41-
Construct the rational matrix R, satisfying the conditions

Ro(cx) = hlcr), Ry(cx) = W' (er), - . RS (ex) = h® (cx),

|Re = hlle <&, ||RY) —h®)|. <e.

For a sufficiently small e, detR(t) # 0,t € T.
Construct the sequence of the matrix ¢, (z) by the formula

prmonte) = X2 [ DO 000, XC) IO,

T 2mi t—z 2mri t—z
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where x(z) is a canonical matrix of the matrix A(t) of the class EX (') (p is a
sufficiently large number),

bo(t) = Ry ' (1)b(t), g(t) = A(t)[A(t) — R2(t)] Ry (1),

¢o (t) =0.
It is not difficult to see that the norms
lglles gl 19 ®)le
are the values of order ¢; besides
glew) =g'(cx) =+ =g (ex) = 0.

From the equality (5.5) we can see that the sequences ¢ (t),¢;,(t) for the
sufficiently small e are converging to the boundary values of the matrix ¢(z) €
E;E(F) under the norm of the space L,(I") and the angular boundary values of
©(z) are satisfying the relation

Pt (t) = AR, ()™ (1) + Ry ' (1)b(1) (5.7)

almost everywhere on T.

Based on the Subsection 17.3.1, we may assert that ¢ (¢), ¢~ (t) are the Holder-
continuous functions on every arc which is not containing the discontinuity points
ci. But in the case, mentioned below one may assume that ¢ (¢), ¢~ (¢) € H(T).

Let A\gj (k=1,---,r; j=1,---,n) be the roots of the equation

det[a(cy, — 0) — Aa(cx + 0)] = 0.
Assume that among the numbers
1
Tkj = RQ%IHA]@]‘,

we have no integers. While constructing the canonical matrix x(z) of the class
E£(T), corresponding a(t), the numbers

1 -1
(e,
p p

if p is sufficiently large, then 7; > 0. Therefore the sequences ¢! (¢), ¢;, (t) will
converge with respect to the norm of the space H%(T'), if § is a sufficiently small
positive number; thus,

p(z) € H(D), ¢(2) € H (D).

The case when some of the numbers 7,; = 0, reduces to the case considered
above, if we multiply the matrix by the piecewise-continuous function with the
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discontinuity points cy,--- , ¢ chosen in the corresponding manner. That is why
in the general case we have

¢*(t), o~ (t) € HX(T).
Consider now the case when s > 1.
From the formulas mentioned in Subsection 17.3.3, it is easy to see that for the
sufficiently large p for the arbitrary matrix x(z) we get:
dx*(t § .
O ¢ ). ne) =[] - 20

k=1

Based on this inclusion we obtain the following formula:

p +(£)] 1A ()~ »
>;(7ri) /F — tﬁz(ﬂx (t)dt+1>_<1((Z§P(z), (5.8)

X'(2) =

where P(z) is some polynomial matrix, Aq(t) = dA(t)/dt; it is easy to see that
the matrix A(¢) may be chosen in such a manner that A;(¢f) = 0 in the neighbor-
hood of the points ¢ (k =1,---,r). After differentiating the equality (5.6) by z
and multiplying by II(z) and using the formulas (5.8) one may conclude that for
sufficiently small £ the boundary values of the sequences

()¢ () (1) (1)

are converging, with respect to the norm of L,(I"), to

(1) " (1), () (1)

and these matrices belong to the class H*(T'). Continuing these arguments, we
obtain analogously that

()} et (1), {11(t)}" B~ (t) € H(T), k=2, ,s. (5.9)
If for some nonsingular point cg, 7%; > 0 (j =1,--- ,n), then
_dt(t .
ey 0 ¢ ey, (5.10)

where  is an arc containing from the points of discontinuity only the point c.
From the formula (5.7) one can see, that the matrix

Ri(2)p(z), z€ DT,
O(z) =
Ro(2)p(2), z€ D~

is a piecewise-meromorphic solution of the problem (5.1) i.e., is a solution which
may have only finite number of the poles (different from the point z = o).
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As it was mentioned above, from such a solution it is possible to construct a
piecewise-holomorphic solution. Consequently the relations (5.9), (5.10) are valid
for an arbitrary solution of the class Ef(T') (p is a sufficiently large number) of the
problem (5.1).

Find the necessary and sufficient conditions of the existence of a piecewise-
holomorphic solution ¢ of the problem (5.1), vanishing at infinity with the deriva-
tives almost bounded up to s order at the points of discontinuity ¢;(j = 1,---,7)
of the matrices a(t) and b(t), i.e., ¢(z) satisfies the condition

lim |z — ¢ ®@®(2) =0, j=1,---,7
z=¢

for any € > 0. For the simplicity we’ll assume that ¢ = 1.
Together with the problem (5.1) we consider the problem of linear conjugation

Ut(t) =A@V (t) + F(t), (5.11)

where A(t) is a block matrix, A = (A), i,k=1,---,s+1,

i —1\d*a ) )
Aik:(k‘ 1 )dtl—k’ k<i, Aix=0, k>i,

F(t) is a block vector, F' = (a,da/dt,- - - ,d*a/dt®)), ¥(z) is a desired block vector,
U(z)=(Uy, -+, Ugyq).

For the formulated problem to be solvable the fulfillment of the following con-
ditions is necessary and sufficient

a) the problem (5.11) has the vanishing at infinity solution ¥(z), which is almost
bounded in the neighborhoods of the discontinuity points cy;

b) ¥(z) has the property

d\I/k (Z)
dz

=Vpt1(2), k=1,---,s.

Note that the singular (nonsingular) points of the problem (5.1) are the singular
(nonsingular) points of the problem (5.11); besides, if 5 (kK = 1,--- ,n) and 1
(k=1,---,n(s+ 1)) are the partial indices of some class of the problems (4.14)
and (5.11) respectively then

sm=mp (k=1,--,s+1), soa=m (k=s+2,--+,25+2),
sy =k (E=n(s+1)—n, - ,n(s+1)).

The conditions a) are expressed in the following form [136], §19

/F A O] F(t)dt = 0, (5.12)
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where x(z) is a canonical matrix of the problem (5.11), ¢(¢)is a polynomial vector
of the form ¢ = (g1, -+ ,qn), N =n(s+1), qx(2) is an arbitrary polynomial of the
order - n, —1(k =1,---, N),n are the partial indices of the problem (5.11) of the
considered class.
Change the conditions b) by the conditions
AT, dV U

- = k=1,---,s8; 7=0,---,M 5.13
dzg)_l’_l dzg ) Y 787 j Y ) ) ( )

where M is some natural number, zq is a fixed point, zo & T'.

This is weakening the conditions b). Show that if M is sufficiently large num-
ber then the conditions (5.12), (5.13) are sufficient (and therefore necessary and
sufficient) for the existence of the desired solution.

Let the conditions (5.12) be fulfilled then the problem (5.11) has the vanishing
at infinity solution ¥ = (¥, -+, Ugyq).

From the boundary condition (5.11) using the differentiation we get

QL) =a®)Q, (), U =TVpy1 —d¥s/dz, k=1,--- s,

and hence,
Q(2) = [M(2)] " x(2) Pi(2), (5.14)

where Py (z) is some polynomial vector, x(z) is a canonical matrix of the problem
(5.1) of the class E;f(T') (p is a sufficiently large number), x(z) is almost bounded
in the neighborhoods of the points cy.

In the equality (5.14) the left hand side order is not more then (—1), that is
why the order of Py(z) might be not more then s + r — 1; therefore, if we take in
the conditions (5.13) M > s +r — 1, where 3 is the maximal among the partial

indices s then the equality
% = Vpt1
is fulfilled.

Note also that if 51y < —m, then the conditions (5.12) are sufficient for the
existence of the desired solution. If the partial indices > > 0 then we haven’t
the conditions (5.12); the conditions (5.13) may be fulfilled at the expense of the
arbitrary constants entering in the general solution of the problem (5.11).

In the general case if we substitute the general solution of the problem (5.11) in
the conditions (5.13), we get the linear system of algebraic equations with respect
to the constants entering in the general solution. The necessary and sufficient
conditions for this linear system to be solvable are the following

/F(t)Hk(t)dt —0, k=1, L,
T
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where Hj, are definite linearly independent vectors (which are depending only on
the matrix a(t)).

Hence, for the problem mentioned at the beginning of this section to be solvable
it is necessary and sufficient, that

/F(t)Qk(t)dt —0, k=1, L%, (5.15)
T

where Qi are the linearly independent vectors which are constructed in the above
mentioned manner. When n = 1 the vectors are constructed in quadratures effec-

tively.
Note that if we have the characteristic system of singular integral equations
B(t t)dx
K% = Alto)e(to) + 2 [ L _ piy, (5.16)
T T t— t()

then reducing it to the boundary problem of the linear conjugation of the form
(5.1) we obtain the following conclusion, that for the system (5.16) to have the
solutions, derivatives of which are almost bounded at the points of discontinuity of
the coefficients up to order s inclusively, the fulfillment of the following conditions
is necessary and sufficient:

/F(t)Sk(t)dt —0, k=1, .0, (5.17)
T

where F' = (f,df/dt,--- ,d°f/dt®), Si(t) are the linear independent vectors, de-
pending only on the matrices A and B and the vector f satisfies the corresponding
differentiability conditions.

Consider now the system of singular integral equations of the general form

K +lp=f,
(5.18)
z@E/umwwmw
T

d'A/dt', d'B/dt, d'f/dt’, 0'1/oth € Ho(T), i=0,---,s.

Rewriting the system (5.17) in the following form

KOSOZan fozf—l%

we may determine the behavior of the solution and it’s derivatives.

Reasoning as above we get that for the system (5.17) the existence of the solu-
tion derivatives of which are almost bounded up to some order in the neighborhoods
of the discontinuity points it is necessary and sufficient the fulfillment of the con-
ditions of the form (5.15), where the vectors Si(t) are depending on A, B, I(to,t).
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Completing the short presentation of basic aspects of the theory of linear conju-
gation problems of analytic functions and one-dimensional singular integral equa-
tions note that at present there are numerous published researches in this the-
ory and its applications in the case of two-dimensional problems of mathematical
physics (see for example the following monographs [108], [134], [137], [45], [136],
[72], [17], [18], [53], [35], [105], [119], [139], [32], [88]).

In this chapter the papers of the author [93], [96], [97] and also the work [101]
were used.



Chapter 18

Linear Conjugation with Displacement for

Analytic Functions
by Giorgi F. Manjavidze

18.1 Introduction and auxiliary propositions

Let I'y and I'; be simple closed curves on the plane of the complex variable z =
z+iy. Denote by D} (D;) the domain situated inside (outside) of the curve I'y, (k =
1,2).
Let
wha(t)] =w (t), t €Ty, (1.1)

where «(t) is a continuous function transferring the curve I'; onto I'y in one-to-one
manner keeping the orientation, w™ (2) = wy (2) + Az, A = const # 0, the function
wg (2) is holomorphic in D and is continuous in the closure D, the function
w™(2) is holomorphic in D;r and is continuous in the closure D; ; the set of points
of the curve v : z = w™(¢),t € I'; (or the curve z = wt(¢),¢ € I'y) has no (inner)
points.

Under these considerations the following statement holds.

Lemma 18.1.1 The functions w™(z) and w™(2) are schlicht in D and in Dy
respectively.

Proof Denote by n}(n, ) the number of a-points of the functions w*(z) (w™(2))
in the domain D3 (D;) and let a & . From the boundary condition (1.1) we have

larg (W™ (t) — a]r, = [arg (W™ (a(t) — a)]r, = [arg (™ (1)) — a]r,. (1.2)
If follows from this equality that
=n} (1.3)

and therefore
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Let now wt(z1) = w(z2) = ¢,21 # 29,21,22 € D;r. then it is evident! that
c € 7. Take in D;‘ disjoint (non-intersecting) vicinities uy of the points zx, k =
1,2, the domains w™ (uy) which are containing the point ¢ and the intersection
M = wh(u1) Nwt(uz) are not empty. It is easy to see that it is possible to find
the point ¢; € M such that ¢; € v. The value ¢; is assumed by the function
wt(z) at least at two points, that is impossible. Hence, w*(z) is schlicht in D;‘
and analogously w™(z) is schlicht in D7 .

Assume that wt(z2) = w™(21) = ¢, 21 € Dy, 2o € DJ. Consider disjoint
neighborhoods uy, of the point z; and find a point b € w™ (uz) Nw™ (u1),c & v. We
get

nf =1, >1

and it is impossible. The domains d; = w* (D) and §; = w~ (D] ) are not inter-
secting.

Let c € 7. It is evident that ¢ € 0o because of ¢ = w™(t1) = wt (L), tx € Ty
Now show that ¢ € F,.§oNF,.01 = I'. Indeed assume ¢ € § and consider some vicinity
u(c) € 62. Take the sequence z, € Dy, z, — t; then w™ (z,) — w™ (t1) = ¢. For
large n, w™(z,) € u(c) and consequently the domains d; and d; are intersecting.
Obtained contradiction proves that ¢ € d4, analogously ¢ ¢ 6;.

Let d € T, it is evident that d € . Therefore the set of the points of the curve
~ coincides with the intersection of the boundaries of the domains ¢; and Js.

Take an arbitrary point ¢ € I'. Then one can find the point ¢! € I'y, such that

c=w (t') =w(?),t* = a(t') € Ty.

The point ¢!(t?) is accessible, from the domain D (D3), because I'1(I'2) is a
simple closed curve. Take the point z;(z2) in D (DJ) and connect it with the
point t!(#2) by the Jordan curve 7i(72), lying entirely in the domain Dy (DJ)
except the end point t1(¢2). It is evident, that 2 = w™(t),t € 11[z = w(t),t € 2]
will be a Jordan arc, lying in 71 (72) and ending in ¢. Point ¢ is accessible form the
both domains §; and d2 and curve v is a simple closed curve by virtue of Jordan
inverse theorem [82]. Therefore, w'(z) and w™(z) are schlicht in the closures E;_
and D; because the function conformally mapping a Jordan domain onto the
Jordan domain sets determines the one-to-one continuous correspondence between
the boundary points.

If in the Lemma 18.1.1 we remain all conditions except the condition A # 0
and require A = 0 then the following statement holds:

Lemma 18.1.2 Under mentioned considerations w™(z) = C,w™ (z) = C where
C' is constant.

I There exist holomorphic functions for which the mentioned set has interior points; (see [8]).
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Indeed, instead of (1.3) in considered case we shall have

- _

Ng =MNg »

ie,n, = n; = 0 that proves the statement.
In this chapter we often deal with the integral operator

o/ (t) 1
a(t) —a'(ty) t—to

[ Kttopottrat, it 1) = (1.4
r
where «(t) is a continuous function mapping smooth Jordan curve I' in one-to-one
manner keeping the orientation onto itself or onto another smooth curve.

In case 0 # o/ (t) € H(T") the kernel of the operator (1.4) has the form

 kolto, t)

k(to, t) = |t _ tola’

ko(to,t) € H(P X F),O <a<l.

In case 0 # o/(t) € C(T") the operator is a completely continuous operator in the
space Ly(T, p), p > 1, p(t) = [Ty [t — e, th € T, =1 < vy < p — 1, (see [57],
[58]).

18.2 Linear conjugation with displacement in case of contin-
uous coefficients

Let I'x(k = 1,2) be a simple smooth curve bounding finite and infinite domains
DZ‘ and D, on the plane of the complex variable z = z + iy.

Consider the following boundary problem.

Find a vector ¢(z) = (@1, ,¢n) € Ef(I'1,T2) satisfying the boundary con-
dition

e la(t)] = alt)e () +b(t) (2.1)

almost everywhere on T'; where a(¢) is a given continuous non-singular quadratic
matrix of order n; b(t) = (b1, -, by,) is a given vector on I of the class L,(T'1),p >
1, a(t) is a function mapping I'; onto the I's in one-to-one manner keeping the ori-
entation; a(t) has non-zero continuous derivative o/(t). We call a quadratic matrix
of order n the canonical matrix of the boundary problem (2.1), if the following
properties hold:

1) x(2),x"!(2) € Ex(T1,T2),

2) satisfies the homogeneous boundary condition

X la@®)] =x"(t), tely;

3) has a normal form at infinity along the columns.

We call the orders at infinity of the columns of the canonical matrix taken with
opposite sign by the partial indices and the sum of the partial indices by the index
(cf. 19.1).
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It is easy to see that if the boundary problem (2.5) is solvable in E:O(I‘l, I's)
then the solution admits the following representation (cf. [136]):

_ L[ plbdt

2mi Jp, t—2

1 /F a[SOIRBOL +F) ), -, ¢ pit

t—=z

90(2) = y 2 € Dl_a ‘LL(t) € L;D(Fl)v

w(2) = 211

where §(t) is an inverse function to a(t).
From the boundary condition (2.5) we obtain that the vector u(t) will satisty
the following equation

K@= [ SOZXar My = i), w0 e T

™ t— to
M(a)p = %/F k(to, t)a(t)u(t)dt, (2.3)
b(to) = Ib = b(to) — %/F i(f)fj —/F k(to, t)b(t)dt.

The operator M (a) is a completely continuous linear operator in L, (T, p), I is
a linear bounded operator in L, (T, p).
The solvability conditions of the problem (2.5) in L,(I';) have the form

/ b(t)o(t)dt = 0, (2.4)
Iy
where v(t) € Ly(T'1)(¢ = p/p — 1) is an arbitrary solution of adjoint homogeneous
equation
1 a'(t) + d(to) a’(to)
K’ =—— | —————{)dt+ ——= [ K'(t,to)v(t)dt =0. 2.5
@ = [ HEEE - S [ ko (25)

The condition (2.8) we may rewrite in the following form

/ B(OA(t)dt = 0;
Iy

W [ ot 20
a v(T1)aty
M) = o(t) + 2 /F ESOE
The condition (2.6) is equivalent to the condition
b[B()] (t)dt = 0, (2.7)

Iy

where 9(z) is an arbitrary solution of the class E;%O (T'1,T2) of the homogeneous
problem

o (Y [a(t)] = [a’(H)] Y7 (1), teTL. (2.8)
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Consider the boundary problem (2.5) for a(t) = I (I is an unit matrix). In this
case the problem (2.12) takes the form

o (YT a®) = (t), tely. (2.9)

Let us show that the problem (2.13) has the only trivial solution in any class
E,(I1,Ty).

It is sufficient to consider the case n = 1. Denote by F(z) and F~(z) the
primitive functions of the functions ¥ (z) and %~ (z) in the domains DJ and
D7 respectively (by virtue of the equality / 1~ (t)dt = 0 the primitive F~(z)

Iy
is singlevalued in D;). These primitives are continuous in closed domains and

absolutely continuous on I'y and I'; with respect to the arc [55], [118].
From (2.9) we have

Ffla=(t)]=F(t), tel.

From the last equality by the lemma 18.2.2 we obtain that F(z) = const and
(z) = 0. Consequently the boundary problem (1.1) for a(t) = I is solvable for a
certain vector b(t) € L,(T'1)(p > 1) in E;O(Fl,Fg).

Now show that the equation (2.1) in case a = 1 has the only trivial solution in
L,(T'1)(p > 1). Let v € Ly(T'1) be a solution of this equation.

Consider the vector
1 t)dt
L / olt)dt 2e Dy
2mi Jp, t—2

) 1 BB
% /VF2 7t — 5 z € D;’_

N(z) (2.10)

From (2.10) we have
d(t)NTa®t)] =N—(t), teTly, N(z)=0.
Therefore, there exists the vector ¢(z) € E;O(Fl, I's) such, that
u(t) =q"(t), tely, BOYBEH)] =q (t), teT:.

It follows from the last relations, that

BB = f(t), teTs,
f(z)=0, v(t)=0.

Remarking that the index of the operator K(I) is equal to zero for any space
L,(T),(p > 1), we get, that the operators K (I) and K'(I) are invertible in space
L,(T'1) and also in every space L,(I'.p).

So we get the following proposition
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Theorem 18.2.1 The boundary problems

#Ho(t)] = 9~ ()+b(0), @*lalt)] = e (0 +b0), el

have the solution (unique) in E,o(I'1,T2) for every b(t) € L,(T'1),p > 1.
Remark The solution of the boundary problem

pHla®)] = ¢~ (1) +b(t), tET1,
may be constructed also by the following way (see. [81], [84]).

We look for the solution in the class E;%O(Fl, I's, p) of the following form:

W)—L/F e

- 2mi t—=z 511
(Z)—L/ plt)dt z €Dy o
T o Jo -2 L

We obtain the Fredholm integral equation with respect to the function u(t) €
LP(Fla p)

Ru= ptto) = 5 [ Klto.tya(tyde = bit).

Let us show, that the equation Ry = 0 has the only trivial solution. Let po(t) be
a solution of this equation; construct the function pg(z) of the class E:O(I‘l, Is, p)
by the formulas (2.11).
We obtain
oo [a(t)] = g (1), tET.
Therefore ¢o(z) = 0. Then from the formulas (2.15) we have pu(t) = S*(¢),t €
Ty, u[B(t)] = S™(t),t € T2, 8% (2) € Ex(D),S™(2) € Ex(D™) . Since

STB)] = S7(t), teTly,

we get S = 0, uo = 0. Because of why the equation Ry = b is solvable (by the only
possible way ) for any b(t) € L,(T, p) and the operator R has an inverse operator.
Substituting ;1 = R~'b in the formulas (2.11), we obtain

¢~ (t) = Lib, ¢* = Lob.

where Ly, Ly are linear bounded operators in the spaces L,(I'1, p1) and L, (T2, p2), p2 =
[T, |t — a(ty)|”* respectively.
Consider the solution of the boundary problem

o (etlat)) =9 (#)+1, teTy, (2.12)
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in E:O(I‘l,Fg),p > 1. Denote by w'(z)[w™(2)] the primitive of the function
¢*(2)l¢~(2) + 1] in D3 [Dy].
We may choose the primitives such that

wha®)] =w (t), tely.

wT(2) and w™(z) are Holder-continuous in closures E; and D; (with an exponent
arbitrarily close to 1) and are absolutely continuous on I'; and I'y with respect to
the arc (see [55], [118]). By virtue of lemma 18.1.1,w™(z) and w™(z) are schlicht
in 3; and D, .

If in addition we require that the derivative o’ (¢) satisfies the Holder-condition,
then the solution of the problem (2.16) of any class E;O(I‘l, I') as it is easy to see
will be Hélder-continuous in the closures E; and D; and hence the derivatives
dw™ (2)/dz,dw™ (z)/dz will be also Hélder-continuous in these closures.

Thus the following theorem is proved.

Theorem 18.2.2 Let I'1,I's be a simple closed smooth curves, D,j(D,;) s a
domain lying inside (outside) Ty, a(t) is a function mapping T'1 onto 'y in one-to-
one manner keeping the orientation, a(t) has non-zero continuous derivative o/ (t).
There exists the solution of the boundary problem

wha@®)] =w (t), tely (2.13)

having the following properties: w™(z)(w™(2)) is continuous and schlicht function
in ﬁ;(ﬁ;),uﬂ‘(z) is a holomorphic function in D ,w™(z) has the form

w(2) =z +wq (2),

where wy (2) is holomorphic in DT, the curves w™ (I's) and w™(T'1) are simple closed
rectifiable curves, if additionally is required that o (t) satisfies Holder-condition,
then wt (L), w™ (T'1) will be smooth curves.

The following proposition holds.

Lemma 18.2.1 Let p be any number more then 2.
It can be found such e(p) > 0 that if

lla = I < e,
then the boundary problem
et lat)] = alt)e™(t)

has the solution x(z) € Ef (I'1,T2) with the property x~'(z) € EF(T'1,T3).
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Take ¢ small as much as the operators K(a) and K(a ') have the inverse
operators in L,(I';) and using them we construct the solutions of the boundary
problems

e a(t)] = a(t)p™(t) + a(?t),
YHla(t)] = [a' ()] () + [/ (H)] 7, tel (2.14)

in the class E;)E(Fl, Is).
From the equalities (2.18) we have

V(2)p(z) =1, z€ Dy, [¥'(2) +1)[¢'(2) + 1], z € (D1).

These equalities show that the desired solution exists.
By virtue of the last lemma one can prove the following proposition.

Lemma 18.2.2 All solutions of the problem

" (1)) = a(t)p™ (t) (2.15)

of the class B (T'1,Ts), where X is an arbitrary number more then 1, a(t) is an
arbitrary continuous non-singular matriz, belongs to the class EZ (T'1,T3).

Rewrite (2.15) in the following form
pFlat)] = at)r()e™ (1), ao=ar™, (2.16)

where r is a rational matrix chosen such that ||ao—I||. < e(p), p > 2, p > A/(A—1);
£(p) is number mentioned in Lemma 18.2.1 By this lemma there exists the matrix
Xo(z) such that

xo(2)xo ' (2) € B, (T1,T2), x¢[e(t)] = ao(t)x ™ (t), t €Ty,

We may rewrite (2.20) in the following form

()} etla®)] = o] rt)e(t), teTy

or using the function w(t), constructed above, we get

Ot M1 et ot (0] = (g i (01} rler e lwr (7)), (2.17)

where wf and wy are the functions inverse of the functions w* and w™; the equality

-1

is valid almost everywhere along the simple closed rectifiable curve v : r = w(t),
t € T'1. Denote by Dt and D~ the domains bounded by ~.

Asw'(z) € Ex(DY) for every ), it is easy to check, that p* [wi (¢)] € Ex_c(DV),
where ¢ is an arbitrary small positive number and

(o @D et () € Ev(DY). (2.18)
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We may set analogously, that
_ ¢ (9

Dl (O et Ol [ (O = B

where @] (¢) € E1(D7), P1(¢) is some polynomial having no zeros on «y, and P5(¢)
is also a polynomial vector. From the last relations it implies that

p(2) = x0(2)Rlw(2)], z € Dy, ¢(2) =r(2)xo(2)Rlw(2)], z € Dy,

where R(C) is a vector, components of which are rational functions and so ¢(z) €
E;,t (I'1,T'y). Since we may take p as large as desired, then ¢ € EL (I'y,T'p).
By virtue of Lemmas 18.2.1 and 18.2.2 we conclude, that if the norm of the

+ (), £ D, (2.19)

difference a(t) — I is sufficiently small then for the boundary problem there exists
the canonical matrix.
Having established this fact we may prove the following proposition.

Theorem 18.2.3 There exists a canonical matrix for the boundary problem (2.5)
for every continuous non-singular matriz a(t).

First choose the rational matrix r(¢) such that for the matrix ag(t) = a(t)r(t)
there exists a canonical matrix; denote it by xo(2).
Then construct the matrix

_ XO(Z)R[W(Z)L z € D;’_a
“”‘{mwm@RW@LzeDu (2.20)

where R(&) is correspondingly chosen rational matrix. R[w(z)] will liquidate the
zeros of det r(z) in Dy and the poles in the same domain; moreover, it will give
the normal form to x(z) at infinity with respect to the columns; such matrix exists
[108]. The formula (2.16) gives one of the canonical matrices.

If x(2) is one of the canonical matrices of the problem (2.5) then all canonical
matrices of this problem are given by the formula

x(2)Plw(z)],

where P({) is a polynomial with non-zero constant determinant which is con-
structed by the special way [see [136] §5)].
The following statement holds:

Theorem 18.2.4 All solutions of the class E;,E(IH,FQ) of the problem (2.5) are
given by the formula

p(2) = x(2)po(2) + P(w(2))], (2.21)
where x(z) is a canonical matriz, P(z) is an arbitrary polynomial vector, po(z) is
a solution of the class E;:)Es,o (T'1,T2) (e is a small positive number) of the boundary
problem

oo [a(t)] = @y (t) +bo(t), t €Ty,
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—1
bo(t) = {x"la(®)]}  b(t); (2.22)
the solutions vanishing at infinity are given by the same formula (2.25) in which
P(C) = (P;nfl(g)a e aP%,Lfl(C));

3 = -+ = s, are the partial indices of the problem (2.5), Pj(¢) denotes an arbi-
trary polynomial of order j, P;(¢) = 0 if j < 0. If all partial indices are non-negative
then such solutions exist for every b(t) € Ly(T'1); if

0>%s+1>"'>%n-

then the vector b(t) will satisfy the condition (2.10), which we may write in the
form

/ tkp?(t)dt:()v j=s+1l,-,n k=0, 7|%j| -1, (223)
ry
where the vector (p9,---,p0) = po is a solution of the equation K(I)py = by
(or po = L1bo).

Proof Let ¢.(z) be some solution of the homogeneous problem of the class
E;)t (T'1,T2), then the vector

e1(2) = X1 (2)px(2)
will belong to the class EX(I'y,T'2), 1 < s < p and
prla(t)] = ¢y (1), tel.

From the last equality it follows that
+ o —_
@3 (1) =3 (1), TEN,

where 3 (¢) = p1lwt(Q)], ¢ € DT, 95 (Q) = pa2lwi (O ¢ € D7, 92(Q) € ES(v),
1 < s1 < p; and so

p2(¢) = P(C),

where P(¢) is an arbitrary polynomial vector

Now show, that non-homogeneous boundary problem is solvable for b(t) €
L,(T'y) in the class Epi(f‘l, Is).

Choose the rational matrix r(z) in such a way that ||ag(¢) — I will be small
(ag(t) = a(t)r~1(t)) and consider the boundary problem

O a(t)] = ao(t)y~ () + b(t), t €Ty.
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This problem is solvable in the class E:O(I‘l, I') if the above mentioned norm
is sufficiently small.
A vector of the form

satisfies the boundary condition (2.5).
Consider the following vector

¥(¢) = X fwr (Olrler (Ol¥lwr (€))

in the domain D~ and denote by Ry(¢) (kK =1,---,m) the principal parts of this
vector for the singular points ( (or poles) different from the point z = co. Then
the vector

W(C) + RQ). R(Q) =~ Ril¢)
k=1
will not have poles in the domain D~ (except possibly the point z = 00); the vector

r(2)P(2) + x(2) Rlw(2)]

will not have poles in D~ (except possible the point z = c0); the vector

p(2) = ¢(2) + x(2) Rlw(z)] (2.24)

will be a solution of the problem (2.5) of the class E;(I'1,T'z). On the other hand
from the boundary condition (2.1) we have

wola(t)] = @o(t) + bo(t),
where
vo(2) = x(2)e(2),
bo(t) = {xT[a(®)]} b7 (t) € Ly, (T1); 1<p1 <p.

It is evident, that the vector

px(2) = x(2)¢0(2) (2.25)

is a solution of the problem (2.1) of the class E (I'1,T'2), 1 < p2 < p.
The difference between the vector defined by the formulas (2.24) and (2.25)

p«(2) — p(2)

is a vector of the class E;E(I‘l, I';) and satisfies the homogeneous boundary con-
dition; so ¢.(z) = ¢(z) + x(2)Q(w(z)), @ is a polynomial vector, the vector
¢«(2) € EFf(I'1,T2) and the formula (2.21) gives us the general solution of the
problem (2.5) of the class E;f(I'1,I'z). Other statements of the theorem we may
obtain from the formulas (2.21) by the well-known way (see [136] §5)

The following lemma we need in the sequel.
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Lemma 18.2.3 Let ¢, € Ty, k = 1,2. For the function w(z) the following relations
are valid

wH(2) —wh(c2) = (2 — 2)Q(2), 2z € DY,
w () —w (a)=(2—c1)Q (2), z€ Dy, (2.26)
O (2),1/Q%(2) € Ex(Dy), Q7 (2),1/Q7(2) € Ewo(Dy).

Proof From the boundary condition

wHa(t)] =w (1), (2.27)

we have

QF[a(t)] = h(@t)Q (t), t €Ty, (2.28)
where QF(2) are defined by the formula (2.30), c2 = a(c1),

t—Cl

M0 = 0 o)

h(t) is a continuous function with the index 0.
We have from (2.28), taking into account the equality Q™ (c0) = 1,

Q(z) = x(2), (2.29)
where x(z) is a canonical function of the problem
X a(t)] = h(t)x™(®).

The equality (2.29) proves the validity of the lemma.

18.3 Linear conjugation with displacement in case of piece-
wise continuous coefficients

In this section preserving the above mentioned notations, we consider the problem
ot [a(t)] = a(t)p™ (t) +b(t),t € Ty, (3.1)
but we shall assume that a(t) is a piecewise-continuous matrix
inf |det a(t)| > 0,

b(t) € Lpy(T'1,T2,p) p>1, p(t) = [Tyt —to]”™, te € T1, =1 < v < p—1, the set
{tx} contains all points of discontinuity of the matrix a(t).

Begin with the consideration of the case n = 1 and first consider the homoge-
neous problem

prlat)] = a(t)e™ (t),a(t) € Co(Tr,cr, - m). (3.2)
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Make the substitution

IIX" ,ZEADQ,
m —_
z) = HXk(Z)‘I’(Z), z € Dy, (3.3)
1 Tk 2= Cg Tk +
Xi(2) = [z —ale)]™, xx(z) = , 20 € DT,
zZ— 20
a(cy —0)
- L =2 ) 1< Rery, €0,
Tk = gpy Mk Ak alcg +0)’ ok

X3 (z) is a single-valued branch, defined on the whole plane cut along the curve
I, which connects the point «(k) with the point co and lies in Dj, xx(2) is a
singlevalued branch, defined on the whole plane, cut along the curve [}, which
connects the point zy with the point ¢ and lies in D1 , Xk(00) = 1.

With respect to ®(z) we obtain the following boundary condition

O la(t)] = g(t)@ (t),t € Ty, (3.4)

() (Hxaa(t») [Txi®=a®)]] ¢~ 20) ”‘H< t:ffc,g)k’
k=1 k=1

k=1 k=1

g(t) is a continuous function, g(t) # 0.

Let A(z) be a canonical function of the problem (3.4), A(z),A"!(z) € EL
(T, Ty).

Consider the function xo(z) constructed by the formula (3.2)

z)ka(z), z € DY,
k=1

m
Z)ka(z), z € Dy
k=1

It is evident, that x,'(2) € EX(T'1,Ts), xo0(2) € Ef(I'1,T2) for some A > 1.
Any solutions of the problem (3.35) of the class EX(T'1,T'2), s > 1 has the form

p(2) = x0(2)Qw(2)];

Xo(2) =

where @)(z) is some polynomial. By virtue of the lemma 18.2.3 and applying the
scheme of proving the theorem 18.2.3 we obtain the theorem analogous to this
theorem.
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Theorem 18.3.1 Let ux, = |ReTy|. If uxp = 1 4 vy for some k then the canonical
function of the corresponding class doesn’t exist. If ppp # 1+ v,k = 1,--- ,m
then the canonical function of the class E;,t(Fl,Fg,p) exists and is defined by the
formula

x(2) = xo(2)Qw(2)]; (3.5)

where

Q) = [z - w (@™,

k=1
1
]-7 Zf e > _;Vka
07 Zf 1225 < p )

the index of the class Epi(Fl,Fg,p) of the problem (3.2) is given by the formula
s =indg(t) — >y, mi or by the formula

= 1 argm& , (3.7)

271, I] (t = z)
k=1 r

v
k,(i.e. sg=Tk), 0 < Resp < 1, if

1 1
where s, = T)\k, —1 < Resg <0, if up, < +
T

1+, .
W > k (i.e sk = T+1)
On the basis of the formulas (3.5),(3.6) it is easy to see thatl the following

proposition is valid

Lemma 18.3.1 Let x(z) be a canonical function of some class Epi(Fl,Fg,p).
Then the operators {x[a(t)]}~1b(t) and [x~(t)]~*b(t) are the linear bounded op-
erators from the space L,(T'1, p) into the space L.(I'1) for some r > 1.

Consider now the non-homogeneous problem

e la(t)] = alt)e™ (t) +b(t),t € Ty, (3-8)

b(t) € Lp(T1,p), p(t) = [ 1t —tl**
k=1

and make the substitution (3.3), subordinating Rery by the following restriction
1+ 1+

< Rer, <1— . (3.9)
p p

We obtain the following problem

O [a(t)] = g()@~ () + f (1),
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ft) = b(t) (Hxiﬁﬂ) = b(t) <a(t)HXk(t)> : (3.10)
k=1 k=1

f@t) € Ly(T1,p1), p1= H|t — ck|”’1, l/]i = agp + Vi, ar = Rery.
k=1
We look for the solution of this problem in Eff (T'1,T9, p).
Take the rational function R(z) such that

lg(t) = R(B)llc <e,

where € is a sufficiently small positive number.
Construct the sequence of the functions ®,,(z) as follows: ®,,41(2) is a solution
of the class E,jt (T'1,T3, p) of the following problem

O[] = @y (1) = b (1)t €T,

go(t) = g()R™'(t) = 1, bu(t) = go(t) @, (1) + f(1), g (t) = 0.
Convergence of this sequence for sufficiently small € one can prove similarly as

the convergence of the sequence (3.21) from section 19.3 the limit function will
satisfy the boundary condition

®F[a(2)] = gR™IO () + f(2).
The boundary values of the function

B D(2), z € D;r,
ole) = { R(:)®(:), =€ D,

will satisfy the boundary condition (3.10). Since the problem (3.10) has a canon-
ical function of the class E;E(I‘hfg,p)then it is solvable in this class for any
f(t) € Ly(T, p) and the considered problem is solvable in Eff (T'1, T, p) for any func-
tion b(t) € Ly(T'1,p). Consequently, the expressions x~ (to)L1[(x T (a(t)))~1b(¢)],
X~ (to)L1[(x"1(t))~tb(t)], are the linear bounded operators in L,(T, p).

Consider now the following problem

ot[a(t)] = a(t)p™ (t) +b(t), t €Ty, (3.11)

where a(t) is a triangular piecewise-continuous matrix a = (a;t), e = 0 , when
i < k, inf |det a(t)| > 0,b(t) € Lp(I'1, p). Denote the discontinuity points of the

function a;(t),s = 1,---,n , by ¢1,-+-,¢.. By p denote the parameter of the
function a;; in the point ¢ (k = 1,---,r). Assume that the inequalities
1+,

Foup, k=1, r i=1-,n (3.12)
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are fulfilled.

Let us show that there exists the canonical matrix for the problem (3.11) of the
corresponding class.

It is evident that when the inequalities (3.12) are fulfilled, then every function a;
has the canonical function of the class Epi(I‘l, Iy, p); denote it by x;(A\). Consider
the triangular matrix x(z) = (xik), 4k =1, ,n; xik = 0, when i < k, xxr(z) =
Xk(z) and other elements are defined by the formulas

s—1
Xo1 = X5 L1 [fSZasiXﬂ] . S=2,--,m,

i=1

s—1

- - - 3.13

XSQZXS‘Cl lfszasiXiQ]a s=3,---,n, ( )
=2

Xnn—1= X;El[fnan,n+1Xv_L—1,n—1]a fo={xIla@)}

It is clear that the constructed matrix belongs to the class E;)t (T'1,T9, p) and

xFat)] =a(t)x (t), t€Ty. (3.14)

Construct now the analogous matrix y.(z) for the matrix [o/(t)a’(t)] ! of the
class EX(T'1, T, p' %)

X o) = [o (t)a’ ()]~ x5 (1), tET.

We have
o/ (X)X T la®)] = X (6)x (1) (3.15)

Integrating this equality , we get
X()[Oé(t)] = X(; (t)v te Flv

where xo(z) is a primitive for x’(2)x(z). Therefore

where P is a polynomial matrix and
X2 (2)x(2) = W'(2)Qw(2)], Q(2) = dP(z)/dz. (3.16)
From the equalities (3.15) and (3.16) we have
{w T la@D X la®)Ixla®)] = {w"~ O} X Ox (1) = Q™ (1))
It follows from the last equality, that

det Qw(z)] =1
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and thus x(z) has an inverse matrix of the class EX(I';, T2, p' %) and x is a normal
matrix of the class E;)t (T'1,T9,p) .

It is easy to see that the boundary problem (3.11) is solvable for any b(t) €
L,(T, p) and that’s why the operators

X~ (o)LL ()] 'o(0)}, x(to)L{[x™ (1] 7"b(1)}

are the linear bounded operators in L, (T, p).
Index of the problem (3.11) is equal to the sum of the indices of boundary
problems
pi o)) = ark(t) ey, (1), t €T,
Le. s =))_, 5, 7 is calculated by the formula (3.9) of chapter 19.1.

Now consider the problem in general case.
Represent the matrix a(t) as in chapter 1 in the following form

a(t) = a1 (t)A(t)az (D),

where a1 (t), az(t) are nonsingular continuous matrices, A(t) is a piecewise-continuous
triangular matrix, inf |det A(t)| > 0.
Take the rational matrices R;(z) and Ra(z) such that

a1 (t) — Ri(a(t))lc <&, lax(t) — Ra(t)|e <,
¢ is sufficiently small positive number.
Introduce the following notations
Ry (2)®(2) = p(2), z€ DJ, Ry(2)®(2) = p(z), z€ D7,
Ry a(®)]b(t) = bo(t),
We obtain
¢ a(t)] = At)e™ (1) + ao(t)p™ (t) + bo(t), t €T
It is clear that
sup |az(t)| < ce, ¢—1is a constant.

Consider a sequence of matrices of the class Epi(I‘l, I's, p), defined by the for-
mulas

Pmr1[0(t)] = M) 1 (1) + ao(t) o7, (1) + bo(t), t €T, g (1) =0,
P (to) = X (t0) La{[x™ (a(t)] ™ ao (t)py, (£) + bo(1)]},

where x(z) is a canonical matrix of the matrix A(t) of the class E(T'1, ', p). One
can prove the convergence of the sequence ¢,,(z) ; the limit matrix will satisfy the
boundary condition (cf.19.3).

¢t la(t)] = Ry a®]a(t) Ry ()™ (1) + Ry (a(t))b(?),
QO(Z) € Epi(rlaFQap)
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Thus the boundary values of the matrix

will satisfy the considered problem.
Behave similarly with the adjoint problem

UF[a(t)] = [o/ (t)a’ ()]0 (t) + 9(t),
g € Lq(l"l’plfq)’ \I/(Z) € E(:]t(rlvl_‘qulip)'

Substituting the matrix Ry and R, by the matrices R'l_1 and R/Q_l, in above
arguments, we construct the solution of the problem in the following form

) IRi(2)] ' Y(2), z€ DT,
V(z) = { Ry ()9 (2), seD .

Take now b = aRy'x~, g = [/d’|R,[x'"]~!. We have

()] = a(t)[@ (1) + Ry H(t)x~ (1),
a(t)UHa(t)] = [ ()] [T () + Ry(t) (X'~ (1) ).
It follows from these equalities, that
o/ ()Y fa®]e™ (1) = [~ () + (x= () le™ (&) + x ().
Integrating this equality we get
xFla®)] =x"(t), tely, (3.17)

where x(z) is a primitive matrix; it follows from (3.17) that

Reasoning similarly as in the above Section 17.3, we establish the existence of
a canonical matrix and obtain analogously to Theorem 17.3.2.:

Theorem 18.3.2 Let a(t) be a piecewise - continuous matriz with the discontinuity
points ty(k = 1,--- ,r),inf|det a(t)] > 0 and let \gj(k =1,--- ,r,j=1,---,n) be
the roots of the equation

det [a t(tx — 0)a(ty +0) — I] =0,

Wij = argAg;/2m, 0 < arghg; < 2.

If the inequalities
1+,

p

# Wkj
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are valid, then there exists the canonical matriz of the problem (3.11) of the class
E;)t (T'1,T, p); the index of this class is calculated by the formula

» = % {arg [H(t — 20)” 7*det a(t)] } ,
Iy

k=1

1
where o, = E;;l Pkjs Pkj = —%l”/\kﬁ

—1 < Repi; <0 when pr; < (1+w)/p,
0 < Repi; <1 when pg; > (14 wvi)/p.

All solutions of the class Epi(I‘l,I‘g,p) of the problem (3.11) are given by the for-
mula

D(z) = x(2)[wo(2) + Pw(2))]; (3.18)

where P is an arbitrary polynomial vector, po(2) is a solution of the class Eie,o (T,
T2)(e is a sufficiently small positive number) of the problem

w0 [a(t)] = ¢g () +bo(t), t €T, bo(t) = {xTla®)]} o).

The solutions vanishing at infinity are given by the same formula (3.18) in which
P=(Pyu_1, " ,Pu,—1), s > ---,> 5, are the positive indices of the problem
(3.11) of the class Ef(I'1, T2, p), P;(2) is an arbitrary polynomial of order j (P; =0
in the case j < 0). If all partial indices are non-negative, then vanishing solutions
exist for any b(t) € Ly(T'1,p); if 0 > 36541 > -+ > 3¢, then the vector b(t) will
satisfy the following conditions

/Ftkp;?(t)dtzo, k=0, | -1, j=s+1,---,n,
k

where the vector (p,---,p%) = po is a solution of the equation K (I)py = by of
the class Ly (T, p'~9) (or po = L1bo).
Note some properties of the solution of the problem (3.11).

Lemma 18.3.2 If [ is an arc of the curve I' not containing the discontinuity
points of a(t) and ®(2) is a solution of homogeneous problem (3.11) of some class
E;)E(I‘l,I‘g,p) then

O (1), DT [a(t)] € Loo(l).

In particular, for the canonical matriz of any class

X1, T € Loo(D).
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Proof Construct the matrix a(t) continuous and nonsingular on I'y which coin-
cides with the matrix a(t) on I. Let xo(t) be a canonical matrix for ag(t). Consider
the vector xy ' ®(2) = ®o(2). It is evident, that ®o(2) € E¥ (I'y,Ts) for some A > 1.
Then

o [0(t)] = [y (O] ar()@ (1), te T, (3.19)

ay zagla, a(t)=1, tel.

By changing of variables

the equality (3.19) turns into the equality
O [wi (1)] = Ixo (wi (M) arfwy (N)]@T Wi (7)), €.

On the arc Iy = w™(I) this equality has the form & [w] (7)] = ®; [w] (7)].
Thus
¢ [wi (7)] = g [wr (T)] = A7), T € lo,

A(7) is a holomorphic vector in the vicinity of the arc lo,
o (a(t) = 0 (1) = AW (1), tel

Consequently, ®, (t) is Holder-continuous on the arc I. Hence the following
lemma holds

Lemma 18.3.3 If in the problem a(t),b(t) and o/(t) € H(T'), then every solution
of (3.11) is a Hélder-continuous in the closures Dy and D, (except perhaps the
point z = 00).

Proof follows from the equality ®*[w] ()] = aw; (7)]®~ [wi (7)], where 7 is
smooth curve.

18.4 Boundary value problems with displacement containing
complex conjugate values of the desired functions
Consider the problem which contains the complex conjugate values of the desired

vector:
Find a vector

o(z) = (1, on) € FE(T, p),

satisfying the boundary condition

et lat)] = at)e™ (t) + b(t)e~ (t) + f (1), (4.1)
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on simple closed Liapunov curve I', where a(t), b(t) are given piecewise-continuous
(n x n)-matrices on T, inf |det a(t)] > 0, f(¢) is a given vector, f(t) € L,(T, p),
a(t) is a function, mapping I' onto I" in one-to-one manner keeping the orientation

i
0#d(t)e C(), p(t)=[[It—tsl*, th €T, =1 <wp<p—1, p>1,
k=1

F3=(T, p) denotes the subclass of the class EE(T), for which ¢~ (t) € L,(T, p).
We seek the solution of the problem (4.53) in the following form [81], [84]

¢<z>=%/rw, e Dt -
o) = po(2) + P(2), o(2) = s / wOd e p- |

) )

- 2mi
DT, D~ are domains, bounded by T', 3(¢) is an inverse function to «(t), P(z) is a
polynomial vector - the principal part of the vector ¢(z) at infinity.
In order to define the vector u(t) € L,(T', p) we obtain the following singular
integral equation

Lu=[I+ a(to)]u(to) + — + — [ k(to, t)u(t)dt

t—ty mJr

I- a(to)/u(t)dt 1
r

2w Jpt— 1t T

+b(to) [m T /F i)t | 1 /F k(to,t)mdt] = folto), (4.3)

folt) =2 [£(5) + a(®)P(t) + b()PD)|

=ty d -t

Ct—todtt—to

The Noetherity condition for the equation (4.3) in the space L,(T, p) is defined by
the matrix

ko(to,t)

G=S5"1D,

where S and D are block matrices:

I b a 0
=(oa) =i )

Index of the operator £, (of the class L,(I',p)) is equal to the index of the
matrix G(t) (of the class E= (T, p)).

Consider the following homogeneous problem:

Find a vector ¢(z) € Eij(I‘, p'~9) satisfying the boundary condition

Y7 (1) = o (O)d () [a()] + o' (8) 12 V(1) YFa(b)], (4.4)
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which we call the adjoint problem of the problem (4.1)
Suppose that the problem (4.1) is solvable for the given P(z) and compose the
following expression

Re/fo )0 (8) dt—Re/fo (09 () da(t)

=Re / {#71a(0)] = alt)eg () = bR (B) } ¥ [a(D)]da(?)

— Re / 25 () [0/ (D' (1) (at)+ 7 (8) B(0) ¥2 GF (a(h) )]t

~—Re [ g (00t =0

and hence for the problem (4.1) to be solvable it is necessary and sufficient the
fulfillment of the following condition

Re/fo D)ot (B)dt = 0 or Re/fo (Bt [a()]da(t) = 0, (4.5)

where ¢(z) is an arbitrary solution of the problem (4.4) of the class E;%O(F, pt9).
The equation (4.3) is solvable in L,(T, p) if and only if

Re /F Folt)wr(t)dt =0, (4.6)

where wy, (kK =1,---,1') is a complete system of linearly independent solutions of
the adjoint homogeneous equation

L'w =0 of the class Ly(T, p' 7).

It is clear, that we mean the linear independence over the real number field. The
conditions (4.6) will be fulfilled automatically if the vector fo(t) has the form

fo(t) = ™ [a(®)] — a(t)™ () — b(t)o~ (1),

where ¢(z) is an arbitrary vector of the class E;O(F, p).
From here it is easy to deduce that wy(t) will have the form

wi(t) = o/ ()] (a(t)),

the vector 1 (z) € E:O(F, pt~9) is the solution of the problem (4.4). Therefore,
the number [’ coincides with the number of linearly independent solutions of the
homogeneous equation (4.4) of the class E;t,o (T, p179); because of the uniqueness of
the representation the number of linearly independent solutions of the homogeneous
problem Lu = 0 (of Ly(T', p)) and the homogeneous problem of the problem (4.1)
(of E;O(I‘, p)) are also coinciding.

If we summarize these arguments then we get the following theorem.
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Theorem 18.4.1 The problem (4.1) is solvable if and only if

Re/ o) [a@®)]e/ ®)dt =0, k=1,---,.l,
T

where Yy (2)(k =1,---,1') is a complete system of linear independent solutions of
the homogeneous problem (4.4) of the class E;%O(F,pl_q);

=1 =3,

where | denotes the number of linear independent solutions of the homogeneous
problem (4.1) of the class E;O(F, p), > is the index of the operator Ly of the class

LP(Fv P)

Consider the set of following problems:
P laa®)] =a(t)p™(t), ten, (4.7)
y:t=1¢€? 0<6<27isa unit circle,
ax(t) = expliva(0)], va(0) =(1—XN)0+ X v(d), X e€][0,1],

v(0) =0, v(2r) =

v(0) is strongly increasing continuous function on | ,
"(0) = V/(27); a(t) is given

0, 27]
2m,v(0) has a continuous derivative v'(6) > 0, v/(0)
quadratic matrix of order n on ,

a(t) € Co(,c1,-++ ,cr), inf |det a(t)| > 0.

Denote by sla, ], k = 1,---,n the partial indices of the class E;,t (T, p) of
the problem (4.7); p(t) = [[}_y [t — k], —1<wvp <p-—1.
The sum of non-negative (non-positive) partial indices denote by

N*[a, /(N [a, \]).

We are looking for the solution of the problem (4.7) in the class E;)t (T, p) in the
following form

o(z) = L / Mdt, z€ DV, p(z) = L/ p(t)dt ze€ D™, (4.8)

T 2w t—z Tomi ), t—2"

where DV and D~ denote the domains |z] < 1 and |z| > 1, Bx(¢) is a function
inverse to a(t).
In order to define the vector u € L, (T, p) we get the following equation

I —af(tp) / wu(t)dt

Lap= 1 +a(t)ulto) + + My =0,

v t—f,o

1 A 1
M,\/.L B e 5 |:a)\(t)i()é)\(t0) t—t0:| /.L(t)dt.
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The operator M) is completely continuous operator in any space Ly(7v, p). The
operator K is the Noetherian operator in the specific spaces L,(7, p) , for which
p > 1 and v will satisfy the condition

1+,
p

# Wik, (4.10)

where the numbers p;y, are defined by the matrix a(t) (see, 19.4). We assume that
the conditions (4.10) are fulfilled. It is possible to rewrite the operator M) in the

following form
2m

1 |
Myp=5 [ M(0,0,\) (") db,
0
M(9079,>\) = [ctgw + Z] 1/3\(9) _ Ctga _290 _

The function M (g, 6, A) is defined on [0,1] with respect to A, however we may
consider this function as the analytic function in some domain D) which contains
this segment. Therefore, £y is linear bounded operator in the space L,(7,p);
analytically depending on A; Ly will be Noetherian operator for all A € D). Hence,
the equation (4.9) has the same number of linear independent solutions in L,(v, p)
for all A € D)\ D), where D} C Dy is the isolated set [36, 75]. The intersection D}N
[0,1] will be either empty or finite set; the number of linear independent solutions
of the equation (4.9) in the case A € [0, 1] is bounded, so that N*[a, \], N~ [a, \]
and the partial indices s [a, A] are bounded.

Let the maximal partial index s, [a, ] takes the values 11 and 12 on two infinite
subsets Fy and Es of the segment [0,1], 71 < 72.

Consider the matrix a1 (t) = t"a(t); we get:

%1[&1)\] = 0,/\ S El,%l[al,)\] =12 —771,/\ € Es,

N+[a1,/\] =O,A€E1,N+[a1,/\] >’I72—’I71,/\EE2 N2 — M1 =0.

Carrying out the analogous arguments with respect to other partial indices. We
obtain the following theorem.

Theorem 18.4.2 The partial indices »]a, A] are constant values for all A € [0, 1]
except the points of some finite set.

Consider the set of the following problems:
¢lan(t)] = alt)p™ (t) + b(t)p~ ().t € 7, (4.11)

where a(t), a)(t) satisfy the conditions mentioned in above item, b(t) is an arbitrary
piecewise-continuous matrix, ®(z) is desired vector of the class E;O(F, p).
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We seek the solution of the problem (4.63) in the following form

@(z)z%/%, z€ DT, ga(z)zi/ (>dt ,z€D™. (4.12)

g t—2z

We get the following equation with respect to u € Ly (7, p)

I —a(to) / w(t)dt

T t—to

+b(t0)l (t0)+2i/ e —/k:o o, ) ] —0. (413)

Together with this equation consider the following equation

[T+ a(to)] p(to) + + Myu

Alto)Qto) + Bg“ / ?(j)it L NQ =0, (4.14)

where () is a desired 2n-dimensional vector,

I+a, b ([ I—a, b
A< b, I+a>’B( —b, a—I)’

NAQ = i_/N(to,t,\)Q(t)dt,
e v

v () w2
__ A 1 B
N12 o Oé)\(t) i Q) (to) N t — tO’ N12 - b(to)k‘o(tovt),
Nay = —b(to)[ko(to, ) + 2 ko(to, 1)),
New = [l — Dholtor )~ =+ ) s

If the vector v = (p1, -, ftn) € Lp(7, p) is a solution of the equation (4.13),
then the vector Q = (u1,- -+, ftn, i1, -+ , fin) is a solution of the equation (4.14)
and if Q@ = (Q1,---,Q2,) € Lp(y,p) is a solution of the equation (4.14), then
= (1 + i1, + Q2y) is a solution of the equation (4.13).

Carrying out the arguments analogous to 18.4.2, we obtain the following theo-
rem

Theorem 18.4.3 The number of linear independent solutions (over the real num-
ber field) of the problem (4.11) of the class Epi(I‘,p) is constant for all A € [0, 1]
except perhaps the points of some finite set.
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As it was mentioned in the introduction the systematic researches in the theory
of linear conjugation with displacement for analytic functions has been started af-
ter the appearance of works of Kveselava [81]-[84]. At present numerous researches
concerning of many aspects of this theory are published. Referring only to works
[21], [38], [141], [143], [62], [123], [82], [31], note that the main part of these re-
searches are reflected in the monographs [136], [45], [88], [105], [108], in the survey
papers [141], [88], [142] and in [30] is given the survey of works concerning the
problems of linear conjugation with displacement on Riemann surfaces.

In the recent years many researches were published, but among them we refer
to the following works [2], [20]- [25], [66]-[67], [86], [87], [128], [129].

Application of the problems of linear conjugation with displacement in the
theory of elasticity one can find in [9], [10], [94], [126]-[127].

In this chapter there were used the works of the author [95], [99], [100] and also
[101], [102].

In the present book we do not consider the closely related problem of singular
integral equations with shift; in this connection we shall indicate only some works
[133], [136], [61], [69], [77], [78], [80], [29] and shall note, that the corresponding
references one may find in the monographs [88], [66], and in the survey paper [70].



Chapter 19

Linear Conjugation with Displacement for
Generalized Analytic Functions and

Vectors

by Giorgi F. Manjavidze

19.1 Definitions and notations

In the theory of generalized analytic functions the following integral operators

e na-L %

play an important role, where D is some domain in the z—plane, z = x + iy, and

f(¢) is a function of the class L,(D),p > 1. The main properties of the operators
T,1II are the following.
The generalized derivatives satisfy

O:Tf=f, 9:.Tf=1If.

If D is a bounded domain, then T f is a linear completely continuous operator
from the space L,(D),p > 2, into the space H*(D),a = (p — 2)/p.

If the boundary I' of D is the union of a finite number of piecewise-smooth
contours, then the operator 7 is a linear bounded operator from L,(D),1 < p < 2,
into L;(T"),1 < j <p/(2 —p).

Let D € H™ f(z) € H™(D),0 < o < 1,m > 0. Then T'f € H™ (D), 0,Tf =
IIf € H™(D).

IIf is a linear bounded operator in the spaces H*(D) and L,(D),p > 1.

Let ¢(z) be a measurable bounded function in the whole plane C, |g(2)| < go <
1,q(2) = 0 in a neighborhood of z = oo, and let f be a solution of the equation

f—dlf =q
belonging to the class L,(C),p > 2. Then the function

w(z)=2z+Tf
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is a fundamental homeomorphism of the Beltrami equation
Ozw — q(z)0,w = 0.

These and other properties of the operators T" and II are formulated and proved
in the monograph [139].

A vector w(z) = (wy, - ,wy) is called a generalized analytic vector in the
domain D if it is a solution of an elliptic system of the form

Ozw — Q(z)0,w + A(z)w + B(z)w = 0, (1.1)

where A(z), B(z) are given quadratic matrices of order n of the class Ly, (D), po > 2,
and Q(z) is a matrix of the following special form: it is quasidiagonal and every
block Q" = (¢},) is a lower (upper) triangular matrix satisfying the conditions

=" =Gpom, =4 "< q <1,
G = iysprs (E+s<nk+s<n).

Moreover, we suppose Q(z) € WZ}(C),p > 2, and Q(z) = 0 outside of some
circle.
The equation

Ozw — 0,(Q'w) — A'(2)w — B'(z)w =0 (1.2)

is called conjugate to the equation (1.1), an accent’ denotes a transposition of a

matrix.
If A(z) = B(z) =0, the equation (1.1) and (1.2) passes into

Ozw — Q(2)w, =0, (1.3)

Ozw — 0,(Q'w) = 0. (1.4)
Solutions of the equation (1.3) are called Q— holomorphic vectors.
The equation (1.3) has a solution of the form
C(2) =2+ Tw, (1.5)
where I is the unit matrix and w(z) is a solution of the equation
w(z) + Q2w = Q(2)

belonging to L,(C),p > 2.

The solution (1.5) of the equation (1.3) is analogous to the fundamental home-
omorphism of the Beltrami equation.

The matrix

V(t,z) = 0.C)[C(E) — (=) (1.6)
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is called the generalized Cauchy Kernel for the equation (1.3) and the following
assertions are true [23], [110]:

1 t—z17"  Ri(t,2)
Ve = [rree)

1 t—21""  Rot,z
Vit2) = — [I—f—Q(z)t_ ] |t2_( Z|a), <1,
Ri(t,z), Ra(t,z) € HCxC), R—1(z,2) =0,
const
: < .
|‘/1k(t7z)| X |t —Z|

Next consider a generalized Cauchy-type integral defined by the matrix (1.6)

B(z) = /F V{t, 2)dotu(t), (1.7)

- 211

where T is a closed simple smooth curve, u(t) € L1 (T") and
dot = Idt + Q(t)dt.

If the density p(t) in (1.7) is Holder-continuous on T, the integral (1.7) is Holder-
continuous in D and D~ (DT and D~ are the domains bounded by T'); the
boundary values of ® on I' are given by

E(t) = i%u(t) + %/FV(T, HdoTu(T). (1.8)

If u(t) € Lp(I"),p > 1, then the formulas (1.8) are fulfilled almost everywhere
on I, provided ®* are now understood as angular boundary values of the vector
®(z). The analogies of the integral operators T" and TI,

@) =~ [[ Vi),
D

@ == [[ovie s
D

play an important role while studying generalized analytic vectors.

Let @ € H*(C). Then (T f)is a completely continuous operator from L,(D),p>
2, into H*(D), o« = min{ayg, (p — 2)/p}. (see [103], [112]). Moreover the operator
IT is a linear bounded operator from L, (D) in L,(D), and the relations

(0: —Qo.)Tf = f, 0.Tf=1Iif (1.10)
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are true.
Using @Q— holomorphic vectors, generalized analytic vectors can be represented
as follows (see [23])

+/D/I‘1(z,t) dat-i-//rz 2, 6)®(t) ﬁ; crwr(2),  (1.11)

where ®(z) is a Q— holomorphic vector, and wy(z)(k = 1,---,N) is a complete
system of linearly independent solutions of the Fredholm equation

Kw = w(t ——// (t, 2)[A(t)w(t) + B#)w(D]dor = 0.

the wy(z) turn out to be continuous vectors in the whole plane vanishing at infinity,
and the ¢i’s are arbitrary real constants; the kernels T'y(z,t) and (2, t), finally,
satisfy the system of the integral equations

I (z, t)—|— V t,z) // 7, 2)[A(T)T1 (7, 1) + B(1)T(7, t)do,

(1.12)

where the vg(2) € L,(D)(k = 1,---,N) form a system of linearly independent
solutions of the Fredholm integral equation

Z)//mv(t)dat+3' //v v(t)doy = 0.
D

In the formulas (1.12) curly bracket {v, w} means a diagonal product of the vectors

v and w: {v,w} is a quadratic matrix of order n, whose elements {v,w};; are
defined by {v,w}i = viwg, i, k=1,---,n

Notice that in formula (1.11) ®(z) is not an arbitrary Q— holomorphic vector.
It has to satisfy the conditions

Re /D/‘I)(z)vk(z)daz =0, k=1,---,N. (1.13)
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Finally it should be mentioned that, generally speaking, the Liouville theorem
is not true for solutions of (1.1) . This explains the appearance of the constants cj,
in the representation formula (1.11) and the fact that the condition (1.13)has to
be satisfied (cf [23] and [49]).

19.2 Relation between linear conjugation with displacement
and generalized analytic functions

In the present section we shall set the relation between the problem of linear conju-
gation with displacement and the theory of generalized analytic functions, this will
give us the possibility to consider the problem of linear conjugation in somehow
different formulation.

Let I'; and I'y be the Liapunov curves, a(t) is a function mapping I'1 onto I'y in
one-to-one manner preserving the orientation, a(t(s)) is an absolutely continuous
function, M > |o/(t)| = m > 0 (M, m are constants) a(t), b(t) are given matrices of

1
the class H*(T'1) | p > 3) a(t) is a nonsingular quadratic matrix of order n, b(t) is

a (n x1)— matrix; we have to find a piecewise-holomorphic matrix ¢(z), having the
finite order at infinity, ¢ ™ (t), ¢~ (t) € H(T) and satisfying the boundary condition

ot[a(t)] = a(t)p™ (t) +b(t), teTy. (2.1)

We call the piecewise-holomorphic matrix x(z) with a finite order at infinity the
canonical matrix of the problem (2.1) if det x(z) # 0 everywhere except perhaps
at the point z = 0o; x(2) has a normal form at infinity with respect to columns and

X la@®)] =a(t)x™ (1), teTy.

Mapping conformally D;r and D; into interior and exterior parts of the unit
circle I respectively we get the same problem as (2.1), where «(t) has to map T
onto T'; the matrices a(t), b(t) and the function have the same properties. We shall
consider the problem in the case I'y =T's =T

First prove the following lemmas.

Lemma 19.2.1 Let a(t) be a function satisfying the same conditions as men-
tioned above and w(z) is a piecewise-holomorphic function (bounded at infinity)
wha)] =w™(t) on T,w(t) € H*(T). Then w(z) is a constant function.

Consider the following function which is continuous on the whole plane

oz)), 2€D ",
w(z), zeD™,

2
O
|
—
£

where

alz) = |z]a (i) . (2.2)
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On the basis of one Hardy-Littlewood theorem (see [24], [39]) we have
W' ()l < AQL =[]}, 2z € DT,

lw'(2)] < A(]z] = 1)“*1, ze D™,

A is a constant.
Therefore,
0.9, 0:QeL,(C), 1<p<(1- u)*l.

Denoting by wg(z) the fundamental homeomorphism of Beltrami equation
Ozw — q(z)0,w = 0,

Q(Z) = 8204/@047 z € D+, q=0, z€ D™, (2,3)

we obtain (see [137])
Q(z) = (wo(2)),

where ®(z) is a holomorphic function on the whole finite plane. Q(z) is a bounded
function, that’s why ®(z) = const, (z) = const and the lemma is proved!.

Lemma 19.2.2 Let T' be a simple closed smooth curve, a(t) is nonsingular
quadratic matriz of order n,a(t) € H*(T), p < 1. If a(t) is sufficiently close
to the unit matriz I, i.e. if

1 1 1

p<e<—— k=12 a1 ==(a—1), ap==(a'" " =1,
||a’kHH € n(l—l—su) ai 2(0’ ) az 2(& )

1
s, s a norm of the operator — / @(t)(t — to)~tdt in the space H*(T), then for
™
.
a(t) there exists the canonical matriz x(z) close to the unit matriz:
XT(t) =al)x™ (1), x(2) =I+G(2), x'(2) =1+C(2),
C1(00) = C2(00) = 0, ¢ (1) < C,
where the constant C' depends only on n and pu and on the curve T'.

Proof Consider singular integral equations in H*(T'):

I+ ag)or — arSer =1+ 2a, k=1,2.

11If we replace the boundedness condition at infinity by the following condition
w(z) =2z+0(z"1),

then we get the piecewise-holomorphic function univalent in the domains Dt and D~ (cf. 20.2).
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It is easy to see, that these equations are solvable and also

ne(l+¢e)(1+sp)
=1 H~ < =
Pk ers |loxl € 2 —ne(l+s,) n

Introducing the piecewise-holomorphic matrices

 pe(2), z € DT,
Xk(z){ pr(z)+1, z€ D,
1
Pk a9 gpk(t)dt7 k= 1527

Tomifp -2
where DT, D~ are finite and infinite domains, bounded by T.
We have
XT () = a(t)x1 (), x3 () =[a' ()] "xa (4),
det x7 x4 =det x7 x5, det [xix2] =1, x7* = xa

Hence x1(2)is a canonical matrix for a(t), assuming

XI_I:CD XII_I:C%

we obtain

GO < 501 +5,)

Corollary In particular case when + is a unit circle on the bases of Hardy-
Littlewood theorem under the conditions of lemma 19.2.1 for the canonical matrix
X(z) = xik(z), constructed above we’ll have

dxix(2) Me n // dxir(2)
< A Shin
‘ | Sazppe 2P dz
D+
1

drdy < Maye?,

1<p<(1_M)77 ivk:]-a"'vna

where the constants M} depend only on n and pu.

Lemma 19.2.3 If the matriz a(t) is sufficiently close to the unit matriz, then
there exists a canonical matriz for the problem (2.1).

Proof First show that one of the canonical matrices y,(z) we may construct by
the formulas

Xala(2)] = x()If +1], 2€ D", xalz) =x(2)[If+1], z€ D",

where x(z) is a canonical matrix when «(t) = ¢, x(oc0) = I and f is a solution
(unique) of two-dimensional singular integral equation

f(2) —q(2)If —ATf = A, f € L,(DV); (2.4)
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A= qx’lg—x, a(z) and ¢(z) are defined by the formulas (2.2) and (2.3)
z
If ||a — I||ge = € is a small quantity, then there exists the matrix x(z) with

1
the properties from lemma 19.2.1. Since p > 5 We may take p from the interval

(2,01 - p)b),
The operator AT f is a linear bounded operator transferring L, (D) into itself
and also it’s norm is not more then Me, the constant M depends only on n and pu.
If we take e sufficiently small then the equation (2.4) has the unique solution

f e Ly(D).
The matrix w(z) = T'f is Holder-continuous on the whole plane, vanishes at
infinity and satisfies the following equation

Ozw — q(2)0,w — A(z)w = A(2).

Assuming w1 (z) = x(2)[w(z) + I], 2 € DT we obtain that wq(z) satisfies the
equation
Ozw1 — q(2)0.wy = 0,

in DT and therefore
wy(z) = p1[a(z)], z€ DT,

where 1 (2) is a holomorphic matrix in DT,
If we define the holomorphic matrix in D~ by the formula

p1(2) = x(2)w(z) + 1],
then we have
o [a(t)] = at)er (1), t€T, wi(c0) =1
We are able to construct the solution of the boundary problem
pala) =a" (t)py (t), tET, pa(o0) =1,

analogously as we have

det o) (a(t))p3 (a(t))] = det [p1 (t)pq ()], tET

det [p1(2)p2(2)] = 1.
and 1 (z) is a canonical matrix for the problem (2.1).

Lemma 19.2.4 There exists a canonical matriz of the problem (2.1) for the
arbitrary matriz a(t) (satisfying the above indicated conditions); it is possible to
construct one of them by the formulas

Xalo(2)] = xala(2)]R(wo(2)), 2 € D¥, (2.5)
Xa(2) = r(2)xa(2)R(wo(2)), z€ D,
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where 7(z) and R(z) are respectively chosen matrices, X°(z) is a canonical matriz
of the boundary condition

¢" ()] = ao(t)e™ (t), ao = ar,
wo(2) is the fundamental homeomorphism of the Beltrami equation

Ozw — q(z)0,w = 0.

Proof Let us choose the rational matrix r(z) such that the matrix ag(t) = a(t)r(t)
will be close to the unit matrix; denote by xo(z) a canonical matrix of the problem

Consider the piecewise-meromorphic matrix defined in the form

Xala(2)] = xala(2)] R(wo(2)), =€ DT,

2.6
Xa(2) = r(z)xa(2)R(wo(2)),  z€ DT, 20

where R(z) is a rational matrix.

The boundary values of this matrix are satisfying the homogeneous boundary
condition; it is possible to choose the matrix R such that the matrix defined by
(2.6) has to be a canonical matrix of the problem (2.1).

The following theorem holds from these propositions:

Theorem 19.2.1 All solutions of the problem (2.1) are given by the formulas

pla(z)] = xala(2)][Tf + h(z) + P(wo(2))], =z € D7,

(2.7)
Xa(2)[Tf + h(z) + P(wo(2))], z€ D™,

BS)
—~
N
~—
Il

where P(z) is an arbitrary polynomial vector and the vector f € L,(D+), (p > 2)
is a solution (unique) of the equation

Kf=:f(z) —q)f = g(2);

h(z) = L/Mdt, g(2) = (g1, ,gn) = q(z)h’(z) c Lp(ljﬂ-

- 2mi -
The solutions vanishing at infinity are given by the formulas (2.7) in which

P(Z) = (P;«qfl;' o 7P%,L71)

2 2 Ay
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are the partial indices of the problem (2.1), P;j(z) is an arbitrary polynomial of
order j (Pj(z) =0) if j <0); if 0 > s¢511 > -+ = 5,, then the vector b(t) has to
satisfy the following conditions:

21 [ [ QL ydcan = [ 40 @) bie)) e
7 %l
]:S+1a y 13 k:()v a|%j|_]—7
where L is operator adjoint to the K—1;
Lf = f(z) = (qf).
Consider the set of problems along with the problem (2.1):

e o (t)] = alt)p™ () + b(t), teT.
(2.8)
an(t) = expliVa(0)], VA() = (1— NI+ AV(0) 0< A< 1.

a(t),b(t) are satisfying the conditions of the problem (2.1), V(6) is a continuous
strongly increasing function on [0, 27], satisfying the conditions mentioned above.
Denote the partial indices of the problem (2.8) by

%l(>\) Ze 2z %a(A)v

the sum of non-negative (non-positive) partial indices by n*(\)(—n~(A)) and also
by
012205 20> 0541 2 = 0n,

the partial indices of the problem (2.8) in case when A = 0.
We obtain )
nt(\) —n"(\) = %[arg o(t)]r.

Introduce the following vector

MR~ h(), s e D
Wiz = { VUe) - h(z),  zeD-

where x(z) denotes a canonical matrix of the problem (2.8) when A =0,

NOIO)
t—=z

1
h(Z):(hl,,hn):Z—m/ t,
Y

ax(z) = ay(e?).
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The vector W (z) is continuous on the whole plane is (holomorphic in D~ and
may have a pole at infinity); W (z) satisfies the equation

Ozyw — q(z,\)0w + Az, )w = B(z, \),

1-V'(6) _
_ 276 + —
q(z,\) = de —2—)\—1—)\‘/(9)’ ze€ D", q(z,\)=0, ze D™,
d d
A=) = =g R T BEA) =0z ) W) +xT (k) |-

(2.9)
We have to find a solution of the problem (2.9) vanishing at infinity; according
to this suppose the solution of the problem (2.9) in the form:

W(z)=P(z)+ T,

f="(fi,,fa) € Ly((D)),p > 2, P(z) = (P1,---,P,), Pj(z) is an arbitrary
polynomial of order n (P;(z) =0, if j < 0).
With respect to f we obtain the equation

K\f = f(z) _Q(Zv )‘)Hf"_A(Za A)Tf = B(Zv )\)+Q(Z, )\)P(Z) _A(Zv )\)P(Z), (210)
and the following conditions

/{kfj(f)dfdn—i—wajk:O, j=s+1,---,; k=0,---,|0;] — 1, (2.11)
D+

where aj, are the coefficients of the expansion of h;(z) in the neighborhood of the
point z = oo

hj(z) = Z ajrz L
k=0

In case when the partial indices §; are non-negative the conditions (2.11) are
eliminated.

If for given A the operator K has the inverse operator K, ! then the conditions
(2.11) one may rewrite in the following form:

/ / €8 g€, N)dedn + maz, =0, (2.12)

D+

where ¢;(¢, A) denotes j-th component of the vector K;l[B +qP' — AP].
The equality (2.12) is a linear algebraic system with respect to the coefficients
of the polynomials P;(z).
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It is easy to see that there exists the domain D, of the plane A containing
the segment [0, 1] of the real axis in which ¢(z, \) is a holomorphic function with
respect to A and in which the inequality

|q(ZaA)| g q0 < 1

is fulfilled. The operator K is analytically depended on A in D). As T'f is a
completely continuous operator, therefore K has an inverse operator for an arbi-
trary A € Dy except may be the points of some isolated set D} [50], [113]. For
A € D\\Dj the coefficients of the linear system (2.12) are the analytic functions
of \; consequently the corresponding homogeneous system has the same number of
linear independent solutions for all A € D A\D}\, except possibly the points of some
isolated set.
Hence, the following result takes place.

Theorem 19.2.2 nt(\) and n~()\) have the same values for all A € [0, 1] except
possibly the points of some finite set.

Corollary The partial indices »;(\) are admitting constant values for all A €
[0,1] and
01 2 m(N) = = 2,(N) = 0n.

If 61 — 9, < 1, then for all A € [0,1] except possibly the points of some finite
set s (A) =6;,i=1,--+ ,n.
Remark As the following example shows there exists the exceptional set.
Suppose a(t) has the form

t) 14262 +4t 4¢?
a =
—2t 1-2t )’

a1(t) = e is defined by the equality
wlag (t)] =t + 1/4¢,

where w(z) conformally maps the circle |z| < 1 onto the interior of the ellipse

(&)

2
X Yy
+5 = 1

ot

It is easy to verify that
(51 = 52 = O7 %1(1) = 1, %2(1) = —1.

Remark 2 Let the partial indices of the problem ¢ (t) = a(t)p~ (t),t € y(7y is a
simple closed smooth curve) are equal to zero and the function z = w(() is mapping
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conformally the domain, exterior to v onto the exterior of simple closed smooth
curve y1. Then generally speaking as the mentioned results show the partial indices
are not equal to zero; but it is possible to find the analytic function wo(C) arbitrarily
close to w(¢) such that the partial indices of the problem ¢ (1) = alwo(7)]py (T)
have to be equal to zero (cf. [22], p.71).

19.3 Boundary value problem of linear conjugation with dis-
placement for generalized analytic vectors

First let us define the classes for the generalized analytic vectors.

Let DT, (D7) be finite (infinite) domain which is bounded by a simple closed
smooth Liapunov curve T'.

Denote by E;,(D,Q),s > 0,,p > 1,Q(z) = (qix) € W, (C),p > 2 (D is one of
the domains DV, D, W, is a Sobolev space) the class of — holomorphic vectors

®(z) = (P1, -+, Dy,) in the domain D satisfying the following conditions
88(1) p
/ Flodz|<C k=1, ,n, (3.1)
Sor 825
where C' is a constant, 0y, is an image of the circle |£] = r,r < 1 while quasi-

conformal mapping £ = wy(Sk(z)) of the unit circle |{] < 1 onto D, wy is an
analytic function in the domain Si(D), S is a fundamental homeomorphism of
the Beltrami equation

(955 - qkk(z)c?zS =0.

If D is infinite domain , then for the simplicity of notation we suppose that
W(o0) = 0 (remind that @Q— holomorphic vectors are the analytic functions in
vicinity of the point z = oo, because @ = 0 in this vicinity). By E;,(D,Q,S)
denote the class of the vectors ®, belonging to the class E; (D, @) for some A > 1,
for which the angular boundary values are belonging to L, (T, p),

T
pt) =] [t —tel, th €T, 1< <p-1, p>1 (3.2)
k=1
Let Q*(z) and Q () are two given matrices, satisfying the conditions men-
tioned above in §1,QT € WZI,O((C), Q™ e W(C), I,m > 0,pp > 2. (QT,Q™ €
W, (C) when I = m = 0). Let p*(t),p™(t) are the functions of the form (2.12).
By Eﬁm}p(F,Qi,pi) we denote the class of the vectors defined on cut along I’
plane, belonging to the class (Ey (D, Q%,p")) (E,, (D~,Q,p)), in the do-
main DT (D7), Ey (D, Q) = E,(D, Q).
Now introduce the classes of the generalized analytic vectors, satisfying the
equation of the form

Muw = 0;w — Q0w + Aw + Bw = 0; (3.3)
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in case of infinite domain we suppose that Q, A, B are equal to zero in certain
vicinity of z = oo.

By Ei»(D,M), 1 >0, p=>1, denote a class of the solutions of the equation
(3.3) satisfying the conditions

/6k,,.

the curve Jy, is defined above, C is a constant; if D is an infinite domain, then
w(c0) = 0. When we define this case we consider, that I' € HY', Q(a) € W} (C),
po > 2 (in case when I =0 Q € W) (C), A,B € Lo(D)). A(z), B(z) C H, (D).

By Eip,(D,M,p), 1 >0, p>1,p(t)is a function of the form (2.12), denote
the class of the vectors w(z), belonging to the class E; x(D, M) for some A > 1, for

!
oY e L1, p).

Eﬁm’p (', M*, p*) denotes the class of the vectors defined on the plane cut along
the I and belonging to the class E; ,(D*, M*, p™)[E,, ,(D~,M~,p~)] in D*(D™).
The vectors of these classes have the following basic properties (see [103], [111]).

A vector of the class E,(D,Q)(p > 1) has the angular boundary values ®(t) €
L,(T") almost everywhere on I' and admits the representation by the generalized

p

which the angular boundary values of the vector

Cauchy integral
1
P = ().
()= 3 [Vt 2ot

A vector of the form

B(z) = / V(t2)dotf(t), f(t) = Ly(T), p> 1,

27
belongs to the class Epi(DjE7 QF).
The vector ®(z) € Ep,»(D,Q),p > 1 belongs to the class H?~1(D) for some
a, 0M®/0z™ has the angular boundary values of the class L,(T").
The vector ®(z) of the class E,, ,(D,M),p > 1 admits the representation of

the form
w(z) = ®(2) + R(2),
®(z) € Enmp(D,Q), R(z) € Ho(D).
Consider the following boundary problem.
Find a vector ®(z) = (®y,---,P,) of the class E;,t(F, Q7, pT) satisfying the
boundary condition

O [a(t)] = a(t)® (t) +b(t)d—(t) + f(t), t €T, (3.4)

I is a simple closed Liapunov curve, «(t) is a function mapping I" onto I" in one-
to-one manner keeping the orientation , a(t),b(t) are given piecewise-continuous
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(n x n)— matrices on I', inf |det a(t)] > 0, f(¢) is a given vector of the class
L,(T,p), p=p~ is afunction (19.1.1), p*(¢) = [[1_; [t — cu(tr)|"*.

The following proposition holds (cf. 20.5).
Lemma 19.3.1 The arbitrary vector ®(z) of the class E;,t (T'F,QF, p*) is uniquely
representable in the form

3 | Ve(r Mo mulB(r)l, =€ DY

D(z2) = (3.5)

1
5 g V_(1,2)dg-Tu(T), z€ D™,

where u(t) € Ly(I', p) is a solution of the Fredholm integral equation
1
No=ult) + 5 [ [Vila(r).al)dg-alr) = V- (r.t)dg- i(r)]

211 (36)

— ot fa(t) - & (1),
B(t) is inverse function to «(t).
Proof Let pug € Ly(T, p) be a solution of the equation Ny = 0. Composing the
vector ®g(z) by the formulas (3.5), and assuming 1 = po we obtain
o [a(t)] = @ (1), teT,

from which it follows (cf. 19.2) that ®g(z) = 0.
Then we get

po(t) = F(t), molB(t)] = F~(t), (3.7)
where the vector F(z) € Ef (T, Q%) for some A\ > 1.
From (3.7) it follows the inequality

Fr[B) = F~ (1),

therefore F'(z) =0, po(z) =0, the equation (3.6) is solvable for every right - hand
side value and lemma is proved.

Now begin to solve the problem (3.4) . Substituting the representation (3.5) into
the boundary condition (3.4) for the desired vector u(t), we obtain the following
singular integral equation

L, =1+ a(t))p(t) +b(2) /Mth

—/M2 T, t Qf(t, (38)
My(r, t)u(r)dr = [Vi(a(r), a(t))do+ a(r) — a(t)V- (7, t)do-7] u(r),

My (7, t)p(r)dr =b(t)V_(7, t)dg-Tp(T).-
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The Noetherity of the equation (3.8) is determined by the same matrix G,
introduced in the chapter 18,

el (I b (a0
GSD,S(OG .o=(3 ;)

Suppose the Noetherity conditions of (3.8) are fulfilled. In order to solve the
equation (3.8) in L,(T', p) it is necessary and sufficient, that

Re/ FOURt)dt =0, k=1, .0, (3.9)
T

where 9 (t)(k = 1,--- ,¢') is a complete system of linearly independent solutions
of conjugate homogeneous equation £'1) = 0 of the class L,(T, p'~9).
And so as the representation (3.5) is unique we obtain the following result.

Theorem 19.3.1 If the equation (3.8) is Noetherian in the space L,(T', p), then
the boundary problem (3.4) is Noetherian in E;,t (T, QF, p*); the necessary and suf-
ficient solvability conditions have the form (3.4); the index of the problem (3.4)
of the class E;E(F,Qi,pi) is equal to the index of the equation (3.8) of the class

LP(F7 p)'

Consider now the problem (3.4) for generalized analytic vectors satisfying the
equations of the form (3.3): we have to find the vector w(z) € l*?;,'E(F,Mi,pi)7
satisfying the boundary condition

wha(t)] = a(t)w™ (t) + b(t)w=(t) + f(t), teT. (3.10)

The solution of (3.10) will be found by the formula (1.9) in the following form
w*(2) // [TF (2, )% (t) + T3 (2,8) @5 (1) dat—i—chwk (3.11)

where &% (z) € Epi(I‘, Q*, ph), Cf(lﬁ: =1,---,N%) are desired real numbers, w,ﬂf
is a solution of the corresponding integral equations.
The vectors ®*(¢) have to satisfy the conditions

Im/@i(t)intw;f(t) -0, k=1,---,N=,
r

where \IIZ, V¥, are the complete systems of the homogeneous conjugate equations.
With respect to the vector ®*(z) we obtain the following boundary problem

dFa(ty)] = a(to)_@*(to) +b(to)®(to) + Lo DT + ﬁ <I>* + fo(to),

N
t)—i—Zc,; [ak(t)wk t) + bi(t) } chwk
k=1

(3.12)
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the operators £, and L£_ are defined by the formulas
£oot =~ [ [ [ef(alto, )87 + Laa(to). )T70) dov,
D+
ﬁ_q)+ = Oé(to)F(f,o) + b(tQ)F(tQ),

F(to):// [Fl(to,t)qf(t)+F2_(t0,t)<1>*—(t)} doy.
i

Substituting in these formulas the following representations

1
BH(t) = —— / Vi (r,t)dgs 70 (7), t € D*,
271 r
1
o (t) = T V_(r,t)dg-17® (1), t€ D,

we obtain that the operators £, and L£_ are the completely continuous operators
in the spaces L,(T, p"), L,(T, p~) with respect to the angular boundary values
Ot(r), (7).

Searching the solution of the problem (3.12) again in the form (3.5) we get the
singular integral equation with respect to the vector p(t)

N
Q= (Q + Q)+ Qo =2F(1) + > dimi(t), (3.13)
k=1
where )¢ is a completely continuous operator, 21 and €25 are the singular integral
operators
bi(t) / w(T)dr
Qru = t)u(t —_— S
R

ag=I14+a, by=1—a, ap =by =0,
Nk (t) are continuous linearly independent vectors, represented by w,j;(t)7 di(k =

1,---,N,N < N*T + N7) are desired real constants.
Besides the equation (3.13) the vector p has to satisfy the conditions

Im / pwi()dt =0, k=1,---, P, (3.14)
r

where wi(t)(k =1, -, P) are the linearly independent vectors, represented by the
vectors \Ilf(t)

Using the theorem indicated in [119], we imply that necessary and sufficient
solvability conditions of the problem (3.10) in the class E;,t(f‘, M=, p*) have the
form

Re /f(t)'yk(t)dtzo, k=1, R, (3.15)
T
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where the linearly independent vectors ~;(t)(k = 1,---, R) belong to the class
L,(T, p'=9), are representable by the vectors \Il;, V¥, and by the vectors, composing
the basis of subspace of the solutions of the adjoint homogeneous equation Q'v = 0;
the index of the problem (3.10) is equal to

%+ N —R, (3.16)

where 5 is the index of the operator Q of the class L, (T, p). Now show that actually
in the formula (3.16) N = R.
Let X* are the sets of defined vectors w*(z) in the domains D* representable

in the form
wh(z) = B4 () + hE (),
(3.17)
¥4(:) € BT, Q5 p%), h*(2) € HO(D*)

A pair of sets X*, because of the properties indicated at the beginning of the
chapter, coincides with the class EX (T, M*, p*).
Introduce the norms

[wE[x= =inf {|®F|1, o) W e (pt) } (3.18)

where the infimum runs over all possible representations (3.17). Then the sets
X* are Banach spaces. Let X = (XT,X™) be a new Banach space with the
norm |w|, = maz[|wt|x+, |w™|x-], Consequently we have introduced the norm in
E;,t (', M*, p*) which evidently doesn’t depend on A*, B*.

Consider the set of the operators

M)\iwi = dswt — QT wt + ) [Aiwi + Biw_i} ,

where A € [0,1]; we have to come to the conclusion, that in order to calculate
the index of the problem (3.10) we may take the differential operators of the form
dswr — QT9,w* and for such operators the numbers Nt, N~ are equal to zero
and hence N = R in the formula (3.16).

Therefore we obtain the following result

Theorem 19.3.2 The necessary and sufficient solvability conditions of the prob-
lem (3.10) in the class EX (L, M*, p*) are the conditions (3.15); the index of the
problem (3.10) is equal to the index > of the operator €.

Note that if the matrices a(t) and b(t) are continuous, then the index of any
class is given by the formula

n = 1 larg det a(t)] .
T
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19.4 The problem of linear conjugation with displacement
for an elliptic system of differential equations

Consider the following equation
Ozw — Q1(2)0,w — Q2(2)0,w + A(z)w+ B(z)w =0, z € D, (4.1)

D is finite or infinite domain bounded by the Liapunov curve I'. w(z)= (w1, -+ ,wy)
is a desired vector, A(z), B(z) are given quadratic matrices of order n, belonging
to the class L.(D), 7> 2, Qg = (qu) are given lower triangular matrices where
qu are bounded measurable functions in D; moreover the elliptic conditions

lgbel +ladkl g0 <1, k=1,---,n

are fulfilled. We assume that the matrices A, B, @1, Q2 are equal to zero outside
of some circle with the sufficiently large radius in case of infinite domain.

Consider the boundary problem: let T'y(k = 1,2) be simple Liapunov curves,
bounding the domains D, a(t) is a function, mapping I'y onto T'y in one-to-
one manner keeping the orientation, 0 # o/(t) € H(T'); find the vectors w* €
WI,Q[D;']7 w- € W]}(DQ_), (p > 2, Wlﬁ are the Sobolev spaces), w(oo) = 0, satisfy-
ing the equations

d:wt — Q1(2)0.wt — Qa(2)0.wE + AT (2)wT + BE(2)wT =0 (4.2)
in the domains D;r and D; respectively and the boundary condition
wha(t)] = at)w™ (t) + f(t), t €Ty, (4.3)

where f(t) is a given vector, a(t) is given nonsingular lower triangular matrix,
a(t), f(t) € H¥(T'1), u>1/2.

Since the equation (4.2) is not changing it’s form while conformal mapping,
using the function w(z) , constructed in chapter 21, it is possible to reduce the
problem (4.3) to the case, when a(t) =t, Ty =Ty =T, Df = Df = D* and so
we consider the boundary condition

wt(t) =at)w™ (t) + f(t), teT. (4.4)

Let x(z) be a canonical matrix for the matrix a(t); we assume that x(z) has a
lower triangular form

X () € HT), X'(2) € Ly(DY), X'(2) — P(2) € Ls(D7), §>2,

where P(z) is some polynomial vector.
Introducing the notations
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for the vectors w3 (z) we obtain boundary condition

wg (8) = wg (t) + (), h(t) =@ f(1), teT. (4.5)

The equations for the vectors wi have the form (4.2), where the matrices
Qli, QQi, A% B* are changed by the matrices

R = [F1'QXT, By = T,
A = DATTTATE = QT By =~ QyX ™ 4+ T B

Note that the matrices Ry and Ry are satisfying the elliptic conditions. Represent
the vectors wi in the form

wE(z) = 5 (2) + Tprw®, wF(2) € L (DF), v>2; (4.6)

®*(2) is a piecewise-holomorphic vector, having finite order at infinity, principal
part of @~ (z) is the polynomial vector P(z) = (Py, -+, P,); Pi(z) is a polynomial
of order 0, d; > - -+ = ¢, are the partial indices of the matrix a(t) (Py(z) = 0 when
dr < 0).

Substituting (4.7) in the boundary condition (4.6) we obtain

O (t) — O (t) = ha(t), teT,

hi=h+Tw — Twt. (47)
From the boundary condition (4.7) we have
1 [ h(t)dt
Pz)=— [ ——+@ P 4.
()= 3 [ F2F + 1) + PO (19)

where ®(z) is a piecewise-holomorphic vector, defined by the formula

// 5—d0£ D7, B // = e e

In order to define wi (2), substituting the formulas (4.7), (4.8) in the differential
equation we get the two dimensional singular integral equation

EQ=Q(z) — Ri(2)IQ — Re(2)IQ + VQ = F(z), (4.9)

where € is desired vector

= wt(z), ze DT,
A )_{ w=(z), ze D™,

the matrices Ry, R and the vector F' are defined by the formulas

B R',:(z), z € DT,
R’“(’z){ Ry (), zeD-,
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F(2) = ~REG)H' () = REG)TTG) + AX()H () + B )
1) =P+ 5 [ AU,

2mi t—=z
and the operator V is determined by the formulas
Va - AT ()TQ+ BY(2)TQ, z¢€ DY,
L AR)TQ+ B (2)TQ, z€ D™,
V is a completely continuous operator in the space Ls(C), § > 2.
The equation (4.9) is the Fredholm equation in Loi.(C) for sufficiently small

€ > 0 (see [20], [137]) and for it’s solvability it is necessary and sufficient the validity
of the conditions

Re//F(z)\I/k(z)dgz =0, k=1,---.0,
C

where {Uy(z)} is a complete system of linearly independent solutions in L,(C)
(g=(2+¢)/(1+¢)) of the adjoint equation E'¥ = 0.
Considering the set of equations

dzwE — N[REd.wo + RE0,Wo — AfwE — Bfws] =0,

where the real parameter A € [0,1], we are convinced, that the index of the for-
mulated problem (4.3), (4.6) is equal to the index of the same problem when the
equation (4.3) is replaced by the equation

Consequently the index is defined by the formula

x= 1 [arg det a(t)]r.
T

19.5 Differential boundary value problems for generalized
analytic vectors

We begin with some auxiliary propositions:

Lemma 19.5.1 Let ®(z) be a vector of the class Efmm(I‘, QT pT),p>1,m=0
or 1,®(0) =0, I' € H} is a simple closed curve (O € DT =intl'), p~(t) = p(t) =
[T =t pT(t) = TIo-y [t—alte)|"*, ts € T, =1 < vy, < p—1, a(t) is mapping
T onto itself in one-to-one manner keeping the orientation, 0 # o' (t) € C(T'). Then
we may represent the vector ®(z) by the formula

(2) /FS+(Z,T)dQ+Tu[ﬁ(T)], z € DT,

271
D(z) = (5.1)

(_1)m71 3
T FS—(ZaT7m)dQ*T:U’(T)5 z€D s
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where u(t) € Ly(I', p) is a solution of the Fredholm integral equation

No= )+ 3= | Vil at)ora(r) = V-(rut)do-rlult)
= [+ (&P (&) + (O (O)c=a(r) — fml(t), (5.2)
fol®) = O_ (), fult) = (DD (1), /(1) = OB /a.
S (z:8) = =¢7 () Wl = G4 ()T (O] (5.3)

S*(zatv 1) = _Czl(t) hl[I - C*(T)Czl(z)]v S*(’zvtao) = V,(t,Z).

B(t) is an inverse function to a(t), Vi (t, z) and (1 (t) is the generalized Cauchy ker-
nel and the principal solution with respect to the coefficient Q*(z); in the formulas
(5.3) In[I — ¢4 ()¢ O[T — ¢ (#)¢Z ' (#)]} means the branch which is univalent
in the plane cut along the curve £ {¢;} connecting the point t € T' with the point
z = oo and lying in the domain D~ (connecting the point t € T' with the point
z =0 and lying in the domain DV and is equal to zero at infinity).

Proof Let p9 € Ly(T, p) be a solution of the homogeneous equation N, = 0.

Assume
1
5 Vi(r, 2)dg+Tio(B(7)), z€ DT,
T
p(z) = ) (5.4)
% FV+(T,Z)dQ—’T‘LL0(T), z€e D™,

It is easy to see that ¢(z) is a vector of the class E;E(I‘, Q%, p*). From (5.4) it
follows that

¢ la(t)] — ¢ (t) = Nuo = 0. (5.5)
The first components ¢ (z), ¢~ (z) are satisfying the Beltrami equation

D% — q110.9F =0

and therefore
o1 (2) = 27 (s1(2)),
+

where s7(z) are the fundamental homeomorphisms, ®(s) are the holomorphic
functions in the corresponding domains. From (5.5) we obtain

O [s{ (a(t)] = @1 [sy ()], teT,
from which ®; = 0, ¢; = 0. Continuing this argument we get, that

302207"'5307L:07 QOZO
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It follows from the equalities (5.4), that

ol B(t)] = F_(t),  po(t) = Fi(2),

where F are the angular boundary values of the vector F(z) € Eff (T, Q*, p*).
By virtue of the last formulas

Therefore F'(z) = 0 and the homogeneous equation Ny = 0 has the only trivial
solution in L, (T, p). That’s why for the given vector ®(z) € Efmm(f‘, Q*, pt) the
equation (5.2) has the unique solution. Using the solution p(t) construct the vector
U(z) by the formula (5.1); let us show, that ¥(z) = ®(z).

We have

0.7 0.9() = 5= [ Vilr Mo rul(r), =€ D

oy 1 (5.6)
" (2) B = 3 1“V_ (7, 2)dg-Tu(T), zeD™.
From (5.6) we obtain
06 (€] 064 Oeaiy — (0T 2= =
Hence
0Mw_
{064 @) 0s @)y =0T o )

If follows from (5.7), that w =0, ®(z) = ¥(z).

Corollary Let ((z) is a vector of the class E, ,,, ,(T, @, p¥), m =0or 1. Then
®(z) is representable by the formula
1
37 [ S+(r2grul(r). =€ D,
D(z) = . r (5.8)
%/FSJr(Taz)m)dQ_T:u‘(T)a ze D™,

where u(t) € L,(T, p) is a solution of the equation

Np = [¢(OPL(E) + ()P4 (Ole=arr) — fm(t)-
Compose the vector

2)®(z), z€ DT,
%@:{cm><> :
D(2), z€D.
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By the lemma 19.5.1 it is possible to represent ®o(z) in the form (5.1), conse-
quently ®(z) admits the representation (5.8).

Consider the following boundary problem:

Find a vector ®(z) of the class E;tmp( ,Q%,pT) (m =0 or 1,T,p", aft) are
defined in lemma 19.5.1 satisfying the boundary condition:

Ho = ij{ak(t)@f o) + be ()2 [a()] + N o} (5.9)
+Z{ck (t) + dp ()P (1) + Ny o™} = f(1),

where a(t), b(t), cx(t), di.(t) are given piecewise-continuous matrices, N, ,jt are the
operators of the form

NE® = / (HE (1, 7)®(r) + HE (1, 7)8(7)]dr,

where the kernels H zik have the form
Hi(t,7) = hi(t,7)|t — 7", —1,<n<0;

R (t,7) is a measurable bounded matrix, f(t) is a given vector of the class L, (T, p),
‘bf) (t), o™ (t) are the singular boundary values of the vectors 9%¢/92" from the
domains DT and D~.

Searching the solution of the problem (5.9) in the form (5.8) in order to deter-
mine the vector u(t) we get the following system of singular integral equations

Kp=Kip+ Kop = 2g(t), (5.10)

Ksp = As(t)p(t) + Bs(t) /F plr)dr /F ks(t, 7)p(T)dr,

s T—1

a1 (t)Q(t) —Cm (t)Qm (t)v A (t) = mq t) —dm (t dm (t)a

(
1(t)Q(t) + Cm( )Qm(t)7 BQ( ) = T()Q(t) +dn t)Qm(t)7
q(t) = G Ha®)], am(t) =™ ()

ks(t,7) are the certain matrices with weak singularities.

Note, that the problem (5.9) in the class El:tmp( ,Q*, pT) and the equation

5.10) in the class L,(T", p) are equivalent. They are either simultaneously solvable
pL, P

Ai(t)
B (t)

I
S

or not and their indices coincide (it is clear, that the equation (5.10) is Noetherian
in L,(T, p); then the problem (5.9) is Noetherian in the class Elim oI QF, ph)).

In order to clarify the Noetherity problem for the equation (5.10) we have to
compose the following block matrices
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) oe-(w =)
and have to require that
inf |detS(¢)| >0, inf |det D(¢)] >0, t €T, (5.11)
S=A+B, D=A-B.

It is easy to see, that

det S(t) = det D(t),

and therefore it is sufficient to require the fulfillment of one of the (5.11) inequalities.
It is easy to establish the following formula (see [46])

det D(t) = (—1)"det Q(t),

C b1
Q= " .
( dm a1 )
As det ((t) # 0, det [0:C(t)] # 0, t € Ty then the necessary and sufficient
conditions for the inequalities (5.11) to be valid is the following condition

where

tlrellﬁ |det Q(¢)] > 0. (5.12)
Suppose that (5.12) holds, denote S~'D = G and consider the equation
det [G(tx, —0) = AG(tr, +0)] =0, k=1,---,T. (5.13)
Let A\y; (k=1,---,7, j=1,---,2n) are the roots of the equation (5.13) and
1
My = %arg Akj, 0 <arg A < 2m;

If the inequalities

1+
p

Fpkg (k=1,---,r, j=1,---,2n) (5.14)

are fulfilled, then the equation (5.10) is Noetherian in L, (T, p).
Consequently we obtain the following result.

Theorem 19.5.1 The boundary value problem (5.9) under the consideration of
inequalities (5.12) and (5.14) is solvable in the class Elfmm(I‘,Qi,pi) if and only
if

Re/ fOULt)dt =0, k=1,--- .1,
r
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where Wi (t) (k=1,---,1') is a complete system of linear independent solutions of
the adjoint homogeneous equation K'U = 0 of the class Ly(T, p'~9), the index of
(5.9) of the class EEX (T, Q%, pT) is calculated by the formula

l,m,p

1 det G(t)
x=go|arg , (5.15)

[1(t—20)7"

k=1 T
the numbers oy, are defined by the formulas (3.22), (chapter 19).

Remark If ay, by, ck,di are continuous matrices then the conditions (5.14) are
automatically fulfilled and when the condition det Q(t) # 0 (¢ € ') holds, then
the problem (5.9) is Noetherian in certain class Efm7p[F,Qi,pi] and the index
formula takes the following form:

1
= %[arg det G(¢)]r.

If all coefficients ag, b, ¢k, dp of the matrix h(¢,7) and the right hand side
function f(t) are Holder-continuous then the solutions of the problem (5.9) of an
arbitrary class will belong to the class H'(H™) in the closed domain D+ (D).

In this section we consider the boundary problem of the form (5.9) for general-
ized analytic vectors.

We have to find the generalized analytic vector w(z) belonging to the class
E:I:

Lm,p(I‘, L*, pt) and satisfying the condition

Huw = f(t), teT, (5.16)

where H is the operator of the form (5.9).
Let us represent the vector w(t) by the @-holomorphic vectors

N:(:
wi(z):q>i(z)+// Iy (2,7)®(7) + Ta(2, 7)®(7)]do, + Y cfwif (2), (5.17)
Dt k=1

¢f (k=1,---,N%) are the real constants, ®(z) is a vector of the class Eljfmm(I‘,
Q*, pt), satisfying the conditions
Im/ OF () tUx(t) =0, k=1,---, Ny, (5.18)
r
where \I/f (k=1,--- ,NSE) is a complete system of linearly independent solutions

of the equation, conjugate to the equation M*w = 0, which are continuous on the
whole plane and are equal to zero at infinity.
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Substituting the representations (5.16) into the boundary condition (5.9) for
the desired vector ®(z) we obtain the following boundary condition

N
H\® = f(t)+ ) _civi(t), tel; (5.19)
i=1

Moreover the vector ®(z) has to satisfy also the conditions (5.17).

The linear independent vectors v;(t) are representable by w,‘:,w;,ci are un-
known real constants.

The operator H; in the boundary condition (5.16) has the form of the opera-
tor H, the difference between H; and Hs may be only the completely continuous
operators.

The problem (5.17),(5.18) is Noetherian. When the operator K is Noetherian
and the indices are connected by the following formula

x=x+ N — Ny, N():N(;r-i-N(;,

where s is the index of the operator K of the class L, (T, p).

Using the method of homotopy one can prove that N = Ny(cf.19.3).

It is possible to study the boundary problems containing the derivatives of
higher order analogously [112].

In this chapter we apply the author’s articles written together with Ngo V.L.
[103].

Differential boundary problems for analytic and generalized analytic functions
were investigated in [7], [13], [14], [134], [136], [34], [62], [91], [92], [130], [122]
and also in several (other) monographs. The representation of generalized analytic
vectors indicated in §5 is the generalization of the representation constructed in
[62].

The boundary problems of linear conjugation with displacement for generalized
analytic functions were investigated in [4] and (see also [89]).

The boundary problems for elliptic system of the general form was studied in
the article [138] and in other works.

In Chapter 19 we often apply the results and terminology from [23]. Various
aspects of the theory of generalized analytic vectors are illuminated in [55], [49],
[37]. The references concerning this problem one can found in the monograph [49]
in detail.

Investigation of the theory of differential equation of elliptic type using the com-
plex analysis methods has old history. This problem is studied in the monographs
of [1], [11], [17], [18], [19], [134], [135], [139], [49], [42], [43], [107], [117] and in many
other monographs.



Chapter 20

On Boundary Value Problems for
Non-Linear Systems of Partial
Differential Equations in the Plane

by Giorgi F. Manjavidze and Wolfgang Tutschke

20.1 Introduction

Let G be a bounded domain on the plane of the complex variable z, the boundary
I of which consists of one or finite number of simple closed Liapunov curves (i.e.
the angle, between the tangent towards them and a constant direction is Holder-
continuous). Consider the following system of differential equations in G:

Oowy, ow ow,
kB (swn, e wn, e =) k=1, 0
0z (Z b 2 8z> "

We shall write this system in the short form as the equation

ow ow

In this paper some boundary value problems for the system (*) are studied.
These problems have unique solution in holomorphic case (F' = 0). The desired
solution is constructed as a solution of the system of nonlinear integral equations

w(2) = () + () - 3 [ LD gy
G

(+4)
) =) + @),y (e) — [ il dean,
G
C=&+1in.

The vector 9 is a holomorphic solution of the considered boundary problem,
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® (1) is the holomorphic vector, such that

(o) - L [ FEHOH) i,
G

satisfies the corresponding homogeneous boundary condition'. Due to the nota-

tions of the book Vekua I. [134], denote the integral operators on the right-hand
sides of the equations (**) by T and Ilg correspondingly.

In this paper all considered boundary functions are supposed to belong to the
space Cy(T'). Therefore, it is provided, that the holomorphic solution % (in case

of F = 0) belongs to the space Cy(G). It is well-known that from ¢ € C,(G) it
follows that ¢’ € L,(G) if
1
—_— 1.1
P<T— (1.1)
In order to ensure the existence of the number p > 2 such that ¢’ € L,(G), in

1
the sequel we shall suppose that 3 <a<l.

On the right-hand side we assume, that F(z,w,h) is defined when z € G,
|w] < R and for all h. For all considered boundary problems it is required that F'
satisfies the following two conditions:

F(z,0,0) € L,(G), 98]

|F(z,w,h)—F(z,u~),iL)| <L1|w_u~)|+L2|h_iL|a (II)
where L1, Ly are non-negative constants, |w| = max |wg|. Moreover, sometimes we

will need the following assumptions
|F(z2,w, h) — F(z1,w, h)| <lza — z1|”
p—2
for all z1, 29 € G, — <~ <1 and
IF(2,0,0) <m

for all z € G; m,l,y - are constants.
By virtue of the assumptions (I), (IT) the composite vector-function (when it is
measurable)

f(z) = F(z,w(z), h(2)) (1.2)

belongs to the space L,(G), if h € L,(G) and w = w(z) is continuous in G; on the

_ 9
other hand the operator T is mapping the space L,(G) into Cg(G), 8 = P=2
p

Lcf. [131]. In case F is not depending on dw/9z, the system (**) consists only of the first line
(see [12]). More references may be found for example in [139].
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Hence, naturally we look for the solution of the equation (*) with the property

w € L,(G).

w € Cp(G),
Consider a Banach space consisting of the pairs of vectors (w, h), in which the
norm is defined in the following way:

[|(w, W)|| = max([|wllg, @), 17 L,@)

From &,y € Cg(G) it does not follow that <I>’(w’h) belongs to each space
L,(G) (p > 2). In order to avoid this difficulty the assumptions are intensified
usually: we shall take the given boundary values from the class Ci, and the right-
hand side of the equation will satisfy the additional condition, such assumptions
provide the existence of the solution in C, (see [131], [132]). The second possibility
is to seek the solution in the Sobolev Space VVp1 (C); this will allow us to construct
the solution if only the Lipshitz condition (II) is fulfilled; with respect to the given
boundary functions it is sufficient to suppose, that they belong to the Slobodetski
Space W,_1(T") (see [121]).

In this ppaper using one property of the operator Tz we will prove that szw’ ny €
L,(G) . This will permit the corresponding a-priori estimate, when the following
assumptions hold:

a) the given boundary functions are Holder-continuous (with an exponent larger
than 1/2);

b) the right-hand side of the equation (*) satisfies the conditions (I), (IT). The
constructed solution will turn out to be Hélder-continuous in G.

20.2 Dirichlet problem in simply connected domains
20.2.1 Formulation of the problem

Let G be a simply connected domain and g = (g1,---,gn) is a given real vector
onT, g€ Cu(l'), a>1/2. Let z be a fixed point in G and ¢ = (c1,--- ,¢,) is a
given vector with constant real components.
We have to find a solution w continuous in G of the differential equation (*)
satisfying the conditions
Re w=g on T,
(2.1)
Im w(zp) =c.

Without loss of generality we may assume that G is the unit circle since it
is possible to map conformally every simply connected domain (bounded by a
Liapunov curve) onto the disk, and also the mapping functions z = z(¢), ¢ = ((z)
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belong to C}, (see for example [108]). After changing the variables the differential
equation (*) takes the form

ow dz dz\ ' ow

bl (ool B > 2.

7= (%) (’Z(O’“” (%) ac)’
and consequently the form of differential equation remains.

It is easy to see that the right-hand side is also satisfying the condition (II)
where L1 and Lo are to be replaced by
d
Ly sup &

dz| (. ¢ dz -1
dC d_C mi | —;

correspondingly. Therefore, we may suppose from the very beginning, that the

and Lssup

given domain G is the unit disk.

20.2.2 About one property of the Tg-operator in case of the disk

Let G denote an arbitrary circle {z:| z —a |< r} and let t € T', T" is the boundary
of the domain G, as above.Let the function f € L,(G), p > 1. Let us show, that
the boundary values of the function T f are the boundary values of a function

holomorphic in G. We have

oL ] Sy e T

- G

One can see immediately, that (T f)(¢) are the boundary values of the holo-
morphic in G function ¢q:

_zZ—a F(O)dedn
polz) = — // G oG (2.3)

/ / dfd:_ o7 (2.4)

The operators defined by the right-hand sides of the formulas(2.2),(2.3) have the
analogous properties of the operators T¢ and I (see [20]):

Then

leollc,@ < el fllz,e)
(2.5)

leollz, @ < callfllz, @)

where ¢, co are constants depending only on p and G.
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Later on it will be necessary to consider the case when G is an infinite domain
{z:|z—a| >r}, f € L,(G), where f = 0 in some neighborhood of the point
z = 00. It is easy to see that in this case the formulas (2.2)-(2.5) will take place.
The functions ¢g and ¢, will be holomorphic in the infinite doman G, the function
¢ vanishes at the point z = co and

lim ¢g(2) = —l//%

z2—00 T

20.2.3 An a-priori estimate of the holomorphic solution of the bound-
ary value problem

Let now G be the unit disk. As in Section 20.1, we denote by v the holomorphic
solution of the considered boundary problem, i.e. the problem (2.1). By virtue of
the Privalov theorem we have the following estimate

[Yllc.@ < esllglle.r) + e,

where the constant c3 depends only on a, 0 < a < 1. Incase 0 < f < a < 1 we
obtain

¥l @ < 211¥]

The statement of the Hardy-Littlewood theorem (see for example [48]) can be

oo < 2ellgllenry + le]). (2.6)

written in the form 1

[¥'(2)] < C4|W||Ca(5)m’

where ¢4 depends only on «. From the last inequality it follows that

191l 2,0) < esll¥lle, @)

cs depends on « and p. It is possible to estimate ||¢'[|z (a) by llgllc. ) and |c],
namely the following a-priori estimate

19"l L,e) < es(lgllcar) + Iel) (2.7)

holds. We need also the following a-priori estimate of the holomorphic function
®(w, h) defined in Section 20.1. For this purpose let us consider the boundary
value problem
Re p=Re Tgo on T
(2.8)
Im (0) = Im [(Teo)(20)]

() is the desired holomorphic function in G which is continuous in G, o is a given
function in G, 0 € L,(G), p > 2.
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Rewrite the first condition of (2.8) in the form
Re ¢ =Re Tgo =Re ¢y on T.
Taking the second condition of (2.8) into account, we have
p(2) = po(z) — 2ilmepo(20)
From the formulas (2.5) we get
lellc,@) < 3cllollL, @),

H‘»O/HLP(G) < CQHUHLP(G)-

The arguments show that for the vector ®(w, h) defined above the same esti-
mates
12 w,m)llc,@ < 2¢illfllz, @)
(2.9)

120yl (@) < c2ll 0
hold where the vector f is defined by (1.2).

20.2.4 Estimation of the operators on the right-hand side of the system
(**)

Let (w, h) be an element of the space (C3(G), L,(G)). Tt is supposed that [w(z)| <

R everywhere in G (concerning the number R see Section 20.1); with the help of

the right-hand sides of the system (**) define the following operator: to each pair
(w, h) corresponds the pair (W, H):

W =+ @y p) +TeF(-,w, h)
(2.10)
H=9"+ &, +HcF(-,w,h).

Let (w,h), (0,h) be two pairs from (Cs(G), L,(G)) and (W, H), (W,f[) are
their images. Let then

f(2) = F(z,w,h) = F(z,,h).
By virtue of the condition (II), we have
£,y < Lallw = |z, c) + Lallh = k)

(2.11)
< L' Pllw — @)l g gy + L2llh = bl 0)-
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On the other hand, ®(, ) — (I)(w j,) turns out to be a holomorphic solution of
the boundary problem

Re [®@w,n) = Ppp +Tafl=0 on T,

Im [‘I)(w,h) — ‘I)(,J],;L) + TGf](Z()) =0.
If we apply the estimate (11), then we obtain

[P w,n) — q’(w,ﬁ)ncﬁ(é) < 301||f||L,,(G)7

|9 (w, h) — &' (@, h) ||, (c) < e2ll L, @)-
Therefore, we may estimate the distance of the images (W, H) and (W, H) of
the pairs (w, h) and (w, h):

(W, H) =W, H)|| < max(3cy + [[Tell, q).co@> 2+ Helr,©),L.@)

(Lam'/P + Lo)||(w, h) — (@, h)].
(2.12)
From the last inequality immediately follows the following lemma.
Lemma 20.2.1 The operator defined by the formulas (2.10) is continuous.

Now let us consider in the space (Cg(G), Ly(G)) a polycylinder
D = {(w,h) : |wlle,@ < B bz, @) < Re},
where R; < R. By virtue of the assumptions (II), we have
|F(z,w,h)| <|F(2,0,0)| + |F(z,w,h) — F(z,0,0)]
<|F(z,0,0)| + Li|w| 4+ La|h|. (2.13)
Taking into account (I), from this inequality follows that as we have already

noted in §1, the composed function f, defined by the equality (1.2) belongs to the
space L,(G) (if it is measurable). From (2.13) it follows that

I fllz,c) < M+ Lillwl|z, @)+ LallhllL, ) < M+L17Tl/p||w||cﬁ(§) + Lao||hllL, )
M = ||F(2,0,0)|lz,(c)-

Consequently
Iz, <M+ L' /PRy + LaRy, (2.14)

for all (w,h) € D. Taking into account (2.7) and (2.14), we obtain finally the
following estimate

Wlc,@ < ¥lle,@) + Ba+ 1Tellr,¢),co@) (M + Lim'/P Ry + Lo Ry),

1H|| L) < 1¢I5, + (c2 + e, @),0,) (M + Lim' /PRy + LyRy),
for all (w,h) € D.
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20.2.5 Solution of the boundary problem (2.1)

Applying the Banach fixed-point theorem, from the inequalities (2.11) and (2.15)
it follows immediately:

1
Theorem 20.2.1 Let g € Co(T'),a >1/2 and2 <p < 1o It is assumed, that
-«

the right-hand side F(z,w, h) of the differential equation (%) satisfies the conditions
(I) and (II). Suppose, that there exist numbers Ri(< R) and Ry such that the
following inequalities®

1¥llca@ + Ber + 1Tl 1, 6).cai@) (M + Lim!/P Ry + L Ry) < Ry, (111
191, @) + (c2 + Il L, (@),2,) (M + Lim' /PRy + LaRs) < Re

are fulfilled and
max (301 +1Tall 1, ).com@) 2+ ||HGHL,,(G),L,,(G)) (Li7'/P + Ly) < 1. (2.15)

Then there exists one and only one solution w of the boundary problem (2.1)

for which the pair <w, ?)_w) belongs to the polycylinder D.
z

20.3 Dirichlet problem in multiply connected domains
20.3.1 Formulation of the problem

Let now G be a bounded (m + 1)—connected domain, m > 1, with the boundary
I'=Tqul'1U---UTl,,. It is assumed, that 'y contains all other boundary curves.
Let g = (g1, ,9n) be a given real vector on the boundary, g € C,(T'), o > 1/2.
Let also ¢ = (¢1,- -+ ,¢,) be a given vector with the constant real components. Let,
finally, zo be a fixed point in G.

We have to find a solution w of the differential equation (%) in G continuous in
G and satisfying the boundary conditions

Re w=g+ kY on r,j=0,1,---,m, (3.1)
Im w(z) = ¢,

where k) are real constant vectors, which are not given beforehand, one of them
can be fixed arbitrarily; assume, that k(©) = (0,---,0); then all remaining k)
are defined uniquely by ¢, ¢ and F. As for the solution of the modified Dirichlet

2These conditions provide, that the operator (2.10) maps D into itself. In these inequalities we
may replace Hw”cﬁ (c) and ¥l L, () by the right-hand sides of the inequalities (2.6) and (2.7).
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problem for the holomorphic function (F = 0) (see [121]), it is shown that there
exist a unique solution®.

It follows from the choice £(®) = (0,-- -, 0) that in case when m = 0 the problem
(3.1) coincides with the problem (2.1).

Without loss of generality we may assume that the curves I'; are circles, because
it is possible to map each (m + 1)-connected domain onto a domain of such form.
From above formulated assumptions about the boundary curves it follows that
the conformally mapping function z = z(¢) € Cﬁ. Everything that was said in
Subsection 20.2.1 about the form of the differential equation (*) is also valid after
the mapping.

20.3.2 An a-priori estimate of the holomorphic solution

Let ¢ be a holomorphic solution* of the problem (3.1). Rewrite (3.1) in the follow-

ing form.
() +B(t) =g(t), (t) = 2(g(t) + K9) on T;. (3.2)
1 dt
Multiplying both sides of (3.2) by 5T % € G and integrating along T', we
it —
obtain
1 p(t)dt
— =h 3.3
o)+ 5 [ 2T = he), (33)
where ) < dt
h(z) = —— / gtydt
2 Jp t— 2
The limiting process z — tg, to € I', in (3.3) yields
1 1 p(t)dt
t —p(t — = h(t 3.4
(t0) + gott) + 5 [ PO = i), (3.4)

Then we have

L’/Fw(t)dt‘i/F@+i W[dt %]

t—ty 2miJpt—1to 2miJp

——570) + . Hto, )0

3The constant vectors k() = (kiﬂ ), e ,kﬁlj )) are uniquely defined by the vector g , they have
the form k) = / pg.s) (t)g)s|()dt, (s=1,---,n), where pg.s) are some real functions depending
Ly
only on the contours I' =T'g, 'y, , '

4In the holomorphic case the components of the desired vector do not depend on each other.
Consequently, it is sufficient to consider the case n = 1.
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where H (to,t) is an infinitely differentiable function of the variables ty and ¢ which
depends only on the circles I'y. The equation (3.4) takes the form

olto) + / H(to, typ(B)dt = h(to) | (3.5)

which is a Fredholm equation; its generalized resolvent will have the form
}%:Mm+/RﬁMM@ﬁ+/&mmﬁ@® (3.6)
r r

we may consider that Ry (to,t), Re(to,t) are infinitely differentiable functions de-
pending only on the circles T'y. The equation (3.5) is solvable and its general
solution has the form

¢(to) = h(to) + ha(to) + id, (3.7)

where

hi(to) :/FRl(to,t)h(t)dt+/FR2(t0,t)@dt

and d is a real constant. Taking into account that

o) = 530 + 5 [ DT — g+ = [ A0,

% T—1 g T—1

we obtain
MWz/&%ﬁWWEK% (3.8)
T

where R3(to,t) is infinitely differentiable function depending only on the circles I'y.
From (3.7) we have

o(z) = i/r—g(t)dt Jri/r—hl(t)d?f +id, (3.9)

iy t— =z 21 t—z

where h;(t) = Kg is given by the formula (3.8). Finally the desired solution ¢ has

the form 1 gt 1 [ Kg(t)dt
g g ;
= — — '1
o(z) — /1“ — + i) oz + id, (3.10)

where one may choose the real constant d from the condition
d=c—Imp(zo), (3.11)

3(2) = i/rg(t)dt_'_ 1 Kg(t)dt .

T t—z @ 2mi r t—=z

The second term in (3.10),

1 [ Kgt)dt 1 [ hi(t)dt

omi Jp t—z  2miJp t—2z

= p2(2)
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is by virtue of (3.8) together with its derivatives of any order a continuous function
in the closure of the domain, where

165 () ey < M / FORLE (3.12)

M are some constants, depending only on «, n and the circles I'y. As for the

%/F% = 1(2)

term

1
if ge Cy(T),a > 3 then

lerllo.@ < Mallgllear,
(3.13)

Iz, @ < Npllglleam,

1
where 2 < p < 1o and M, and N, are constants depending only on the circles
-«

Ty and on « and p.

Let now 1 be a holomorphic solution of the boundary problem (3.1). Taking
into account, that @ = ¢1 + @9 from the formulas (3.11) and from the estimations
(3.12) and (3.13) we get immediatly

1¥lcy@) < esllglleam + el

19z, < csllgllc. s

¢s, c are constants, they do not depend on g and ¢ (they depend only on T'y, «
and p).
Let then g has the form
29 =Tgo + ma

where o € L,(G),p > 2. As the boundary values of the function Tgo are the
boundary values of a function, which is holomorphic outside G and vanishes at
infinity, we have

*mz/r t—z 2wzz/p t—z '

According to an above mentioned statement (see §2, section 2), one has ¢ €

-2
Cs(G), B— p ¢) € L,(G@), and also
||<P1||cﬁ(6) < Apllolle, @), (3.14)

leillz, @) < Bpllollz, @),
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where the constants A, B, depend only on I'y;, and p. Applying these estimates in
case of the vector 0 = —f, where f is defined by (1.2), we obtain for the vector
®(w, h) the following estimates

H‘I)(w,h)”cﬁ(é) < C7||f||L,,(G), (3.15)
120w, 200 < esllfllz,c):

where c¢7, cg are constants not depending on (w, h) (they depend only on I'y and
p)-

20.3.3 Estimates of the operators on the right-hand sides of the system
(**)
As in Subsection 20.2.4, consider the operator (2.10). Let
0(2) = =(f(z,w(2), h(2)) = f(z,@(2), h(=))).
Since ®(w, h) — ®(w, h) is a solution of the boundary value problem
Re [®(w,h) — ®(w,h)] =Re ¢ on T,
I [®(w, h) — (@, h)](20) =0,

one obtains from (3.11), (3.12) and (3.14) the following estimates analogous to
(3.15):
1w, h) = B, Do,y < erllFCow,B) = FC, 0, @),

19" (w, h) = &' (@, )| L, (cy < esl|F (- w, k) = F( @, )|z, @)
Due to the estimate (2.12), we have
(W, H) — (W, H)|| <max(cz + | Tcll,,(q),co@) c8 + HallL,@).L.)
x (Li(mG)YP + Lo) ||(w, h) = (@, )| -
Hence, the following lemma is valid (cf. §2, section 4).

Lemma 20.3.1 In case of the modified Dirichlet problem the operator (2.10) is
continuous.

Consider as in Subsection 20.2.4 the polycylinder D. In this case the estimates
(2.15) hold if 3¢q, co are replaced by ¢7 and cs correspondingly.
20.3.4 Solution of the modified Dirichlet problem

Taking (3.14), (2.15) (where 3¢y, c2 are replaced by c¢; and c¢g) and (3.15) into
account, we may prove the following theorem.
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Theorem 20.3.1 Assume that the right-hand side F(z,w,h) satisfies the condi-
tions (I),(IT). Let us suppose, that there exist numbers Ri(< R) and Rq such that
the following inequalities' .

lelle,@ + (e + 1Tl L, @),co@) (M + Li(mG)YPRy + LyR;) < Ry,
(V)
1€l + (s + el L, (6),L,() (M + Li(mG) /PRy + LyRy) < Ry

are fulfilled.
Let

max(cr + [[Tallp, @),c,@)- s + TG (@), Ly () (L1 (MG) VP Ry + L) < 1. (V1)

Then there exists the unique solution w of the modified Dirichlet problem (x), (3.1)

0
for which the pair <w, 8_w> belongs to the polycylinder D.
z

20.4 Riemann-Hilbert problem for simply connected domains
20.4.1 Formulation of the problem

Let G be a simply connected domain on the plane z. Without loss of generality
(cf. Subsection 20.2.1), we may assume that G is the unit disk. We have to
consider the differential equation (*) for the vector w = (wq,- - ,wy,). Let A(t) be
a nonsingular quadratic matrix of order n given on I, A(t) € Co(T'), a > 1/2. We
assume s > —1 (k = 1,--- ,n) for the partial indices of the matrix A~ (t)A(t).
Let, further, g € Co(T') a > 1/2, be a given vector on T'.

Find a solution satisfying the boundary condition

Re [A(t)w(t)] =g(t) on T (4.1)

and also some normalization condition.

First of all we shall establish the normalization for the Riemann-Hilbert problem
in case of holomorphic vectors (see the next section) and then the same normaliza-
tion will be applied for the problem (4.1) for the equation (*).

20.4.2 Normalization of Riemann-Hilbert problem in the holomorphic
case

Assume, that the partial indices of the matrix a(t) = —A~1(t)A(t) are satisfying
the condition
w2 2 2 —L

n these inequalities H1/J||cﬁ @ and 1¥' ||z, () may be replaced by the right-hand sides of
(30)
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Then the homogeneous Riemann-Hilbert problem (4.1) has | = Y, 56, +n
linear independent solutions over the real number field (see [136]).
The general solution of Riemann-Hilbert problem (4.1) is given by the formula

®(z) = 2°(2) + x(2)P(2), (4.2)
where ®°(z) is a partial solution of the problem of the following form

0°(2) = 1/2[w(z) + w.(2)], (4.3)

w(z) = X(z)/F[X+(t)]1A1(t)g(t)

* - z—1
5 . dt, w.(z) =w(z—-1)

and x(z) is the canonical matrix of the boundary value problem ™ (t) = a(t)¢ ™ (t)
satisfying the condition x.(z) = x(z)diag[z*',- - ,z*"] and the polynomial vector
P(z) has the form

P(z) = (WO, p™), p(2) =0, when s, = —1,

S o5

P (2) = gz + - + c;.. is an arbitrary polynomial whose coefficients are con-
nected by the relations

CS

xs—k

:CZ’ k:o’...7%‘97s:1’...7n. (4.4)

The relations (4.4) contain 23¢, + 2 real constants Re ¢f, Im c¢j; using these
relations it is possible to express s + 1 of them by the remainings; denoting them
by d§,--- ,ds , the polynomial P(*)(z) has the form

PY(z) =) dii(2),
k=0

where A} (z) are linearly independent functions.
For simplicity, let us suppose that

ML D> Ay > > My > My > — 1

Consider the matrix
B(t) = A(t)x"(t).

This matrix is nonsingular for all ¢ € I'. Therefore, it is possible to find different
points ¢} ' € ' (k = 1, -+, 56,1 — 5,) and quadratic matrices of order (m — 1)
composed from the first n—1 columns of the matrix B(t) such that the determinant
of this matrix is not equal to zero at the points tﬁ_l. Take one of such matrices
and denote it by B~ ! if the v1-th row of the B(t) matrix is not contained in it.
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Then choose distinct points thQ el (k=1,--- 5,9 — 5,_1) (different from
the points ¢}~ ') and the quadratic matrix BLT,:i of order n—2 composed of the first
n — 2 columns of the matrix B(t) such that det By, 2 (t;~2) # 0; the lower indices
v1,v2 denote that the v1- and vo-th rows of the matrix B(t) are not contained in
Blr/l;i'

Continuing in such a way, we shall choose distinct points ., k =1, , 31 — )

(different from the points chosen earlier) and the elements by, ... ., , () from the
first column of the matrix B(t), satisfying the conditions

By oo, (th) #0.

Besides, take also the distinct points ¢} € I', k =1, , 5,41, different from
the points chosen earlier.
Prescribe the vector Im [A(t)®(¢)] at the points ¢}

Im [A@R)R(tE)] = ¢, k=100 +1, (4.5)

where ¢} are arbitrary fixed real n-dimensional vectors.
Take now in the general solution (4.2) the last component P"(z) = 0; we get
the vector, which we denote by ®"~1(z) and put the condition

I [AG )" Ny = s k=L st =, (46)

cp~! is an arbitrary fixed real (n — 1)-dimensional vector.
Here we use the following notation: if W = (Wy,--- ,W,,) is some n-dimensional
vector, then

Whon, v

denotes the (n — s)-dimensional vector, which is obtained from the vector W if we
omit the components with the numbers vy, - -« , vs.
Then take in the general solution (4.2) P~ (z) = 0, P (z) = 0; the obtained
vector is denoted by ®"~2(z), and put the condition
{Im [A(thz)@”_Q(tzfz)]}(th) =% k=1, 0 — sy, (4.7)
2

¢y~ are fixed real (n — 2)-dimensional vectors.
If we continue further, in the last step we have to put the condition

{Im [At)PE) s om 1) = Chy k=1, 30 — 500, (4.8)

c}. are fixed real constants. The relations (4.5)-(4.8) are a linear algebraic system
for the real unknown dj, k¥ = 0,---,2, s = 1,---,n; the number of unknowns
coincides with the number of the equations of the system and is equal to [ =

Dk 2k
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Let us prove that this system is solvable. For this purpose consider the ho-
mogeneous system, which we get if we suppose that g(¢f) = 0, all ¢ = 0. Let
dig (k=0,---,5, s =1,---,n) be some solution of the homogeneous system.
We shall prove, that all dj,; = 0.

Indeed, using the equalities

Re [A(tp)@(t;)] = 0, k=0, 50 +1,
in the homogeneous case we may rewrite the equation (4.5) as follows
A(ER)x(ti) P(tg) = 0;

from here we have
P(tg)zo, ]fIO,“' y o + 1

and in particular P("") (ty) =0, P(”)(z) =0, dj, =0.
In the second step we get, analogously,

POV =0, k=0, 01 — 40,

from which we obtain P("~1(2) =0, d}, =0 and etc.

Hence, the homogeneous system has only the trivial solution.

We may carry out an analogous normalization if among the partial indices sz
(k=1,---,n) some are equal to each other and some are equal to —1.

As it is easy to see, for the solution of the system (4.5)-(4.8) we shall have the
estimate

|d| < Hillgllca(r) + H2 H}?;X|C§|~ (4.9)
where the constants H; and Hs depend on the matrix A(t).

20.4.3 An a-priori estimate for the Riemann-Hilbert problem in the
holomorphic case

First we prove an estimate, which we will need further.

Let G be a domain bounded by a simple closed smooth curve I" and let p(t) €
C,(T') and let p(t) be the boundary values of some function p(z), analytic in G and
continuously extendable to T.

Consider the Cauchy-type integral

D(z) = %/FL?)_PS) dt

and its derivative

¥ =5 [ H%

Co2mi Jp (t— 2)2
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Denote by Ry = Ro(ap) the standard radius for the curve I', corresponding to
some arbitrarily fixed acute angle ag [108].
Let ty be an arbitrarily fixed point on I and §y be a positive constant, o > Ry.
In the following we shall always assume, that the distance § of the point z and
to is not larger than dy:
(52 |Z—t0| <50,

and that the non-obtuse angle between the interval tgz and the tangent I' at tg is
not less than some fixed By > ag.

Consider the circle 7y with the radius Ry, and denote by I = ab the part of '
inside 79. Represent ®'(z) in the form

¥ = o [ 0= i L [EOZ ) a4 ) o).

2mi (t—2)? 2mi (t—2)2
From the last equation we have:

/()] < M max |p(t)| max| ()] (4.10)

lp(t) = p(ta)]

e malp ) max (o)1 ()]

+N sup
In the estimate (4.10) the constant M depends only on the curve I', and the
constant N depends on I' and the exponent p.
From this estimate one can see that if 4 > 1/2 and p'(z) € Ls(G), s > 2, then
®'(z) € L,(G) for some p > 2, namely p has to satisfy the inequalities

1
2<p< ——, p=s.
L—p

If G is the unit disk, then the estimate (4.10) will have the form

/()] < M max | p(t)| max | p(t) +

lp(t1) —p(t2)]

N
sup AT

max [p(t)|(1 = )"~ +max|e(®)|lp'(2)].  (r=]z]).
(4.11)
When |z] < € < 1, it takes place the estimate

/()] < o ma (o) ma (1)

1-

hence an estimate of the form (4.10) is fulfilled.
The analogous estimates are valid in case when ¢(t) and p(t) are matrices.
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As it was mentioned above, one of the solutions of the Riemann-Hilbert problem
(when the partial indices of the problem 3¢, > —1) is given by the formulas (4.3).
From these formulas we have

B (1) = A7 togtto) + A [ SO0 s,
where

B = | (@ T @,
i Jp

Rty = ) [ IO = Dl A )
Tl BT = BT AT

Consider the representation

o) = [ LU=y yar

where the matrix H(t) € C,(T'), 9¥(t) is a measurable bounded vector, I'y here
denotes a simple close smooth curve.
We obtain

lelle,—.y < EllH]|0, ) max(sup [¢1(8)], -, sup | (1)),

where the constant E depends only from I'g, €, u (see [108], §5).
Therefore (if A € Co(T)),

17|

Co_o(ry < Qmax(max [g1(t)],- -+, max|g,(t)]), (4.13)

where the constant ) depends only from the matrix A, o and ¢; if & > 1/2, then
we may suppose that in the estimate (4.13) o —e > 1/2.

If now we are solving the Riemann-Hilbert problem for the holomorphic vector,
then the vector g has the form

9(t) =Tc(o) + Tg(o),

where o(2) € L,(G) (p > 2) is some given vector. Hence in this case

olt0) = A~ (o)ate) + A1) JEE Y]

Define by

S(z) = 1 /Fg(t)dt.

_% t—=z
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Note that T (o) are the boundary values of a vector holomorphic in G. Using
(4.11), we get
15 2,c) < Killollz, @), (4.14)
where the constant K3 depends only on p and the matrix A(t).
Besides, it is evident that

I1Sllcse < Kallollz, @), (4.15)

where the constant K> depends on p and the matrix A(t).
Now we consider the case that the given vector has the form

g=go+Tgo+1Tgo,

go € Co(T), 0 € L,(G). Let ® be a normed holomorphic solution of the problem
(4.1).

As it is easy to see from the formulas (4.9), (4.13)-(4.15), this holomorphic
solution admits an estimate of the form

1®llcyey < oollgllenm + collollL, @) + e maxy, [leg |,
5(G) 1) »(G)

192l ,(c) < erzllgollen ) + cislloll, @) + cramaxy, [l

In the sequel the estimates (4.13) will be applied in the following two cases:
First they give us the possibility to estimate the norm [|¢[|o, &) and V'L, ) of
the holomorphic solution ¥ of the considered problem (4.1) by the given datas g
and CY (0 =0):

1Vllcs@ < collgllonry + c11 maxy,, [ef],
8(G) ()

1% L,c) < erzllgllon @y + c1a max,, [cf].

Second, for the vector ®(w, h) defined in §1 we have go =0, ¢, =0, 0 = —f and,
consequently, by virtue of (4.13)

1@ w,mll < crollfllz, @)

(D 1yll < c1sllfllz,(c)-

20.4.4 An a-priori estimate of the operators on the right-hand sides of
the system (**)

The holomorphic vector ®(w, h) — ® (1, h) satisfies the normed boundary condition
(4.1), and
o=—(F(-,w,h) — F(-,0,h)).
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By virtue of (2.12), we have
o]l (@) < (i + Lo) || (w, h) = (@, B)]].
Taking into account (49), we get
1D wm) = @iy llosie) < cro(Lam'/? + Lo)|[(w, h) — (@, b)),

19w,y = iy 2@ < c13(Lim' /P + La)|| (w, h) — (@, h)|-

Finally we obtain

I(W, H) — (W, H)|| <max(cio + | T6 | 10,050 €13 + 1Tallz,@).,(0)
X (L 4 Lo)||(w, h) — (@, h)||.

From here it follows immediately that analogously to the lemmas 4.1, 4.2 the
following lemma holds.

Lemma 20.4.1 The operator (2.10) corresponding to the Riemann-Hilbert bound-
ary value problem (4.1) is continuous.

Analogous to the arguments in the Subsections 20.2.4 and 20.3.3, the operator
(2.10) can be estimated in the polycylinder D. The estimates (2.15) are also valid
if 3¢y, co are replaced by ci19, c13.

20.4.5 Solution of the Riemann-Hilbert problem (4.1)

On the basis of the estimate (4.16) and the inequalities (2.15) (in which 3¢y, ¢g are
replaced by c¢19, ¢13) one may prove the following theorem:

Theorem 20.4.1 Assume that the rigth-hand side F(z,w,h) of the equation (x)
satisfies the conditions (I) and (IT). Suppose, further, that there exist non-negative
numbers R1(< R) and Rs such, that the following inequalities are fulfilled

Y]y + (er0 + 1 T6ll L, 6),co0c)) (M + Lim /PRy + LyRy) < Ry,
(4.16)
1911, () + (c13 + 1Tl L, (6), L, c) (M + Lim /PRy + LyRy) < Ra.

Finally, let the following condition be fulfilled
max(ci0 + |7c |z, (@),ca(c) 13 + ez, @).0,) Lam'/? + Lo) < 1. (VIII)

Then the normalized Riemann-Hilbert problem (4.1) for the equation (x) is (uniquely)
solvable in the polycylinder D.
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20.5 Application of the Schauder principle

20.5.1 Proof of the existence of solutions of the boundary value prob-
lems (2.1), (3.1) and (4.1) on the basis of the Schauder principle

In the paragraphs 2, 3 and 4 the solution of above mentioned boundary value
problems was constructed in the space (Cs(G), L,(G)) using the succesive approx-
imations method. For this purpose we impose on the Lipshitz constants L1, Lo
the restrictions (IV), (VI) and (VIII) correspondingly. On the other hand, from
the lemmas 4.1-4.3 it follows that the operator (2.10) is continuous with respect
of the metric of the space (C3(G), L,(G)). The last assertion is valid also without
any restrictions on the constants Li, L. But in the definition of the operator
(2.11) the operator I is contained, which is not compact. Therefore the second
version of the Schauder principle is not applicable in this case. Consequently, the
application of the Schauder principle requires to consider the operator (12) on a
compact subset of the space (C3(G), Ly(Q)).

As mentioned above, the polycylinder D is not compact. In order to construct

a compact set, first of all note that the ball

{we Cs(G) : [lwll < Ry}

is compact in Cy(G) if 3" < B. Let v and r be given numbers, 0 < v < 1 and
r > 1. The norm in the space L) (G) is usually defined by

1f(z 4+ Az) = h(2)ll L)
1Mz = Iz + sup Az '

It is quite enough to consider increments Az for which |Az| < 1. Besides L} (G)
the space LY (G) N Loy (G) is considered, which is normed by the formula

I lIzz@)nLen@ = -2z + 11 - 1 L1y @)

For a given r > 1 we choose a number p such that » < p < 2r. Note secondly, that
the ball
{h € LYU(G) N L2v(G) : [|hll () a0 () < B2}

is compact in L,(G). Therefore we get that the polycylinder

D' ={(w,h) :wll)e, @ < Bi Ihly@nra. @) < Ra}

is compact in (Cg(G), L,(G)) if 3 < B and 2 < p < 2r; it is supposed that R} < R.
The Schauder Principle requires that the operator (2.10) maps the polycylinder D
into itself. Thus for the solution ¥ of the boundary problems (2.1), (3.1) or (4.1)
in the holomorphic case (F' = 0) one has to demand that ¢’ € LY(G). In order
to fulfill this, let us suppose additionally that dg/ds € LY(G), s is the arc length,
0 < a < 1, (see the next section).
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20.5.2 Solution of the boundary problems (2.1), (3.1) and (4.1) in the
holomorphic case with derivatives in L) (G)

Let r and a be given numbers, r > 1, 0 < a < 1. As in the above section, the
number p is chosen from the interval 2 < p < 2r. The numbers 3, pu and vy are
defined by 8 = 1—-2/p, p = 1 —=1/r, v = min(a,1/r). We have to find the
solution ¢ of the boundary problem (33) in the holomorphic case (F = 0). About
the vector-function g (more precisely its components) in the considered boundary
conditions, it is assumed that

a) g is absolutely continuous,

b) dgi/ds € L¥(T), s is the arc length ®

From these assumptions it follows, in particular, that g € C,(I') and hence
¥ € C,(G). Since u > f3 the function 1 belongs to the space C3(G) too. The other
properties of the holomorphic function 1 are proved in the Subsections 20.2.3,
20.3.2 and 20.4.3 correspondingly. Additionally we need estimates of the derivative
¥’ in the spaces LY (G) and Lo, (G). Next we outline these estimates.

In order to solve the Dirichlet type problem (2.1) we have (for our purpose it
is sufficient to consider the case n = 1):

iy L [ dg/dt
w(z)_m' Ft—zdt7
) ) 1 27 ) s—1 1 27 )
(850 — __;,—150 - —isg . —is .
P'(€*0) ie”"*°dg/dso 27r/O e *dg/ds ctg 5 ds + 571 /. e *dg(s);

Y’ (e%°) denotes the boundary value of the function ¢’(z) at the point ¢y = e®°.

From these formulas one can see that 9’'(z) belongs to the Hardy class H,(G),
P'(t) € L¥(T) ([48], [24], [140]). On the other hand, from ¢’(z) € H,(G) it follows
that ¢'(2) € Lov(G), |1V | or(c) < 1¥']| 1, [55]. Using the arguments mentioned
in the book [24] (pp. 78-79) it is possible to show that

w’(z> € L}(T), ~=min(a,1/r), ||¢,||L2(F) < COWStHQHLa(F)-

Turn now to the Riemann-Hilbert Problem. The canonical matrix of the cor-
respoding problem of linear conjugation may be constructed in the following way
([96], [108]).

Consider the sequence of the matrices

— bo(t) P 1 (1) 1 ap(t)
o) = ok [ RS o [ 8 5

m:1527"'7§08207

5In case of the Riemann-Hilbert problem an analogous condition will be imposed on the matrix
A(t).
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where ag(t) = I + bo(t) = a(t)R(t), R(z) is a rational matrix, such that the norm
of the matrix bo(t) will be sufficiently small.
The matrix defined by the equalities

XO(Z) lim Som(z)v ZEGv XO(Z):I+ lim @m(z)a ngﬁI‘,

m— 00

will be a canonical matrix for the matrix ao(t).
The canonical matrix for the initial matrix a(t) is constructed by the formula

x0(2)Q(2), z €@,
R(2)x0(2)Q(2), 2¢GUT,

where Q(z) is the correspondingly chosen rational matrix.
If a’(t) € LY(T), 0 < a < 1, then bj(t) € L(T") and we have

/():L/Md L Mm;/aaw

PmiE) = o "t om i

x(z) =

t—2z 2mi t—2z 2mi at,
m=1,2,---,9, =0,
(5.2)
From the formulas (5.1), (5.2) we get XZ)JF (t), Xé)i (t) € L¥(T) and hence x T (1),
X ~(t) € L¥(T); then from the formulas (4.2), (4.3) we obtain that all solutions of
the Riemann-Hilbert problem have the corresponding properties.
The mentioned arguments (and also the analogous arguments, which we may
carry out with respect to the modified Dirichlet problem) show that the following
proposition is valid.

Lemma 20.5.1 The solution of the boundary value problems (2.1) and (3.1) and
of the normalized boundary value problem (4.1) in the holomorphic case (F = 0)
admits the a-priori estimates

||1P||c @ < asllgle, @) +ceN(c),

26) < arllgllesr) + casN(c),
19l L2y < (c).

In case of the boundary problems (2.1) and (3.1) ¢16 = 1, ¢18 = c20 = 0, for all
these problems N(c) = |¢|, and for the problem (4.1) N(c) = r‘r;a)f ez

s

20.5.3 Behaviour of the operator (2.10) in the space LY (G)
Let |Az| < 1. We have

(Tlgh)(z + Az) — (Ugh)(z) = —= / €+ AZ (g) d&dn,
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where Gy is a disk with the center at the point z = 0 and with the correspondingly
chosen fixed radius (Go D G, h = 0 outside of G).

Taking into account the definition of the norm in the space LY (G), it follows
from the last formula that the operator Il is a bounded operator in the space
L) (G) with the norm |[Tlg, |z, (Go),1,.(Go)-

The same is valid for the operator on the right-hand side of the inequality (2.4),

since this operator may be reduced to the operator Il (see. [20]).

20.5.4 Existence theorem on the basis of the Schauder principle

Strengthening the formula (I), require that F'(z,0,0) € La,(G). Denote by M the
norm [|F(2,0,0)| z,,(g)- For all (w,h) € D" we have

]l . () < M0ll ey ) (G2 < RY(MG)Y2, ||hl| 1006y < Ras
it follows from (IT) that
||f||L27v(G) <M+ Ll(mG)l/QTR/l + LQR/Q)

where f is defined by (1.2).
We have analogously

Ihllz, ) <Al

116 < Ra,
1F(2,0,0)|l2.() < M(mG)/?;

from (II) if follows

£z, < M(mG)'?" + Li(mG)"/"R} + LR},

In order to estimate the L) (G)- norm of the element f, we consider the expres-
sion

|F(z + Az),w(z + Az), h(z + Az) — F(z,w(z), h(z))]
<Liw(z 4+ Az) —w(z)| + L2|h(z + Az) — h(z)]
+|F(z 4+ Az, w(z),h(z)) = F(z,w(z), h(2))].

Since the first summand on the right-hand side may be estimated by L “chg @)
|Az|? < Ly Ry|Az|?, from this inequality it follows

|1F(z 4+ Az, w(z + Az), h(z + Az)) — F(z,w(z), h(z))]

L.(G)
SLiRy|Az[P(mG)V" + La|[h(z + Az) = h(2)||1.(0)

FIF(z + Az, w(z), h(2)) — F(z,w(z), h(2))|

Lo(G)-
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Now assume additionally that

||F(227w7h) - F(Zl7w7h)|

e Slza—z17 (0<7<1). (IX)

Dividing the last inequality by |Az|7, we get the following result:
If v < min(G, 7), then f € LY(G) and

Ifllz(c) < M+ Li((mG)Y?" + (mG)Y" )" R} + 2LoR) + 1.

Let now

Co1 = 3c1, C3 = C2, C23=C3

in case of the boundary problem (2.1),

Il
(o3
2]

co1 =3c7, C22=1Cg, (23
in case of the boundary problem (3.1) and
C21 = 3C10, C22 = C13, C23 = C13

in case of the Riemann-Hilbert problem (4.1). The constant ¢, c7,c19 are corre-
sponding to the space L,(G), the constants é, és, ¢13 - to the space L,(G), and the
constants ¢z, és, ¢13 to the space Lo, (G).

Note that

£z, c) < ||fHL2,,.(G)(mG)l/”—l/QV".

Taking into account the arguments of the above section, we get the following
estimates

IWlou@ <I¥lloy@ + (e + 176l 0000
x (M + Li(mG)Y?" Ry + Ly Rb)(mG)Y/P=1/2r,

1H 226y <19 llzze) + (c22 + Mgy |

L,,.(Go),Lr(Go))

x (M (mG)Y?" + 2Ly (mG)Y/" Ry + 2LaRY + 1),

1H L,y SN[ Loria) + (23 + 1Tal 2y, (6), Lo ()

x(M + Ly(mG)Y/?" Ry 4 LoRY)
instead of (2.15).
On the other hand, due to the lemmas 4.1-4.3, the operator (2.10) is continuous

in (Cg(@G), L,(G)) and hence also in (Cs (G), Ly(G)), B/ < 8. Using the Schauder
principle one can prove the following theorem.
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Theorem 20.5.1 Let r and «a be given numbers, r > 1, 0 < a < 1. Suppose, that
the right-hand side F(z,w, h) of the equation (%) satisfies the conditions (I) (where
p is to be replaced by 2r), (II) and (IX).

We consider one of the boundary value problems (2.1),(3.1) or (4.1) where it
is assumed that the given boundary functions are absolutely continuous and their
derivative dgy/ds € L¥(T'), s is the arc length!

The number p is chosen in the interval 2 < p < 2r, and § =1 —2/p. Define the
number v, which is contained in the definition of the polycylinder D’ by?

v =min(1l/r, «, B, 7).

Assume then that there exist the non-negative numbers R} (< R) and R} such
that the following inequalities are fulfilled?

¥l 0@ + (021 + HTG”L;;(GLca(é))

X (M + Li(mG)YP R, + LgR’z) (mG)V/P=1/2r < Ry,

19 3 @ynrane) + (C22 + Tyl Lo (Go)Ln(Go)) (X)

x (M(mG)l/QT 2L (mG) YT R, + 2LaR) + z)

+ (23 + TGl 256, Lor () (M + Li(mG)* R} + LzR’z) < Ro.

Then there exists at least one solution w of the differential equation (%) satis-
fying the boundary condition (2.1), (3.1) or (4.1) and such that (w, dw/0z) belongs
to the polycylinder D’.

20.5.5 Concluding remarks

a) Using the Schauder principle (instead of the Banach fixed point theorem),
the conditions (IV), (VI) and (VIII) are superfluous, and the conditions (III), (V)
or (VII) are to be replaced by the modified condition (X). On the other hand,
the Schauder principle needs the additional assumptions (IX) with respect to the
right-hand side (this requirement together with the condition (II) provides the
measurability of the function (1.2)). Moreover, we shall assume that the given
boundary values g have derivatives dg/ds € L&(T'), s is the arc length.

1n case of the Riemann-Hilbert problem an analogous condition is to be satisfied by the matrix
A(t)~.

2LYY D L2, if 41 < ve.

3This condition provides that the operator (2.10) maps D’ into itself. Using the lemma 4, we
may estimate the norms of v, 1’ by the norms of the given boundary function g.



b) In case when r > 2 we may take p = r. Additionally, it is sufficient to
consider the space L) (G) intead of LY(G) N Lar(G). Hence, the second condition
(X) is simplified.
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